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Abstract. Fatigue damage is a type of damage usually occurring to repeatedly loaded elements of 
structures in various engineering fields. Accumulation of fatigue damage may cause failure of 
structural elements. Identification of incipient fatigue damage is essential to ensure safety of 
structures. Fatigue crack under repeated loads commonly behaves in a nonlinear dynamic manner, 
typically manifested by both occurrence of higher harmonic components and interaction of 
harmonic components. Interrogation of nonlinear dynamic manner provides a promising way to 
characterize structural fatigue damage. This study aims at developing a new method to interrogate 
nonlinear dynamic manner for fatigue damage identification. This method is based on bispectral 
analysis of structural vibrational responses. This method portrays fatigue damage by inspecting 
the presence of higher harmonic components and quantifying the interaction of these harmonic 
components. The method can precisely locate and quantify a small-sized fatigue damage in a 
cantilever beam, presenting great accuracy in fatigue damage identification. 
Keywords: bispectral analysis, nonlinear feature, fatigue damage, structure. 

1. Introduction 

Damage usually appear in the component of an in-service structure, accumulation of damage 
may cause dangerous effect on the safety of the structure [1]. The research of Damage 
identification methods has attracted attention of researchers from different areas in recent decades. 
Many Damage identification methods have been proposed and improved by eminent researchers. 
However, these methods have their limitations, most of them are inapplicable to fatigue damage 
structure. 

Fatigue damage is the most typical damage of structural element under repeated loads [2-5]. 
Identification of incipient fatigue damage is essential to ensure safety of structures. The most 
traditional damage identification methods are based on linear theory, but fatigue damage 
commonly exhibits nonlinear dynamic behavior. Analysis of nonlinear problems of fatigue 
damage structure using linear theory methods is improper, there is a need for development of a 
damage identification technique based on nonlinear theory, which is more suitable for fatigue 
damage structure.  

A fatigue crack can alter structural dynamic behavior [6], and therefore investigation of 
changes in structural dynamic behavior provides a feasible means of identifying fatigue cracks in 
structures [7]. A fatigue crack in a structural element exhibits nonlinear behavior when the 
structure is vibrating due to external excitation as occurred in vibration measurement [8-10]. 
According to the research by other scholars, it is possible to detect fatigue damage judged by 
detecting nonlinear level in vibration behavior, and the nonlinear level should be measured by 
nonlinear behavior feature [11]. The fatigue crack closes and opens periodically during structural 
vibration, called the breathing crack, which commonly induces instantaneous changes in stiffness, 
a type of particular nonlinear behavior [12]. Such a nonlinear behavior displays two predominant 
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distinctions: typically manifested by both occurrence of higher harmonic components [13] and 
interaction of harmonic components to form new combinations of sum and difference 
frequencies [14].  

The existence of higher harmonics is an important nonlinear basis for detecting fatigue  
damage. In recent decades, many researchers have devoted their efforts to the existence of higher 
harmonics in structural dynamic behavior. However, existing studies ignored the interaction of 
different frequency components, which may distort the nonlinear values measured by harmonics. 
The coupling between different frequency components should be considered in fatigue damage 
identification method. Moreover, the traditional methods have not been widely adopted in 
engineering practice, largely due to practical difficulties. Clearly, acquisition of all the suggested 
prerequisites beforehand can be a highly complex or even impossible task. Importantly, it is 
difficult to avoid contamination of a vibration signal by a noise source, yet the previously 
mentioned methods are easily affected by noise. More consideration is required of how to improve 
the robustness of the method. It also necessary that quantitative nonlinear indexes be insensitive 
to noise.  

With the aim of addressing such problems, this paper focuses on the use of bispectral analysis 
to study the structural dynamic behavior of a beam with a fatigue crack. The traditional signal 
processing techniques used to measure structural damage features are wavelet analysis, Fourier 
transform, singular value decomposition and power spectrum. However, these techniques are 
generally based on the linear framework [15]. Apart from these methods, bispectral analysis, as a 
tool for identifying the relationship between the different harmonic components in a signal, has 
been developed to identify the nonlinear fatigue damage structure. 

Differ from the existing research about bispectral analysis focuses on the coupling level, a new 
quantitative nonlinear index for identifying the nonlinear level is developed in this paper. The new 
nonlinear index has been carefully considered both occurrence of higher harmonic components 
and interaction of harmonic components. Further, an efficient method is proposed for damage 
identification based on evaluation of the nonlinear parameter of the system response. The 
detection method is demonstrated successfully through numerically simulated experiments. 

2. Bispectral analysis in fatigue damage 

2.1. Definition of bispectral analysis 

The bispectrum is the two-dimensional Fourier transform of the third order moment of a time 
signal that involves two frequency components (amplitudes and phases) of the signal together with 
a frequency component summation of first two frequencies, and is mathematically expressed as 
[3, 4, 16, 17]: 

𝐵 = න න 𝑅(𝑡ଵ, 𝑡ଶ)ାஶ
ିஶ

ାஶ
ିஶ 𝑒ିଶగ(భ௧భାమ௧మ)𝑑𝑡ଵ𝑑𝑡ଶ, (1)

where 𝐵 is the 3rd order moment, and for a discrete time series, the bispectrum is computed 
by the signal discrete Fourier transform (DFT) as: 𝐵(𝑓ଵ, 𝑓ଶ) = 𝐸ሼ𝑋(𝑓ଵ)𝑋(𝑓ଶ)𝑋∗(𝑓ଵ + 𝑓ଶ)ሽ, (2)

where 𝐸 denotes the expectation operator and 𝑋∗ denotes the complex conjugate of 𝑋(𝑓), 𝑋(𝑓) is 
the DFT. The bispectrum is a function of two different frequencies 𝑓ଵ and 𝑓ଶ. Only those (𝑓ଵ, 𝑓ଶ) 
that fall within the following domain need be computed: 

𝑓ଵ ≤ 𝑓ଶ,    0 ≤ 𝑓ଶ ≤ 𝑓௦2 ,     2𝑓ଶ + 𝑓ଵ ≤ 𝑓௦, 
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where 𝑓௦ is the sampling frequency.  

2.2. Bispectrum analysis in fatigue damage detection 

Fatigue damage causes the response to exhibit nonlinear behavior [18]. One of the 
characteristics of nonlinearities is that various frequencies mix to form new combinations of sum 
and difference frequencies. The amount of interaction between the frequencies components can 
be used to describe the fatigue damage. Moreover, the advantages of bispectrum are its ability to 
characterize nonlinearities and its theoretical insensitivity to Gaussian measurement noise. The 
bispectrum can describe this interaction between three frequencies in two-dimensional frequency 
space in the signal. 

From these points of view, an important signature for detecting nonlinearity is based on the 
fact that a nonlinear interaction exists in the signal, between these frequency components. 
Simultaneously, for convenient application, a nonlinear parameter can be obtained from the 
bispectral analysis in order to measure the amount of interaction. The normalization method is 
expressed as: 

𝑏∗൫𝑓, 𝑓൯ = 𝐵൫𝑓, 𝑓൯max ቀ𝐵൫𝑓, 𝑓൯ቁ. (3)

This method is only used to contrast the amplitudes of different peaks in the bispectrum. 𝑏∗(𝑓, 𝑓) can be seen as the ratio of the amount of interaction of these frequencies to the maximum 
amount of interaction in the signal. The bispectrum is complex and is interpreted as measuring the 
amount of interaction between the frequencies and is described by ‘quadratic phase coupling’.  

3. Numerical model of vibration beams with fatigue crack 

Before researchers focus on efficient procedures for detection of fatigue cracks [19], the 
fatigue damage structure models must have been investigated. Unfortunately, the creation of a 
realistic model of a breathing crack is difficult given the lack of fundamental understanding of 
certain aspects of the breathing mechanism. Yet crack modeling plays an important role in the 
study of changes in structural dynamic behavior. Researchers have developed various breathing 
crack models. All these models laid a theoretical foundation for non-linear dynamics behavior.  

3.1. Dynamic behavior analysis 

The following discussion considers a 2D cantilever beam containing one single-side edge (the 
upper edge of the beam) fatigue crack. It is assumed that the beam material properties are linear 
elastic, the displacements and strains are assumed to be small, and the crack thickness is negligible. 
In the finite element method framework, the equations governing the nonlinear dynamic behavior 
of the 2D beam are: 𝑀𝑈ሷ + 𝐶𝑈ሶ + 𝐾𝑈 = 𝑃, (4)

where 𝑀,  𝐶,  and 𝐾  are the mass, damping, and stiffness matrices, respectively. The 
time-dependent vectors, 𝑈ሷ , 𝑈ሶ , 𝑈 and 𝑃 denote the nodal accelerations, velocities, displacements, 
and external forces, respectively, in terms of a global Cartesian coordinate system 𝑥, 𝑦.  

An integration method is used to solve Eq. (5), the solution time interval of interest [0, 𝑇] is 
subdivided into 𝑁 equal time increments. The initial conditions of accelerations, velocities, and 
displacements at time zero are also required. The solution to this nonlinear problem requires an 
iterative procedure. Employing the modified Newton-Raphson iteration method, the displacement 
vector is obtained, Eq. (5) is written as: 
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𝑀௧ା௧𝑈ሷ () + 𝐶௧ା௧𝑈ሶ () + 𝐾௧ା௧𝑈 = 𝑃௧ା௧(ೖషభ), (5)

where the right-hand superscripts in brackets represent the iteration number, with 𝑘 = 1, 2, 3,…. 
The symbols 𝐾௧ା∆௧, 𝑃௧ା∆௧(ିଵ) and 𝑈ሷ () denote the stiffness matrix, the nodal force vector, and 
the incremental nodal displacement, vector, respectively.  

3.2. Fatigue crack surface contact modeling 

The fatigue crack alternately opens and closes under a time varying load, in what is called the 
breathing crack behavior. The breathing crack behavior is treated as a contact problem between 
the crack surfaces and is an inherently nonlinear problem. In the following discussion, it should 
be noted that a contact model for a breathing crack is used and a no propagating crack assumption 
is made. The region around the crack is discretized into a set of conventional finite elements. 
Two-dimensional contact surfaces are formed from a series of linear contact segments and each 
segment being bounded by two nodes. It is modeled as a contact problem between the crack 
surfaces: the master surface and the slave surface. A slave node makes contact with only one point 
on a master segment, but one master segment can make contact with one or more slave nodes each 
time contact occurs. Penetration between contacting areas is not allowed and any possible sliding 
is assumed to obey Coulomb’s law of friction. 

 
Fig. 1. Contact mechanism of fatigue crack surfaces 

3.3. Numerical model 

The proposed beam and crack model, although sufficiently simple, can present breathing 
behavior and capture practical situations [20]. Moreover, this crack model is very useful in the 
solution of inverse problems. The specific simulation method has been reported [21].  

 
Fig. 2. Cantilever beam model with fatigue crack 

The numerical model of beams with a fatigue crack is now illustrated. A cracked cantilever 
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beam (Fig. 2) of length 2000mm and cross-section 200×200 mm is tested and studied. The 
material is mild steel with Young’s modulus 68 GPa, Poisson ratio 0.33, and mass density 
2700 kg/m3. The cantilever beam has a single-side edge breathing crack. The crack is located at 
the upper edge of the beam at distance 𝑑 from the fixed end and 𝑞 = 𝑑 𝐿⁄  is the dimensionless 
crack position; 𝑠 = ℎ 𝐻⁄  is the dimensionless crack severity. Fig. 2 is the mesh model. 

4. Characterization of fatigue damage   

For tackling problem of identifying fatigue damage, in accordance with the problem statement 
using the FE model of the beam with a breathing crack, a comprehensive set of computational 
experiments is performed to survey the influence of the breathing crack.  

4.1. Quantitative fatigue damage feature 

In this section, the nonlinear quantitative fatigue damage feature is illustrated by a simple test 
case. The illustrative example considered is a cantilever beam with a single-side edge fatigue  
crack, for which the dimensionless crack position and crack severity are 0.1 and 0.3, respectively. 
Harmonics can be observed when the beam is excited at half or one third of the first system 
frequency. Thus, when the beam is subjected to harmonic excitation loading, the computed time 
history of the beam response at the free end is extracted, and the frequency spectrum is obtained 
through a DFT, the bispectrum is also computed simultaneously. 

 
Fig. 3. Frequency response of the transverse 

acceleration when a fatigue crack is  𝑠 = 0.3 𝑞 = 0.1 under half of  
the first system frequency excitation 

 
Fig. 4. Frequency response of the transverse 

acceleration when a fatigue crack is  𝑠 = 0.3 𝑞 = 0.1 under one third of the  
first system frequency excitation 

It is known that a single frequency can be observed in the case of an undamaged beam under 
simple harmonic excitation. Unlike the undamaged model, the response of a cantilever beam with 
a fatigue crack should contain harmonics under the same conditions. Frequency spectra of the 
damaged system response are presented in Fig. 3 and Fig. 4, showing the entire spectrum. It is 
possible to observe the largest responses around the driving frequency, where it is also possible to 
observe the peak of the higher harmonic components. Incidentally, the amplitude of the spectrum 
is normalized with respect to the main frequency. 

On the other hand, because fatigue damage causes nonlinear behavior, the harmonic 
components appear and interaction of the harmonic components emerges. From this point of view, 
an important signature for detecting fatigue damage is based on the fact that both higher harmonics 
and nonlinear coupling exist in the signal. Bispectral analysis can identify frequency components 
and nonlinear interaction simultaneously, so the bispectrum of the response is a major feature of 
interest for damage detection. The amplitude of the bispectrum is also normalized with respect to 



2910. BISPECTRAL DYNAMICS FEATURES FOR CHARACTERIZING STRUCTURAL FATIGUE DAMAGE.  
Y. M. XU, K. Q. DING, M. S. CAO, E. MANOACH 

2078 JOURNAL OF VIBROENGINEERING. AUGUST 2018, VOLUME 20, ISSUE 5  

the main interaction, obtaining the normalized bispectrum 𝑏∗(𝑓, 𝑓) resented in Fig. 5. In the 
following discussion, for easier notation of frequency values, we use “1st, 2nd, 3rd”, and so on to 
denote the harmonics of the response as “first harmonic (the excited frequency), second harmonic, 
third harmonic”, and so on. The first order denotes the excited frequency.  

Fig. 5 show the bispectrum for the damaged model using a vibration data set from a sample 
point. From the cantilever beam with a fatigue crack, it is possible to notice the interaction of the 
frequency and the harmonic components in its bispectrum. High bispectral peaks exist at the 
following coordinate points: (1st, 1st), (1st, 2nd), and (2nd, 1st).In the case of in which the forcing 
frequency is half of the first system frequency shown in Fig. 5, a remarkable observation is the 
highest bispectral peak at (1st,1st).The physical interpretation of this frequency interaction point 
explains that part of the second harmonic, is generated due to quadratic nonlinearity of the contact 
problem causing interaction between the 1st and itself. And the peaks at (1st, 2nd), and (2nd, 1st) 
in Fig. 5 also reflect interaction levels between the excited frequency and the 2nd harmonic, which 
are used in spectral analysis to detect damage. The maximum interaction value is labeled 𝐵(𝑓, 𝑓), 
which is in the peak at (1st, 1st). The amplitude of the peak at (1st, 2nd) and (2nd, 1st) is the 
parameter 𝑏(1st, 2nd).It is important to note that 𝑏(1st, 2nd) explains the ratio of the interaction 
level between excitation and second harmonic to the amount of interaction of the excitation, which 
reflects the relationship between harmonic and frequencies interaction. 

 
Fig. 5. Bispectrum response of transverse acceleration when a fatigue crack is 𝑠 = 0.35 𝑞 = 0.1  

under half of the first system frequency excitation 

To further study the characteristic of the proposed fatigue damage feature, the relationship 
between damage feature and damage condition is investigated. The bispectra under different 
damage conditions are analyzed and the calculation results are presented in the Fig. 6 and Fig. 7. 
The simulation results show that the proposed fatigue damage feature varies regularly with the 
severity and position of the fatigue crack, verifying the effectiveness of the feature. 

Hence, the parameter 𝑏(𝑖, 𝑗) is used to characterize the nonlinearity of the structural response 
of the cantilever beam subjected to a harmonic excitation. The value of 𝑏(𝑖, 𝑗) depends on the 
particular choice of the excited frequency 𝑓, 𝑏బ(𝑖, 𝑗) is mathematically expressed as: 

𝑏బ(𝑖, 𝑗) = 𝐵(𝑖, 𝑗)𝐵(𝑓, 𝑓). (6)

For easier notation of the formula, we use 1 𝑛⁄  to denote that the excited frequency 𝑓 is 1 𝑛⁄  
of the first system frequency. For instance, 𝑏ଵ/ଶ(𝑖, 𝑗) is obtained when the driving frequency is 
half of the first system frequency. The non-dimensional ratio 𝑏బ(𝑖, 𝑗) is obviously a function of 
both the crack depth and its location, but it is not dependent on the force amplitude, due to the 
normalization. 
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a) 𝑠 = 0.4 𝑞 = 0.1 

 
b) 𝑠 = 0.2 𝑞 = 0.1 

Fig. 6. Comparison between bispectra using information from 𝑠 = 0.4 𝑞 = 0.1 and 𝑠 = 0.2 𝑞 = 0.1 

 
a) 𝑠 = 0.35 𝑞 = 0.1 

 
b) 𝑠 = 0.35 𝑞 = 0.3 

Fig. 7. Comparison between bispectra using information from 𝑠 = 0.35 𝑞 = 0.1 and 𝑠 = 0.35 𝑞 = 0.3 

4.2. The damage interaction field  

As the position and the severity of a fatigue crack change, the nonlinearity of the system 
fluctuates. In the considered case of a cantilever beam, the construct of a damage interaction field 
is proposed to describe the correlation between crack position and its severity changes and the 
non-dimensional parameter 𝑏బ(𝑖, 𝑗). The damage interaction field defines a sectioning plane that 
is obtained from the calculated ratio for the corresponding damage condition. Fig. 8 presents the 
damage interaction field in which the driving frequency is half of the first system frequency. It 
describes how the damage interaction field change, in relation to the crack position and its severity.  

In this research, the damage interaction field properties are analyzed by numerical simulation. 
The position of the crack varies between 0 and 1000 mm, i.e. 0 ൏ 𝑞 ൏ 0.5, and the severity of the 
crack depth varies between 0 and 10 mm, i.e. 0 ൏ 𝑠 ൏ 0.5. It is known that the bending stiffness 
of the beam reduces as the severity of damage increases. Observation reveals that the harmonic 
content is relatively large, and the degree of interaction is rather high when the crack position and 
its severity change. This therefore reminds us that the ratio of interaction between the excited 
frequency and harmonic to self-interaction of excited frequency increases when the crack expands. 
On the other hand, when the crack is shifted to the fixed end of the beam, the ratio also increases. 
These findings indicate that small damage close to the fixed end produces impacts similar to those 
produced by large damage further from the fixed end. The position and the severity of the damage 
together affect the system dynamics. This damage interaction field is steep, showing sensitivity to 
both position and severity of the crack. In the same way, other damage interaction field properties 
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are computed by numerical simulation. Fig. 9 and Fig. 10 show the damage interaction field of 𝑏ଵ/ଷ(1st, 2nd) and 𝑏ଵ/ଷ(1st, 3rd) respectively. The impacts of damage on interacting is similar. 
By comparing Fig. 8 with Fig. 9 and Fig. 10, it can be deduced that the damage interaction fields 
have the same characteristics. 

 
Fig. 8. Damage interaction field of 𝑏ଵ/ଶ(1st, 2nd) 

 
Fig. 9. Damage interaction field of 𝑏ଵ/ଷ(1st, 2nd) 

 
Fig. 10. Damage interaction field of 𝑏ଵ/ଷ(1st, 3nd) 

4.3. Fatigue interaction identification  

In this paper we have introduced a fatigue damage feature extraction method based on 
bispectral analysis. The Damage interaction field, constituted by the features are used to identify 
the degree of nonlinear interaction of harmonics, thereby finally achieving the research goal. The 
main steps used in this article are as follow:  

1) In according with the objectives of the study, a corresponding model is built by numerical 
simulation. Based on the numerical simulation, the damage interaction field is developed for the 
purpose of damage identification. This field describes the relationship between the position of a 
fatigue crack and its changes in severity and the nondimensional parameter 𝑏బ(𝑖, 𝑗). 

2) Using experimental objects with unknown crack damage, the same loads are imposed on 
the beam for dynamic analysis. Then the response signals at a single definited point are obtained 
from simulations and the bispectrum of the signal is computed. The fatigue damage feature 
parameters of the experimental objects with unknown damage are obtained, which contain the 
combined information of the severity and position of the crack.  

3) Finally, the computed unknown damage feature parameter can be used to determine the 
degree of nonlinear interaction, generating a curve of intersections between one ratio planes and 
damage interaction field. However, the severity and position of the crack cannot be determined by 
single curve. Thus, a second parameter is needed to determine the specific condition of the crack. 
By adding more ratios the solution is finally determined.  



2910. BISPECTRAL DYNAMICS FEATURES FOR CHARACTERIZING STRUCTURAL FATIGUE DAMAGE.  
Y. M. XU, K. Q. DING, M. S. CAO, E. MANOACH 

 ISSN PRINT 1392-8716, ISSN ONLINE 2538-8460, KAUNAS, LITHUANIA 2081 

The following application examples are given. The Fig. 11 and Fig. 12 show use of the curve 
of intersections between single ratio surfaces and damage interaction field to estimate the severity 
and position of the crack. Fig. 13 depicts the results for a damaged cantilever beam (𝑞 = 0.2,  𝑠 = 0.4) with use of the damage interaction field relative to 𝑏బ(𝑖𝑂𝐻, 𝑗𝑂𝐻) pseudo-experimental 
data obtained by the simulated responses of the unknown damaged beam. The point of intersection 
of the two curves reflects the damage condition. The damage location and severity can be 
estimated. 

 
Fig. 11. Intersection between quantitative fatigue 

damage feature and damage interaction field  
of 𝑏ଵ/ଷ(1st, 2nd) for a fatigue crack  

in the first condition 

 
Fig. 12. Intersections between single ratio planes 

and damage interaction field of 𝑏ଵ/ଷ(1st, 3rd)  
for a fatigue crack in the first condition 

 

 
Fig. 13. Identifications using information from bispectrum for a fatigue crack in the first condition 

 
Fig. 14. Intersection between quantitative fatigue 

damage feature and damage interaction field  
of 𝑏ଵ/ଷ(1st, 2nd) for a fatigue crack  

in the second condition 

 
Fig. 15. Intersection between quantitative fatigue 

damage feature and damage interaction field  
of 𝑏ଵ/ଷ(1st, 3rd) for a fatigue crack  

in the second condition 
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Fig. 16 and Fig. 17 show, for two other damage scenarios, damage feature parameter from two 
different sets of experimental results. Damage in the second experimental subjects is identified in 
the above mentioned way. It is quite clear that even if both identifications procedures have their 
intersection point at 𝑞 = 0.18 𝑠 = 0.41, the result is not equal to but close to the correct damage 
location and severity. Fig. 18 depict the result for third subject. It is quite clear that identifications 
have their intersection point at 𝑞 = 0.24 𝑠 = 0.4, corresponding to the correct damage location 
and severity. These results are preferable, as is well demonstrated the feasibility and validity, and 
demonstrates good performance. These examples show the ability of the methodology to detect 
fatigue damage. 

 
Fig. 16. Identifications using information from bispectrum for a fatigue crack in the second condition 

 
Fig. 17. Intersection between quantitative fatigue 

damage feature and damage interaction field  
of 𝑏ଵ/ଷ(1st, 2nd) for a fatigue crack  

in the third condition 

 
Fig. 18. Intersection between quantitative fatigue 

damage feature and damage interaction field  
of 𝑏ଵ/ଷ(1st, 3rd) for a fatigue crack  

in the third condition 

 
Fig. 19. Identifications using information from bispectrum for a fatigue crack in the third condition 
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5. Conclusions 

Determination of the structural nonlinear dynamic behavior of a beam with a fatigue crack by 
means of bispectral analysis is investigated. For damage identification purposes, this paper 
proposes a new nonlinear quantitative fatigue damage feature for identification at the nonlinear 
level. And a method for damage identification is proposed based on the evaluation of the nonlinear 
fatigue damage of the system response. The detection of structural fatigue cracks using bispectral 
analysis applied on the response only is demonstrated successfully through numerically simulated 
experiments. 
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