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Abstract. Walking crowd-induced lateral vibrations on slender structures have attracted 
considerable attention. The improper vibration of a structure adversely affects human comfort. To 
explore the effects of crowds on lateral structural properties, a pedestrian from a crowd is 
simulated by a walking bipedal robot. A simplified theory for structural vibration is proposed 
based on the assumptions of uniform distribution and synchronized walking of pedestrians. This 
theory can be used to describe the effect of the change in crowd size on lateral structural damping 
and the frequency of the structure. The method can estimate the variations in structural properties 
in the case of a certain crowd for engineering design. The results show that the increase in crowd 
size results in decrease in structural natural frequency in the lateral direction, but increases 
structural damping. The influence of the crowd on structural properties agrees well with the 
non-simplified model. Change in walking frequency has little influence on the structural 
properties. However, the continuous increase in crowd size on structure top causes a 
non-convergent amplification of dynamic response under a resonant walking excitation. This 
research provides a quantitative assessment on the effect of crowd size on the change in structural 
properties for structural design or serviceability evaluation. 
Keywords: lateral vibration, dynamic properties, crowd excitation. 

1. Introduction 

Structures tend to exhibit low frequency and damping owing to the extensive application of 
high-strength construction materials and slender designs. The lateral vibrational problems of 
flexible structures have attracted considerable attention [1] from several researchers since the 
infamous London Millennium Bridge accident [2]. Early studies focused on vibrational 
measurements [3, 4] and lateral excitation force [5]. Typical human excitation is modeled by 
harmonic force [6], which has been applied to the dynamic study of crowd-structure interaction 
[7]. However, this excitation force model does not consider the dynamic contributions from 
humans, such as body mass or damping. A few structural measurements [8-10] have shown that 
humans can change dynamic structural properties such as damping or natural frequency. In 
addition, biomechanical measurement [11] has shown that the human body possesses a relatively 
larger damping capacity and elastic stiffness. Hence, numerous biomechanically inspired models 
have been presented for studying human-structure interaction dynamics. For instance, the inverted 
pendulum model [12, 13] has been proposed to study pedestrian–structure interaction. However, 
it neglects the elastic and damping capacities of pedestrians, and the corresponding gaits are 
unstable [14]. Further investigations performed using equivalent reduced-DOF systems have 
shown that the dynamic properties of occupied structures are different from those of empty 
structures [15]. Qin et al. [16] introduced a bipedal model with spring-damping legs for studying 
human–structure interaction dynamics. Gao et al. [17-19] proposed an approximate relationship 
between crowd size and dynamic vertical structural properties based on the bipedal model. 
However, no quantitative investigation has been performed on crowd size and dynamic lateral 
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structural properties, including the contribution of dynamic crowd properties.  
In order to investigate the effect of crowd size on lateral structural properties, a simplified 

theory model is proposed. Based on previous research [20], this study quantitatively explores the 
variation mechanism of lateral structural properties under a locomotive crowd. The crowd is 
simulated by walking bipedal pedestrians; it includes the contributions of mass, damping, and the 
stiffness property. A dynamic equation is established based on Lagrangian theory. A further 
simplified formula is deduced based on the assumption of uniform distribution and synchronous 
walking of the crowd. The formula can be quantitatively used to estimate the effect of crowd size 
on structural properties. This work can explain the influence of a crowd on structural properties, 
and it can be used to evaluate the vibrational serviceability of structures for engineering design. 

2. Theoretical treatment 

2.1. Dynamic equation 

The pedestrian and structure are modeled using a walking bipedal model and a simple 
Euler-Bernoulli beam with a uniform cross section and span length 𝐿, respectively, as illustrated 
in Fig. 1. Figs. 1(a) and (b) show the sagittal plane coordinates (𝑥 -0-𝑧 ) and frontal plane 
coordinates (𝑦-0-𝑧), respectively. The 𝑞th pedestrian is defined to have lump mass 𝑚ሺሻ and walk 
along the right direction. 𝑥ሺሻ and 𝑧ሺሻ are the horizontal and vertical positions of the center of 
mass (CoM), respectively. 𝑥௧ሺሻ  and 𝑥ሺሻ  denote the longitudinal positions of the trailing and 
leading feet, respectively. The horizontal lateral distance between the coordinate origin and CoM 
is 𝑦ሺሻ, as shown in Fig. 1(b). 𝐿ఛሺሻ represents the lateral step width of the pedestrian. 𝑦ሺሻ and 𝑦௧ሺሻ 
denote the lateral distance positions of the leading and trailing feet, respectively. The lateral 
vibrational displacement of the beam is represented by 𝑤.  

 
a) Sagittal plane 

 
b) Frontal plane 

Fig. 1. Diagram of pedestrian–structure system 

The pedestrian is assumed to walk with self-determined velocity 𝑥ሶ ሺሻ  [19] and remain in 
contact with the structural surface at all times. The structure is modeled by a simple supported 
beam with a uniform cross section (Fig. 1). The lateral dynamic equation of the 
pedestrian-structure system is derived based on the Lagrangian equation. The kinetic energy (𝑇) 
and potential energy ( 𝑉 ) of the system in the phase of both feet touching ground can be  
obtained as: 
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𝑇 =   12 𝑚ሺሻ𝛼ଶఈୀ௫ሶ ሺሻ,௬ሶ ሺሻ,௭ሶ ሺሻ
ఞ

ୀଵ + 12 න 𝑚ഥ𝑤ሶ ଶሺ𝑥, 𝑡ሻ𝑑𝑥,ಳ  (1) 

𝑉 =   12 𝑘ఎሺሻ ቀ𝐿ሺሻ − 𝐿ఎሺሻቁଶ
ఎୀ,௧

ఞ
ୀଵ +  𝑚ሺሻ𝑔𝑧ሺሻఞ

ୀଵ + 12 න 𝐸𝐼൫𝑤′′ሺ𝑥, 𝑡ሻ൯ଶ𝑑𝑥,ಳ  (2) 

where 𝛼 denotes the velocity variables of CoM such as 𝑦ሶ ሺሻ in lateral vibration. 𝐿ఎሺሻ (𝜂 = 𝑙, 𝑡) 
denotes the physical length of the leg with natural length 𝐿ሺሻ. 𝑘ఎሺሻ(𝜂 = 𝑙, 𝑡) denotes the stiffness 
variable of the spring leg. Subscripts 𝑙 and 𝑡 indicate the leading and trailing legs, respectively. 𝜒 
is the number of pedestrians or crowd size. 𝑔 is the gravitational acceleration. The structure is 
defined to have lateral bending stiffness 𝐸𝐼  and longitudinal linear density 𝑚ഥ .  𝑤ሶ ሺ𝑥, 𝑡ሻ = ∂𝑤ሺ𝑥, 𝑡ሻ ∂𝑡⁄  and 𝑤′′ሺ𝑥, 𝑡ሻ = ∂𝑤ଶሺ𝑥, 𝑡ሻ ∂𝑥ଶ⁄  represent the lateral vibrational velocity 
and curvature of the beam, respectively.  

The lateral displacement of the structure can be expressed as Eq. (3) by the separation of 
variables: 

𝑤ሺ𝑥, 𝑡ሻ =  𝜙ሺ𝑥ሻ𝑌ሺ𝑡ሻ,
ୀଵ  (3) 

where 𝜙ሺ𝑥ሻ is the vibration mode that satisfies boundary conditions; 𝑌ሺ𝑡ሻ is a generalized modal 
coordinate, and 𝑛 is the mode number of the structure considered in the analysis.  

Considering the damping forces from the beam and both legs, the crowd-structure system 
would perform virtual work, and the variation in the virtual work, 𝛿𝑊 is given by: 

𝛿𝑊 = −   𝑐ఎሺሻ𝐿ሶ ఎሺሻ𝛿𝐿ఎሺሻఎୀ,௧
ఞ

ୀଵ − න 𝑐௦𝑤′′ሶ 𝛿𝑤ᇱᇱd𝑥ಳ =  𝑄௭ሺሻ𝛿𝑧ሺሻఞ
ୀଵ +  𝑄𝛿𝑌

ୀଵ , (4) 

where 𝑐ఎሺሻ and 𝑐௦ denote leg and structural damping, respectively; 𝑄௭ሺሻ and 𝑄 are the generalized 
forces of the pedestrian and structure, respectively; 𝛿 is a variational sysmbol. 

The Lagrange equations of the system are given by: 𝑑𝑑𝑡 ቆ𝜕𝑇𝜕𝑌ሶቇ + 𝜕𝑉𝜕𝑌 = 𝑄. (5) 

Substituting Eqs. (1), (2), and (4) into Eq. (5), the equations of motion of the crowd-structure 
system are obtained as: 

𝑀𝑌ሷ + 2𝜉𝜔𝑀𝑌ሶ + 𝜔ଶ𝑀𝑌 +   ቂቀ𝑐௬௬ሺሻ ⊗ Φ,ቁ 𝑌ሶ − ቀ𝑘ሺሻ ⊗ Φ,ቁ 𝑌ቃఞ
ୀଵ


ୀଵ     −  ቂቀ𝑐௬௭ሺሻ ⊗ 𝜙ቁ 𝑧ሶሺሻቃఞ

ୀଵ =  ቂቀ𝑐௫௬ሺሻ ⊗ 𝜙ቁ 𝑥ሶ ሺሻ + ቀ𝑐௬௬ሺሻ ⊗ 𝜙ቁ 𝑦ሶ ሺሻቃఞ
ୀଵ     +   𝑘ఎሺሻ ቀ𝑦ఎሺሻ − 𝑦ሺሻቁ 𝜙 ቀ𝑥ఎሺሻቁ ,ఎୀ,௧

ఎ
ୀଵ

 (6) 
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where symbol ⊗denotes the tensor sum of the stiffness or damping variables of the leading and 
trailing legs. 𝜉  and 𝜔  are the 𝑖th damping ratio and circular frequency of the structure in the 
lateral direction, respectively. The variables in Eq. (6) are given by: 

𝑀 = න 𝑚ഥ𝜙ଶሺ𝑥ሻ𝑑𝑥ಳ ,   𝑐ఎఈఉሺሻ = 𝑐ఎሺሻ𝐿ఎఈሺሻ𝐿ఎఉሺሻቀ𝐿ఎሺሻቁଶ ,
𝑐௬௬ሺሻ ⊗ Φ, =  𝑐ఎ௬௬ሺሻ Φ, ቀ𝑥ఎሺሻቁఎୀ,௧ ,   𝑐௫௬ሺሻ ⊗ 𝜙 =  𝑐ఎ௫௬ሺሻ 𝜙 ቀ𝑥ఎሺሻቁ ,ఎୀ,௧𝑐௬௬ሺሻ ⊗ 𝜙 =  𝑐ఎ௬௬ሺሻ 𝜙 ቀ𝑥ఎሺሻቁఎୀ,௧ ,   𝑐௬௭ሺሻ ⊗ 𝜙 =  𝑐ఎ௬௭ሺሻ 𝜙 ቀ𝑥ఎሺሻቁఎୀ,௧ ,
𝑘ሺሻ ⊗ Φ, =  𝑘ఎሺሻΦ, ቀ𝑥ఎሺሻቁఎୀ,௧ ,   𝑘ሺሻ ⊗ 𝜙 =  𝑘ఎሺሻ𝜙 ቀ𝑥ఎሺሻቁ ,ఎୀ,௧𝑘ఎሺሻ = 𝑘ఎሺሻ ൭ 𝐿ሺሻ𝐿ఎሺሻ − 1൱,   Φ, ቀ𝑥ఎሺሻቁ = 𝜙 ቀ𝑥ఎሺሻቁ 𝜙 ቀ𝑥ఎሺሻቁ ,
𝜙 ቀ𝑥ఎሺሻቁ = sin ൭𝑖𝜋𝑥ఎሺሻ𝐿 ൱ ,    𝜂 = 𝑙, 𝑡,    𝛼, 𝛽 = 𝑥, 𝑦,

 (7) 

where leg damping parameter 𝑐ఎఈఉሺሻ  can be obtained as 𝑐ఎఈఉሺሻ = 𝑐ఎሺሻ 𝐿ఎఈሺሻ𝐿ఎఉሺሻ ቀ𝐿ఎሺሻቁൗ ଶ
. 𝑀  means 

modal mass in 𝑖th modal shape of structure. 𝑐ఎఈఉሺሻ  denotes the damping coefficient from 𝜂 leg 
induced by 𝛼 and 𝛽. 𝑘ఎሺሻ represents the stiffness of the leg 𝜂. 

2.2. Assumption of crowd behavior 

It is noted that Eq. (6) is too complicated to describe the effect of the crowd on structural 
properties. To obtain a practical equation, the crowd is assumed to move with uniform walking 
behavior and to be evenly distributed on the structural plate (Fig. 2). The number of pedestrians 
in the longitudinal and lateral directions is 𝑁௫  and 𝑁௬ , respectively. The distances between 
adjacent pedestrians in the longitudinal and lateral directions are assumed to be identical. We can 
obtain the distance between adjacent pedestrians in the longitudinal direction as 𝐿 𝑁௫ + 1⁄ . 

 
Fig. 2. Assumed distribution of crowd 

Only the first modal of the structure is considered in this assumption. Step length 𝐿ఛሺሻ  is 
considerably less than 𝐿 , that is, 𝐿ఛሺሻ ≪ 𝐿 . We can approximately define the equation 𝜙ଵ ቀ𝑥ሺሻቁ ≈ 𝜙ଵ൫𝑥ሺሻ൯,  𝜙ଵ ቀ𝑥௧ሺሻቁ ≈ 𝜙ଵ൫𝑥ሺሻ൯ . 𝑐௬௬ሺሻ ⊗ Φ,  can be estimated using Eq. (8) 
considering the abovementioned approximation: 
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𝑐௬௬ሺሻ ⊗ Φଵ,ଵ = ቀ𝑐௬௬ሺሻ + 𝑐௧௬௬ሺሻ ቁ Φଵ,ଵ൫𝑥ሺሻ൯    ≈ 𝑐ሺሻ ቀ𝐿௬ሺሻ 𝐿ሺሻൗ ቁଶ + 𝑐௧ሺሻ ቀ𝐿௧௬ሺሻ 𝐿௧ሺሻൗ ቁଶ൨ · Φଵ,ଵ൫𝑥ሺሻ൯, (8)

where 𝐿௬ሺሻ and 𝐿௧௬ሺሻ are the lateral projections of leading and trailing legs, respectively. The CoM 
of a pedestrian is assumed to vary as a cosine function in the lateral direction, according to the 
study of Liu and Urbann [21]. The variation is assumed to follow Eq. (9): 

𝑦ሺሻሺ𝑡ሻ = ቐ0.5 ቀ𝑦ሺሻ + 𝑦௧ሺሻቁ + 𝐴௬ሺሻcos ቀ𝜋 ቀ𝑡 − 𝑡ሺሻቁ 𝑇௦ሺሻൗ ቁ,   𝑦ሺሻ < 𝑦௧ሺሻ,0.5 ቀ𝑦ሺሻ + 𝑦௧ሺሻቁ − 𝐴௬ሺሻcos ቀ𝜋 ቀ𝑡 − 𝑡ሺሻቁ 𝑇௦ሺሻൗ ቁ,   𝑦ሺሻ > 𝑦௧ሺሻ,  (9) 

where 𝜔௦ሺሻ = 𝜋 𝑇௦ሺሻ⁄  is the structural circular frequency, 𝑇௦ሺሻ is the stepping period, and 𝑡ሺሻ is 
the starting time of a new step. 

After substituting Eq. (9) into 𝐿ఎ௬ሺሻ = 𝑦ሺሻ − 𝑦ఎሺሻ − 𝑤 ቀ𝑥ఎሺሻ, 𝑡ቁ, ሺ𝜂 = 𝑙, 𝑡ሻ [20], we obtain: 

𝐿௬ሺሻሺ𝑡ሻ = ቐ0.5𝐿௪ሺሻ + 𝐴௬ሺሻcos ቀ𝑡௦ሺሻ𝜔௦ሺሻቁ − 𝑤 ቀ𝑥ሺሻ, 𝑡ቁ,   𝑦ሺሻ < 𝑦௧ሺሻ,−0.5𝐿௪ሺሻ − 𝐴௬ሺሻcos ቀ𝑡௦ሺሻ𝜔௦ሺሻቁ − 𝑤 ቀ𝑥ሺሻ, 𝑡ቁ,   𝑦ሺሻ > 𝑦௧ሺሻ,  (10) 

𝐿௧௬ሺሻሺ𝑡ሻ = ቐ−0.5𝐿௪ሺሻ + 𝐴௬ሺሻcos ቀ𝜔௦ሺሻ𝑡௦ሺሻቁ − 𝑤 ቀ𝑥௧ሺሻ, 𝑡ቁ,   𝑦ሺሻ < 𝑦௧ሺሻ,0.5𝐿௪ሺሻ − 𝐴௬ሺሻcos ቀ𝜔௦ሺሻ𝑡௦ሺሻቁ − 𝑤 ቀ𝑥௧ሺሻ, 𝑡ቁ,   𝑦ሺሻ > 𝑦௧ሺሻ,  (11) 

where 𝐴௬ሺሻ is assumed to the lateral swing amplitude of CoM.  
Leg length is approximately equal to relax length, that is, 𝐿ሺሻ ≈ 𝐿ሺሻ, 𝐿௧ሺሻ ≈ 𝐿ሺሻ because leg 

compression is considerably less than leg length. Considering that the lateral displacement of the 
structure is smaller than the oscillation of the CoM of a pedestrian, the lateral displacement of the 
structure is omitted. Eqs. (10) and (11) can be rewritten as: 

𝐿௬ሺሻ ≈ ቐ0.5𝐿௪ሺሻ + 𝐴௬ሺሻcos ቀ𝑡௦ሺሻ𝜔௦ሺሻቁ,   𝑦ሺሻ < 𝑦௧ሺሻ,−0.5𝐿௪ሺሻ − 𝐴௬ሺሻcos ቀ𝑡௦ሺሻ𝜔௦ሺሻቁ,   𝑦ሺሻ > 𝑦௧ሺሻ,  (12) 

𝐿௧௬ሺሻ ≈ ቐ−0.5𝐿௪ሺሻ + 𝐴௬ሺሻcos ቀ𝜔௦ሺሻ𝑡௦ሺሻቁ,   𝑦ሺሻ < 𝑦௧ሺሻ,0.5𝐿௪ሺሻ − 𝐴௬ሺሻcos ቀ𝜔௦ሺሻ𝑡௦ሺሻቁ,   𝑦ሺሻ > 𝑦௧ሺሻ.  (13) 

Substituting Eqs. (9), (12), and (13) into Eq. (8) based on the approximations 𝑐ሺሻ ≈ 𝑐ሺሻ, 𝑐௧ሺሻ ≈ 𝑐ሺሻ, we can obtain: 

 ቀ𝑐௬௬ሺሻ ⊗ Φଵ,ଵቁఞ
ୀଵ = 𝑁௬𝑐 12 ൬𝐿௪𝐿 ൰ଶ + 2 ൭𝐴௬𝐿 cosሺ𝑡௦𝜔௦ሻ൱ଶ  sinଶ ൬ 𝑞𝜋𝑁௫ + 1൰ .ேೣ

ୀଵ  (14) 

The formula ∑ sinଶ ቀ గேೣାଵቁேೣୀଵ  can be approximately equated to Eq. (15) using Taylor 
expansion: 



63. SIMPLIFIED THEORETICAL TREATMENT OF LATERAL STRUCTURAL PROPERTIES UNDER CROWD EXCITATION.  
YUN DONG, YAN AN GAO, YE ZHU, PENG ZHANG 

196 MATHEMATICAL MODELS IN ENGINEERING. DECEMBER 2018, VOLUME 4, ISSUE 4  

 sinଶ ൬ 𝑞𝜋𝑁௫ + 1൰ேೣ
ୀଵ ≈ ൬ 𝜋𝑁௫ + 1൰ଶ  𝑞ଶேೣ

ୀଵ − 13 ൬ 𝜋𝑁௫ + 1൰ସ  𝑞ସேೣ
ୀଵ + 136 ൬ 𝜋𝑁௫ + 1൰  𝑞ேೣ

ୀଵ      = 𝜋ଶ6 · 𝑁௫ሺ2𝑁௫ + 1ሻ𝑁௫ + 1 − 𝜋ସ90 𝑁௫ሺ2𝑁௫ + 1ሻሺ3𝑁௫ଶ + 3𝑁௫ − 1ሻሺ𝑁௫ + 1ሻଷ     + 𝜋1512 𝑁௫ሺ2𝑁௫ + 1ሻሺ3𝑁௫ସ + 6𝑁௫ଷ − 3𝑁௫ + 1ሻሺ𝑁௫ + 1ሻହ ≈ ቆ13 − 𝜋ଶ15 + 𝜋ସ252ቇ 𝜋ଶ𝑁௫.
 (15) 

Substituting Eq. (15) into Eq. (14), we can obtain: 

 ቀ𝑐௬௬ሺሻ ⊗ Φଵ,ଵቁఞ
ୀଵ = 𝑐 12 ൬𝐿௪𝐿 ൰ଶ + 2 ൭𝐴௬𝐿 cosሺ𝑡௦𝜔௦ሻ൱ଶ ቆ13 − 𝜋ଶ15 + 𝜋ସ252ቇ 𝜋ଶ𝜒. (16) 

Δ𝐿 is defined as the compression of the leg, and it is approximately given by Eq. (17): Δ𝐿ሺ𝑡ሻ ≈ 𝐿 − 𝑧ሺ𝑡ሻ = Δ𝑧 + 𝐴௭sin 𝜋𝑡𝑇௦ ,   ሺ0 ≤ 𝑡 < 𝑇௦ሻ, (17) 

where Δ𝑧  is the vertical displacement of the CoM due to the gravitational effect, 𝑧ሺ𝑡ሻ is the 
vertical vibration function of the CoM, and 𝐴௭ is the vertical vibrational amplitude of the CoM. 

Substituting Eqs. (15) and (17) into ∑ ቀ𝑘ሺሻ ⊗ Φଵ,ଵቁఞୀଵ , we can obtain: 

 ቀ𝑘ሺሻ ⊗ Φଵ,ଵቁఞ
ୀଵ ≈ 2𝑁௬𝑘ሺሻΔ𝐿𝐿ሺሻ  Φଵ,ଵ൫𝑥ሺሻ൯ேೣ

ୀଵ     ≈ 2𝜒𝑘ሺሻ𝐿ሺሻ ൬Δ𝑧 + 𝐴௭sin 𝜋𝑡𝑇௦ ൰ · ቆ13 − 𝜋ଶ15 + 𝜋ସ252ቇ 𝜋ଶ. (18) 

Leg damping is approximately defined as 𝑐ሺሻ ≈ 𝑐ሺሻ, 𝑐௧ሺሻ ≈ 𝑐ሺሻ. 𝑐௫௬ሺሻ ⊗ 𝜙 is approximately 
equal to: 

𝑐௫௬ሺሻ ⊗ 𝜙ଵ ≈ sign ቀ𝑦ሺሻ − 𝑦௧ሺሻቁ 𝐿௦ሺሻ𝐿௪ሺሻ2 ቀ𝐿ሺሻቁଶ 𝑐ሺሻ𝜙ଵ൫𝑥ሺሻ൯, (19) 

where sign ቀ𝑦ሺሻ − 𝑦௧ሺሻቁ is a sign function, and it is expressed is: 

sign ቀ𝑦ሺሻ − 𝑦௧ሺሻቁ = ൝1,      𝑦ሺሻ > 𝑦௧ሺሻ,−1,   𝑦ሺሻ < 𝑦௧ሺሻ.  (20) 

Applying a similar approximation, 𝑐௬௬ሺሻ ⊗ 𝜙 and 𝑐௬௭ሺሻ ⊗ 𝜙ଵ can be rewritten as: 

𝑐௬௬ሺሻ ⊗ 𝜙ଵ ≈ 𝑐ሺሻቀ𝐿ሺሻቁଶ 12 ቀ𝐿௪ሺሻቁଶ + 2 ቀ𝐴௬ሺሻቁଶ cosଶ ቀ𝜔௦ሺሻ𝑡௦ሺሻቁ൨ 𝜙ଵ൫𝑥ሺሻ൯,    (21) 



63. SIMPLIFIED THEORETICAL TREATMENT OF LATERAL STRUCTURAL PROPERTIES UNDER CROWD EXCITATION.  
YUN DONG, YAN AN GAO, YE ZHU, PENG ZHANG 

 ISSN PRINT 2351-5279, ISSN ONLINE 2424-4627, KAUNAS, LITHUANIA 197 

𝑐௬௭ሺሻ ⊗ 𝜙ଵ ≈ sign ቀ𝑦௧ሺሻ − 𝑦ሺሻቁ 2𝐴௬ሺሻ𝑧ሺሻ𝑐ሺሻቀ𝐿ሺሻቁଶ cos ቀ𝜔௦ሺሻ𝑡௦ሺሻቁ 𝜙ଵ൫𝑥ሺሻ൯, (22) 

𝑘௱ሺሻ ቀ𝑦ሺሻ − 𝑦ሺሻቁ 𝜙ଵ ቀ𝑥ሺሻቁ + 𝑘௱௧ሺሻ ቀ𝑦௧ሺሻ − 𝑦ሺሻቁ 𝜙ଵ ቀ𝑥௧ሺሻቁ     ≈ sign ቀ𝑦ሺሻ − 𝑦௧ሺሻቁ · 2𝑘ሺሻΔ𝐿ሺሻ 𝐴௬ሺሻ𝐿ሺሻ cos ቀ𝜔௦ሺሻ𝑡௦ሺሻቁ 𝜙ଵ൫𝑥ሺሻ൯
     ≈ sign ቀ𝑦ሺሻ − 𝑦௧ሺሻቁ · 2𝑘ሺሻ ൬Δ𝑧 + 𝐴௭sin 𝜋𝑡𝑇௦ ൰ 𝐴௬ሺሻ𝐿ሺሻ cos ቀ𝜔௦ሺሻ𝑡௦ሺሻቁ 𝜙ଵ൫𝑥ሺሻ൯. (23) 

Substituting Eqs. (16), (18), (19), (21), (22), and (23) into Eq. (6), the integration of the modal 
function can be approximated as ∑ 𝜙ଵ൫𝑥ሺሻ൯ேೣୀଵ ≈ ቀ1 − గమଵଶቁ గଶ 𝑁௫ using Taylor expansion. We can 
obtain the dynamic equation of the crowd–structure system as: 𝑌ሷଵ + 2𝜉ሚ𝜔𝑌ሶଵ + 𝜔ଶ𝑌ଵ = 𝐹෨, (24) 

where 𝜉ሚ  and 𝜔 = 2𝜋𝑓ሚ  are the damping ratio and circular frequency of the crowd-structure  
system, and they are given by Eqs. (25) and (26); 𝐹෨ is the excitation acting on the crowd-structure 
system, and it is given by Eq. (27): 

𝜉ሚ = 𝜉ଵ 𝑓ଵ𝑓ሚ + 𝜋𝜒𝑐4𝑀ଵ𝑓ሚ 12 ൬𝐿ఛ𝐿൰ଶ + 2 ൭𝐴௬𝐿 cosሺ𝜔௦𝑡௦ሻ൱ଶ ቆ13 − 𝜋ଶ15 + 𝜋ସ252ቇ, (25) 

𝑓ሚ = ඨ𝑓ଵଶ − 𝜒𝑘୪ୣ2𝐿𝑀ଵ ൫Δ𝑧 + 𝐴௭sin𝜋𝑓௦𝑡൯ ቆ13 − 𝜋ଶ15 + 𝜋ସ252ቇ, (26) 

𝐹෨ = 𝜒 𝜋2 ቆ1 − 𝜋ଶ12ቇ
⎩⎪⎨
⎪⎧ 𝑐2𝑀ଵሺ𝐿ሻଶ signሺ𝑦 − 𝑦௧ሻ ቀ𝐿௦𝐿ఛ𝑥ሶ − 4𝐴௬𝑧𝑧ሶcosሺ𝜔௦𝑡௦ሻቁ∙ ൬ሺ𝐿ఛሻଶ + 4൫𝐴௬൯ଶcosଶሺ𝜔௦𝑡௦ሻ൰ 𝑦ሶ 

+2signሺ𝑦 − 𝑦௧ሻ 𝑘𝑀ଵ ൬Δ𝑧 + 𝐴௭sin 𝜋𝑡𝑇௦ ൰ 𝐴௬𝐿 cosሺ𝜔௦𝑡௦ሻ ⎭⎪⎬
⎪⎫. (27) 

It is noted that structural damping under a crowd is related to frequency and crowd size. The 
damping under crowd excitation given by Eq. (25) shows that structural damping increases with 
damping ratio 𝑓ଵ/𝑓ሚ and crowd size 𝜒. However, the variation in structural damping is not linearly 
dependent on crowd size owing to the complicated relationship between crowd size and structural 
frequency (Eq. (26)). The frequency of the structure under crowd excitation (Eq. (26)) indicates 
that the variation in the structure is related to crowd size and walking frequency. A larger crowd 
size would result in smaller frequency. It is more important that this simplified theory can 
quantitatively describe the effect of a crowd on structural properties. The effect of a crowd on the 
dynamic structural characteristics under a certain crowd size can be precisely estimated. This 
theory can provide practical guidance for the servicing assessment and design of slender structures 
in future.  

3. Numerical verification 

To verify the proposed model, a footbridge with a span length of 100 m (Carroll et al., [13]) is 
used to calculate the effect of the crowd on structural properties. The lateral dam-ping and 
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fundamental frequency of the footbridge are 𝜉 = 0.5 % and 𝑓ଵ = 0.85 Hz, respectively. The ratio 
of the masses of the crowd and structure is linearly changed from 𝑀/𝑀௦ = 0.0 to 0.5. Different 
stepping frequencies are selected for simulation. The calculation duration is 1 min. Figs. 3(a) and 
(b) show the lateral displacement and acceleration responses under resonance excitation, 
respectively. Figs. 3(c) and (d) show the lateral displacement and acceleration responses 
under𝑓௦ = 2𝑓ଵ , respectively. Compared to excitation under𝑓௦ = 2𝑓ଵ , resonance excitation can 
trigger increasing responses.  

 
a) 

 
b) 

 
c) 

 
d) 

Fig. 3. Effect of ratio of masses of crowd and structure on the structural responses 

To investigate the effect of crowd excitation on structural properties, the peak responses and 
dynamic structural characteristics under different stepping frequencies are compared as shown in 
Fig. 4. Fig. 4(a) shows the peak accelerations under variable mass ratio 𝑀/𝑀௦. Comparison to 
non-resonant frequency 𝑓௦ = 2𝑓ଵ, the acceleration of the structure increases with mass ratio. A 
larger crowd size is more unfavorable under resonant excitation. However, the change in 
excitation has negligible effects on lateral structural properties. Structural frequency decreases as 
mass ratio increases (Fig. 4(b)).  

 
a) 

 
b) 

 
c) 

Fig. 4. Effect of ratio of masses of crowd and structure on structural properties 

However, it does not change under different excitation frequencies. The structural damping 
ratio increases with mass ratio (Fig. 4(c)). However, it does not change under different excitation 
frequencies. Thus, it can be seen that the change in excitation affects only structural response and 
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has no influence on dynamic structural properties. In addition, comparisons to the original 
non-simplified model [20] (LPSI) show that the peak frequency (Fig. 4(b)) and damping ratio  
(Fig. 4(c)) of the simplified model are closely with the non-simplified model (LPSI). The 
influence characteristics of the crowd on the structural lateral properties agree with measurement 
[22], that crowd can improve the lateral damping capacity, but deteriorate lateral frequency of 
structure. 

To further explore the effect of larger crowd size under resonant excitation, the ratio between 
the masses of the crowd and structure is increased from zero to the maximum (1). The structural 
frequency under varying mass ratio is plotted in Fig. 5(a), and it decreases as mass ratio increases. 
A larger mass ratio results in lower frequency, which implies that a larger crowd size leads to 
increase in lateral structural unstable risk. On the contrary, a larger mass ratio results in a higher 
damping ratio (Fig. 5(b)). Thus, it can be seen that the crowd evidently affects lateral structural 
properties. A larger crowd size leads to lower frequency; however, this is favorable for damping 
capacity. The lateral acceleration of the midspan is shown in Fig. 5(c). The increase in mass ratio 
leads to increase in response under crowd resonant excitation. This implies that resonant excitation 
and increasing crowd size result in the amplification of structure responses.  

 
a) 

 
b) 

 
c) 

Fig. 5. Dynamic properties under crowd resonant frequency 𝑓௦ = 2𝑓ଵ 

The authors declare that there is no conflict of interest regarding the publication of this paper. 

4. Conclusions 

This paper proposes a new theory for predicting lateral structural properties under bipedal 
crowd excitation. Even though the simplified theory is based on the assumption of uniform 
distribution of pedestrians with consistent walking behavior, it can quantitatively describe the 
variations in lateral structural properties in theory. The lateral frequency and damping ratio of the 
structure can be obtained for a given crowd size. As crowd size increases, the lateral frequency of 
the structure decreases and the damping of the structure increases. The change in walking 
frequency has little influence on the structural properties. Resonant excitation and increasing 
crowd size result in the amplification of structural responses. The proposed theory for walking 
pedestrians opens the field for further exploration of the effect of walking crowds on the 
vibrational and dynamic properties of slender structures. It provides a quantitative assessment on 
the effect of crowd size on the change in structural properties for structural design or serviceability 
evaluation. 
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