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Abstract. The Kantorovich variational method was used in this study to solve the flexural problem 
of Kirchhoff-Love plates with two opposite edges ݔ = ±ܽ 2⁄  clamped and the other two edges ݕ = ± ܾ 2⁄  simply supported, for the case of uniformly distributed transverse load over the entire 
plate domain. The plate considered was assumed homogeneous, and isotropic. The total potential 
energy functional for the Kirchhoff-Love plate was found as the sum of the potential energy of 
the applied distributed load and the strain energy functional of the plate. The symmetrical nature 
of the plate and the load was used to choose the deflection function as a single series of infinite 
terms involving the cosine function of the y coordinate variable with the unknown function being 
dependent on the ݔ  coordinate variable. Integration with respect to the ݕ  coordinate variable 
simplified the total potential energy functional to be dependent on the unknown function of ݔ, and 
its derivatives. Euler-Lagrange differential equations were used to find the differential equations 
of equilibrium of the plate as a system of homogeneous fourth order ordinary differential equations 
(ODE) in the unknown function. The system of fourth order ODE was solved using the method of 
differential D operators, or the method of trial functions to obtain the general solution as the linear 
superposition of the homogeneous and particular solutions. The demands of symmetry of 
unknown function about the point ݔ = 0, and the boundary conditions at the clamped edges were 
used to obtain all the four integration constants; thus, completely determining the deflection. 
Bending moment distributions were determined using the bending moment deflection relations. 
The deflection was determined at the centre of the plate. The bending moment values were also 
determined at the centre of the plate, and at the middle of the clamped edges. Expressions obtained 
for the deflection at the centre, and bending moment values were found to be single series of 
infinite terms with highly converging properties. The solutions obtained converged to the exact 
solutions with the use of only four terms of the series. 
Keywords: Kantorovich variational method, Kirchhoff-Love plate, total potential energy 
functional. 

1. Introduction 

Plates are three dimensional structures that have one (transverse) dimension that is very small 
relative to the other two (in-plane) dimensions [1, 2]. They are commonly used in structural 
applications in buildings, machine parts, ships, aircrafts, aerospace structures and naval facilities. 
They are commonly subjected to transversely applied distributed and/or point forces and thus carry 
such forces by the development of bending moments in the two in-plane directions and a twisting 
moment. They can be required to carry in-plane forces applied in in-plane directions. 

The analysis of plates employs the three-dimensional theory of elasticity [1]. They are 
governed by the simultaneous requirements of the generalized Hooke’s law of linear elasticity, 
the strain – displacement relations, and differential equations of equilibrium, subject to the 
boundary conditions imposed by the restraints and the load [3-6]. The exact three-dimensional 
elasticity theory has often been simplified using approximations offered by the smallness of the 
transverse coordinate dimension, thus reducing the problem to two dimensional approximations 
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[7, 8]. 
In general, three broad theories exist for modelling plates. They are: 
(i) Thin plate theories (8...10 ≤ ܽ ℎ⁄ ≤ 8...100), where ܽ is the least in-plane dimension, and ℎ is the plate thickness: 
– small deformation thin plate theories (Kirchhoff-Love plate theory); 
– large deformation thin plate theories (von Karman Plate theory). 
(ii) Moderately thick plate theories (Reissner [9] plate theory, Mindlin [10] plate theory) and, 
(iii) Thick plate theories (ܽ ℎ⁄ ≤ 8...10). 

2. Review of plate theories 

There are several types of plate theories. The basic idea of all plate theories is to simplify the 
three-dimensional (3D) plate problem defined by the mathematical theory of elasticity to two 
dimensional approximations. This is usually achieved by integrating out one of the dimensions. 
Usually, the plate’s transverse dimension is integrated out by expressing stresses using stress 
resultants. 

Thick plates can only be solved using the mathematical theory of elasticity, involving a 
simultaneous solution of a system of fifteen equations – namely the stress – strain laws, the strain 
displacement relations and the differential equations of equilibrium. The solutions of thick plate 
problems are mathematically rigorous, and only few thick plate problems involving simple plate 
geometries, load and boundary conditions have so far been successfully solved. 

Moderately thick plates are described using plate theories due to Reissner, [9] Mindlin, [10] 
Reddy; Shimpi [11] Levinson and Chandrashekhara [12]. Reissner [9] presented a stress 
formulation of the problem of moderately thick plates using the Castigliano’s energy minimization 
principle by assuming that the in-plane stresses are linear, the transverse shear stresses are 
quadratic and the transverse normal stresses are cubic in the plate transverse direction. Using the 
stress – equilibrium equations of the 3D theory of elasticity, and the stress – strain laws, Reissner 
applied the Castigliano’s principle and obtained the governing equations of Reissner plates as an 
integration problem of sixth order. The advantages of Reissner’s plate theory include: 

(i) The theory incorporates first order shear deformation effects. 
(ii) It is suitable for moderately thick plates where thickness is of the order of one tenth of the 

governing (least) planar dimension. 
(iii) The linear distribution of bending stress and the quadratic distribution of shear stress used 

in the theory are consistent with the theory of elasticity. 
The disadvantages (limitations) of Reissner’s plate theory are: 
(i) The theory results in a sixth order boundary value problem (BVP) which is mathematically 

rigorous. 
(ii) The plate problem is represented in terms of three unknown degrees of freedom involving 

generalized displacements. 
(iii) The BVP is given as a system of three coupled partial differential equations for which 

solutions are mathematically demanding. 
Mindlin [10] presented a first order shear deformation plate theory by extending the kinematics 

of the classical plate theory (CPT) by including transverse shear strains and removing the 
normality restriction. He further assumed that the displacement field can be described in terms of 
three generalized displacement parameters. Using the stress – strain laws, the strain displacement 
relations and the differential equations of equilibrium, Mindlin derived the governing differential 
equations of equilibrium as a system of three coupled differential equations in terms of the 
unknown generalized displacement parameters. The advantages of the Mindlin plate theory are: 

(i) The theory includes shear deformation and rotary inertia effects. 
(ii) The Kirchhoff-Love plate theory is recovered from the Mindlin plate theory by imposing 

the normality conditions. Thus, the Kirchhoff plate theory can be considered a special case of the 
Mindlin plate theory. 
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The limitations of the Mindlin plate theory include: 
(i) The assumption of constant shear strain over the plate thickness violates the theory of 

elasticity results. Mindlin introduced shear correction factors to ensure the correct amount of 
internal energy is predicated by the Mindlin theory. 

(ii) Shear free boundary conditions on the plate surfaces are violated. 
(iii) The theory offers no mathematically logical way to determine the shear correction factor, ݇. 
This study adopts the classical Kirchhoff-Love plate theory. The theory used the Kirchhoff’s 

three hypotheses to simplify and approximate the three-dimensional elasticity problem to two 
dimensions. They are: 

(a) Straight cross-sections perpendicular to the neutral surface of the plate before flexure 
remain straight and orthogonal after the deformation. 

(b) The normal stress in the transverse direction is so insignificant and is neglected; thus, 
simplifying the three dimensional generalised Hooke’s stress – strain relations to two dimensions. 

(c) The transverse shearing strains ߛ௫௭ and ߛ௬௭ are assumed to be zero. This implies that the 
plate thickness does not change under flexural deformation. 

Several methods have been used to solve the Kirchhoff-Love plate bending problem. The 
methods are categorized into two, namely: classical methods and approximate (numerical) 
methods. The classical methods used include: the Navier’s double trigonometric series methods 
[13], the symplectic elasticity methods [14], the Levy’s single trigonometric series methods [13], 
the methods of eigen function expansions, the method of integral transformations [15]. The 
approximate (numerical) methods used include variational method [16-19] weighted residual 
method, Finite Difference method [20] finite element method, finite grid methods, Improved finite 
difference methods. 

2.1. Review of methods of solving thin plate bending problems 

Navier’s [21] double trigonometric series method was originally proposed to solve the 
Kirchhoff-Love plate bending problem with simply supported edges (ݔ ݕ ,ܽ ,0 = = 0, ܾ). The 
method assumes that (i) the load ݔ),  is represented by a double Fourier sine series of infinite (ݕ
terms, where the Fourier coefficients of the load function are determined using the Fourier series 
theory (ii) the unknown deflection ݔ)ݓ,  is similarly expressed by a double Fourier sine series (ݕ
where the Fourier coefficients of the deflection are found from the governing partial differential 
equation of the Kirchhoff-Love plate problem [22]. The major limitation of the Navier’s method 
is the inability to be applied to plates with mixed boundary conditions. 

Levy’s method was originally developed for rectangular Kirchhoff-Love plates with two 
opposite edges simply supported and the remaining two edges subject to arbitrary boundary 
conditions [23]. For the bending problem of rectangular thin plates ܽ × ܾ with simple supports at ݔ =  0, ܽ , and arbitrary support conditions at ݕ = ±ܾ 2⁄ , Levy assumed that the unknown 
deflection can be assumed as a single Fourier sine series of infinite terms that automatically 
satisfies the simply supported boundary conditions at ݔ = 0, ܽ, where the unknown single Fourier 
series coefficients (a function of the y coordinate variable) are found by substitution of the single 
Fourier series representation for the deflection into the governing fourth order elliptic partial 
differential equation of the Kirchhoff-Love plate bending problem [22]. Levy further assumed the 
applied load is represented by a similar single Fourier series. Levy’s method reduced the fourth 
order PDF of the Kirchhoff-Love plate problem to a set of ordinary differential equations; which 
are solved to find the homogeneous and particular solutions. Enforcement of boundary conditions 
on the edges ݕ = ±ܾ 2⁄  are used to find the constants of integration. The primary merit of Levy’s 
method is the advantage of a single Fourier sine series representation which is convenient and 
computationally effective. 

Other advantages are: 
(i) The boundary conditions along the edges ݕ = ±ܾ 2⁄  are unspecified in the general solution 
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and the integration constants can be determined for arbitrary support conditions at those edges. 
(ii) Plates of finite width and semi-infinite extent can be solved by appropriate selection of 

integration constants. 
(iii) The solutions are rapidly converging for distributed loads. 
The disadvantages of the method are: 
(i) It involves complicated mathematical analysis. 
(ii) It encounters problems in dealing with point loads and problems involving discontinuities. 
The numerical methods for solving the thin plate bending problems rely on finding 

approximate solutions to the problem. Thin plate bending problems have been alternatively 
formulated as variational problems, using the calculus of variations. Plate problems have been 
formulated using the minimum energy theorems which can be derived from the variation of strain 
energy of the elastic plate through variation in displacements or variations in the stresses.  

The Ritz method for the analysis of thin plates in bending assume that the equilibrium equation 
of the plate is obtained by minimizing the total potential energy functional for the problem with 
respect to unknown displacement parameters. The Ritz method assume the deflection function is 
given in terms of a truncated linear combination of shape functions which satisfy the end 
conditions. The Ritz formulation reduces the problem of plate bending to an algebraic problem of 
finding the unknown displacement parameters of the deflection function. Aginam et al. [19] have 
used the Ritz variational method for thin plate bending problems. 

Tian, Zhong and Li [24] used the double finite integral transform method to derive exact 
bending solutions of rectangular cantilever thin plates under arbitrary loading, which is one of the 
most difficult and intricate problems in the theory of elasticity due to its complexity in both the 
governing partial differential equations and the boundary conditions. The finite integral 
transformation analysis is performed rationally without any assumptions of trial functions for the 
unknown displacements, which demonstrates the advantage of the method of double finite integral 
transform over other methods. They showed the method presents an efficient and unified 
procedure for accurate plate bending analysis with potentials for extension to the solution of other 
boundary value problems such as buckling and vibration. 

Johnarry [25] presented the method of acceleration displacement ratio transform of 
differentials for solving the bending problem of Kirchhoff-Love plates. He illustrated the use of 
the method with simply supported thin plates under uniformly distributed transverse loads over 
the plate domain and obtained solutions that were identical with the Navier’s solutions. He 
presented a similar illustration with the problem of simply supported thin plate under point load 
and obtained reasonably acceptable solutions. 

The Galerkin method is a class of methods in numerical analysis for converting a continuous 
operator problem to a discrete problem [26]. In principle, it is the equivalent of applying the 
method of variation of parameters to a function space; thus, rendering the boundary value problem 
(BVP) to become a weak formulation. The method assumes an approximate solution to the 
unknown function in the BVP of thin plate bending to be expressed by a linear combination of ܰ 
base (basis or coordinate) functions that are linearly independent and satisfy the boundary 
conditions of the plate [27].  

Galerkin weighted residual integral statement of the problem then converts the BVP to a 
system of linear algebraic equations in terms of the unknown displacement parameters of the trial 
function. The basis functions are the weighting functions in the Galerkin integral. The Galerkin 
method is more systematic and more general than many numerical methods and has been found 
to be computationally efficient. Osadebe et al. [16] have used the Galerkin method to solve thin 
plate problems. 

This paper adopts the Kantorovich variational method because of the advantages of the method. 

2.2. Advantages of the Kantorovich variational method 

The Kantororvich variational method is used in this study because of the advantages over other 
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analytical and numerical methods, namely: 
(i) The method generally results in a rapidly converging solution and is an efficient 

computational method. 
(ii) It has a close resemblance to the Rayleigh-Ritz and finite element methods due to the 

energy minimization principle which is at the heart of the method. 
(iii) The method considerably reduces the amount of computational and numerical work 

involved due to the use of eigen functions of harmonically vibrating Euler-Bernoulli as the basis 
functions. This reduction in computational work is achieved because of the orthogonal properties 
of the eigen functions. 

(iv) Kantorovich method is useful in the manual solution of thin plate problems. 
Kantorovich method has been used in the literature to solve thin plate flexure problems. Ike 

[18] used the Kantorovich method to solve the thin plate flexure problem with fixed edge at  ݕ = 0 and simple supports at ݔ ݔ ,0 = = ݕ ,ܽ = ܾ for the case of uniform load. Nwoji et al. [17] 
used the Kantorovich-Vlasov method to solve the flexural problem of simply supported 
Kirchhoff-Love plates under uniformly distributed load on the entire plate domain. 

3. Research aim and objectives 

The general aim is to use the Kantorovich variational method to solve the flexural problem of 
Kirchhoff-Love plates with CSCS edges for the case of uniformly distributed transverse load. The 
specific objectives include: 

(i) To present the flexural Kirchhoff-Love plate problem as a variational problem and write 
the total potential energy functional. 

(ii) To apply the Kantorovich variational technique in choosing suitable deflection functions 
in terms of one unknown coordinate function of the inplane variables. 

(iii) To express the total potential energy functional in terms of the unknown function. 
(iv) To use the Euler-Lagrange differential equations to write the equation of equilibrium of 

the plate. 
(v) To solve the Euler-Lagrange differential equations, and thus obtain ݂(ݔ) that ensures the 

equilibrium of the plate. 
(vi) To apply the conditions for symmetry of deflection and the boundary conditions to fully 

determine the unknown integration constants, and thus fully determine ݂(ݔ). 
(vii) To obtain the bending moments ܯ௫௫ ௬௬ܯ ,  from the bending moment displacement 

relations. 
(viii) To obtain deflection and bending moment expressions for the center of the plate and 

bending moment values at the middle of the clamped plate. 

4. Methodology/application of the Kantorovich variational method 

A uniformly loaded rectangular Kirchhoff-Love plate, ܽ × ܾ, simply supported on the edges ݕ = ± ܾ/2, and clamped on the opposite edges ݔ = ± ܽ/2, as shown in Fig. 1 was considered. 
The plate is subject to a uniformly distributed transverse load of intensity  over the entire 

plate domain, ܴ  defined by −ܽ/2 ≤ ݔ ≤ ܽ/2, −ܾ/2 ≤ ݕ ≤ ܾ/2. The origin of the Cartesian 
coordinates system is chosen at the plate center, and the ݔ – and ݕ – coordinate axes are chosen to 
be parallel to the plate edges as shown in Fig. 1. This choice of Cartesian coordinates takes 
maximal advantage of the symmetry of the plate and the symmetry of the loading. 

By the Kantorovich variational method, the deflection function ݔ)ݓ,  is represented as a (ݕ
single series of infinite terms involving variable – separable functions of the inplane coordinates ݔ, and ݕ, as follows: ݔ)ݓ, (ݕ =  ݂(ݔ)ஶୀଵ  ݃(ݕ). (1)
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Fig. 1. Uniformly loaded rectangular Kirchhoff-Love plate with clamped edges  

at ݕ = ± ܽ/2, and simply supported edges at ݕ = ± ܾ/2 

The assumption of ݔ)ݓ,  in the form of Eq. (1) as a single series of infinite term is deliberate (ݕ
in order to seek an exact solution to the flexural problem of the Kirchhoff-Love plate. In the 
Kantorovich variational method, one of the functions is determined using the restraint and loading 
boundary conditions along either the x or the y coordinate directions.  

In this work, the expected symmetrical deformation about ݕ = 0 and the boundary conditions 
at ݕ = ± ܾ/2 for ݃(ݕ) suggest that a suitable shape function in the ݕ direction is: ݃(ݕ) = cos ܾݕߨ݊ ,     ݊ = 1, 3, 5, 7, …. (2)

Since ݃(ݕ) satisfies all the boundary conditions at ݕ = ± ܾ/2. Then: ݔ)ݓ, (ݕ =  ݂(ݔ)cos ஶୀଵܾݕߨ݊ ,     ݊ = 1, 3, 5, 7, …, (3)

where ݂(ݔ) is an unknown function of ݔ we seek to determine such that ݔ)ݓ,  minimizes the (ݕ
total potential energy functional for the Kirchhoff-Love plate and also satisfies the boundary 
conditio0ns at the clamped edges (ݔ = ± ܽ/2)of the plate for each term of the infinite series.  

The total potential energy functional Π  for the Kirchhoff-Love plate under flexural 
deformation is the sum of the strain energy in flexure and the potential energy of the applied 
transverse loads. Thus: Π = ܷ + ܸ, (4)Π = 12 ඵ ଶ(ݓଶ∇)൛ܦ − 2(1 − ௬௬ݓ௫௫ݓ)(ߤ − ௫௬ଶݓ )ൟோ ݕ݀ݔ݀  − ඵ ,ݔ) ,ݔ)ݓ(ݕ ோݕ݀ݔ݀(ݕ , (5)

where ߤ is the Poisson’s ratio, also: 

௫௫ݓ = ∂ଶݔ∂ݓଶ ௬௬ݓ(6) , = ∂ଶݕ∂ݓଶ ௫௬ݓ(7) , = ∂ଶݔ∂ݓ (8) ,ݕ∂

and ܦ is the flexural rigidity of the plate: 
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ܦ = ℎଷ12(1ܧ − ଶ), (9)ߤ

and ܧ is the Young’s modulus of elasticity, ℎ is the plate thickness, ∇ଶ is the Laplacian in ݕ ,ݔ 
coordinates. 

For the Kirchhoff-Love plate considered, the total potential energy functional simplifies 
further since the Gaussian curvature is zero for CSCS plates considered. Thus: Π = 12 ඵ ோݕ݀ݔଶ݀(ݓଶ∇)ܦ − ඵ ோݕ݀ݔ݀ ݓ , (10)

since for CSCS thin plates: ݓ௫௫ݓ௬௬ − ௫௬ଶݓ = 0. (11)

Eq. (10) is also expressed as Eq. (12): 

Π = ඵ ቐ2ܦ ൭ቆ ∂ଶ∂ݔଶ + ∂ଶ∂ݕଶቇ ,ݔ)ݓ ൱ଶ(ݕ − ,ݔ)ݓ ቑ(ݕ ோݕ݀ݔ݀ . (12)

Substitution of Eq. (3) into Eq. (12) yields Eq. (13): 

Π = ඵ ൞2ܦ ቌቆ ∂ଶ∂ݔଶ + ∂ଶ∂ݕଶቇ  ݂(ݔ)ஶ
ୀଵ cos ܾݕߨ݊ ቍଶ −   ݂(ݔ)cos ஶܾݕߨ݊

ୀଵ ൢ (13) .ݕ݀ݔ݀ 

Simplification of Eq. (13) yields Eq. (14): 

Π =  න න ቊ2ܦ ൬ ݂ᇱᇱ(ݔ)cos ܾݕߨ݊ − ݂ ቀܾ݊ߨቁଶ cos ܾݕߨ݊ ൰ଶ −  ݂(ݔ)cos ܾݕߨ݊ ቋ/ଶ
ି/ଶ

/ଶ
ି/ଶ

ஶ
ୀଵ (14) ,ݔ݀ݕ݀

where primes denote differentiation (derivative) with respect to ݔ. 
Further simplification of Eq. (14) yields Eq. (15): 

Π =  න න ൝൭2ܦ ൬( ݂ᇱᇱ(ݔ))ଶcosଶ ܾݕߨ݊ − 2݂′′(ݔ) ݂(ݔ) ቀܾ݊ߨቁଶ cosଶ /ଶܾݕߨ݊
ି/ଶ

/ଶ
ି/ଶ

ஶ
ୀଵ+ ቀܾ݊ߨቁସ cosଶ ܾݕߨ݊ ቁ൱ − ݂(ݔ)cos ܾݕߨ݊ ቅ (15) .ݔ݀ݕ݀ 

From Eq. (15), evaluation of the integration with respect to ݕ simplifies the total potential 
energy functional to Eq. (16): 

Π = 2ܾ න ൜൬( ݂ᇱᇱ(ݔ))ଶ − 2 ቀܾ݊ߨቁଶ ݂ᇱᇱ(ݔ) ݂(ݔ) + ቀܾ݊ߨቁସ ݂(ݔ)൰/ଶ
ି/ଶ− (−1)ିଵଶ ܦߨ݊8 ݂(ݔ)ൠ ݔ݀ = 2ܾ න ,ݔ)ܨ ݂(ݔ), ݂′′(ݔ))/ଶ

ି/ଶ (16) .ݔ݀
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The Euler-Lagrange differential equations for the functional Eq. (16) is obtained from Eq. (17): ∂ܨ∂ ݂(ݔ) − ݔ݀݀ ቆ ቇ(ݔ)ᇱ݂∂ܨ∂ + ݀ଶ݀ݔଶ ቆ ቇ(ݔ)ᇱᇱ݂∂ܨ∂ = 0. (17)

The Euler-Lagrange differential equation is obtained as the fourth order ordinary differential 
equation, ODE, Eq. (18): 

݂௩(ݔ) − 2 ቀܾ݊ߨቁଶ ݂ᇱᇱ(ݔ) + ቀܾ݊ߨቁସ ݂(ݔ) = (−1)ିଵଶ ߨ݊ܦ4 ,      ݊ = 1, 3, 5, 7, ….  (18)

The general solution to Eq. (18) is given by Eq. (19): 

݂(ݔ) = ቀܣ∗ sinh ܾݔߨ݊ + ∗ܤ ܾݔߨ݊ cosh ܾݔߨ݊ ቁ        +ܥ∗cosh ܾݔߨ݊ + ∗ܦ ܾݔߨ݊ sinh ܾݔߨ݊ + (−1)ିଵଶ (19) ,ܦହ(ߨ݊)ସܾ4

where ܣ∗  .∗ are the four constants of integrationܦ ∗ andܥ ,∗ܤ ,
For symmetry about ݔ ∗ܣ :0 = = ∗ܤ = 0, (20)

and the general solution for ݂(ݔ) becomes Eq. (21): 

݂(ݔ) = coshܥ ܾݔߨ݊ + sinhݔܦ ܾݔߨ݊ + (−1)ିଵଶ ହ, (21)(ߨ݊)ܦସܾ4

where: ܥ = ܦ∗, (22)ܥ = ∗ܦ ቀܾ݊ߨቁ. (23)

The boundary conditions at the clamped edges, given by Eqs. (24) and (25) are applied to 
Eq. (21): 

݂ ቀݔ = ± 2ܽቁ = 0, (24)݂′ ቀݔ = ± 2ܽቁ = 0. (25)

Enforcement of boundary conditions yield Eq. (26): 

ܦ = ܩହ(ߨ݊)ܦସ(−1)ିଵଶܾ4 , (26)

where: 

ܩ = ߨܾ݊ cosh 2ܾܽߨ݊ + ܽ2sinh 2ܾܽߨ݊ , (27)
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ܩ = ቌ ߨܾ݊ cosh 2ݎߨ݊ + ܽ2sinh 2ݎߨ݊ ቍ, (28)

where: ݎ = ܾܽ, (29)

ܥ = ܦ− ቌ ߨܾ݊ + ܽ2tanh 2ݎߨ݊ ቍ = ܾܦ− ቌ ߨ1݊ + 2tanhݎ 2ݎߨ݊ ቍ. (30)

Thus, ݔ)ݓ,  .is fully determined using Eq. (3) (ݕ

5. Results 

5.1. Center deflection 

The centre deflection (0,0)ݓ is obtained as Eq. (31): 

(0,0)ݓ =  ቆܥ + (−1)ିଵଶ ହቇஶୀଵ(ߨ݊)ܦସܾ4 . (31)

5.2. Bending moments 

The bending moment displacement equations – Eqs. (32) and (33) – are used to obtain the 
bending moments at the centre and at the middle of the clamped edges. Thus from: ܯ௫௫ = ௫௫ݓ൫ܦ− + ௬௬ܯ௬௬൯, (32)ݓߤ = ௬௬ݓ൫ܦ− + ௫௫൯. (33)ݓߤ

The bending moments at the plate centre are obtained as Eqs. (34) and (35): 

௫௫(0,0)ܯ = ܦ− ൝ ൬ቀܾ݊ߨቁଶ ܥ + ܾߨ2݊ ൰ܦ − ߤ  ቀܾ݊ߨቁଶ ቆܥ + (−1)ିଵଶ ହቇஶ(ߨ݊)ܦସܾ4
ୀଵ

ஶ
ୀଵ ൡ, (34)

௬௬(0,0)ܯ = ܦ− ൝−  ቀܾ݊ߨቁଶ ቆܥ + (−1)ିଵଶ ହቇ(ߨ݊)ܦସܾ4 + ߤ  ൬ቀܾ݊ߨቁଶ ܥ + ܾߨ2݊ ൰ஶܦ
ୀଵ

ஶ
ୀଵ ൡ. (35)

The bending moments at the middle of the clamped edge (ݔ = ܽ/2, ݕ = 0) are obtained as 
Eqs. (36) and (37): 

௫௫ܯ ቀ2ܽ , 0ቁ = ܦ− ൝ ൬ቀܾ݊ߨቁଶ coshܥ 2ܾܽߨ݊ ൰ஶ
ୀଵ + ܦ ൬2ܾ݊ߨ cosh 2ܾܽߨ݊ + ቀܾ݊ߨቁଶ 2ܽ sinh 2ܾܽߨ݊ ൰ 

ߤ −        ቆܥcosh 2ܾܽߨ݊ + ܦ 2ܽ sinh 2ܾܽߨ݊ + (−1)ିଵଶ ହቇ(ߨ݊)ܦସܾ4 ቀܾ݊ߨቁଶஶ
ୀଵ ൡ, (36)
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௬௬ܯ ቀ2ܽ , 0ቁ = ܦ− ቐ−  ቌܥcosh 2ܾܽߨ݊ + ܽ2ܦ sinh 2ܾܽߨ݊ + (−1)ିଵଶ ହ(ߨ݊)ܦସܾ4 ቍஶ
ୀଵ ቀܾ݊ߨቁଶ 

ߤ +       ൭ ൭ቀܾ݊ߨቁଶ coshܥ 2ܾܽߨ݊ + ܦ ൬2 ቀܾ݊ߨቁ cosh 2ܾܽߨ݊ + ቀܾ݊ߨቁଶ 2ܽ sinh 2ܾܽߨ݊ ൰൱ஶ
ୀଵ ൱ൡ. (37)

From Eq. (31) the centre deflection is calculated for ݊ ݎ ,1 = = 1, as Eq. (38): 

(0,0)ݓ = 0.001961886 ܦସܽ = 1.961886 × 10ିଷ ܦସܽ . (38)

For ݊ ݎ ,3 = = 1, the centre deflection is calculated as Eq. (39): 

(0,0)ݓ = 1.913609 × 10ିଷ ܦସܽ . (39)

For ݊ ݎ ,5 = = 1, the centre deflection is calculated as Eq. (40): 

(0,0)ݓ = 1.917753 × 10ିଷ ܦସܽ . (40)

The exact solution for the centre deflection of square Kirchhoff-Love plates is given by 
Eq. (41): 

ୣܹ୶ୟୡ୲ = 1.92 × 10ିଷ ܦସܽ . (41)

The use of Eqs. (34) and (35) for obtaining the centre bending moments give: for square 
Kirchhoff-Love plates: For ݊ ݎ ,1 = ௫௫(0,0)ܯ :1 = = ଶ. (42)ܽ0.034615

For ݊ ݎ ,3 = ௫௫(0,0)ܯ :1 = = ଶ. (43)ܽ0.03301

For ݊ ݎ ,1 = ௬௬(0,0)ܯ :1 = = ଶ. (44)ܽ0.028005

For ݊ ݎ ,3 = ௬௬(0,0)ܯ :1 = = ଶ. (45)ܽ0.0236212

Convergence to the exact bending moment values is achieved for ݊ = 7. 

6. Discussion 

The Kantorovich variational method was successfully applied in this study to the flexural 
problem of Kirchhoff-Love plate subjected to uniformly distributed transverse load over the entire 
plate domain. The problem was expressed in variational form as the problem of finding the 
deflection ݔ)ݓ, (ݕ that minimizes the total potential energy functional given as Eq. (5). 
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Kantorovich procedure was adopted to express the unknown deflection ݔ)ݓ,  in terms of two (ݕ
variable separable functions ݂(ݔ) and ݃(ݕ) such that one of the functions is chosen to aprori 
satisfy all the boundary conditions along the corresponding coordinate direction; while the other 
function remained unknown. The expected symmetrical nature of the deflection about the ݕ = 0 
axis, and the need to obtain exact solutions within the Kirchhoff-Love theory led to the choice of 
the deflection function in single infinite series form as Eq. (3). 

Substitution of Eq. (3) into the total potential energy functional and integration with respect to ݕ simplified the functional as Eq. (16). The integration in Eq. (16) was found to depend on ݔ, ݂(ݔ)  and ݂ᇱ(ݔ).  The conditions for equilibrium of the Kirchhoff plate, represented by the 
Euler-Lagrange differential equation – Eq. (16) – was applied to obtain the equation of equilibrium 
as the fourth order ordinary linear differential equation given by Eq. (18). The general solution 
given as Eq. (19) was obtained using the method of trial functions, undetermined parameters, ܦ 
operator or variation of parameters as the linear superposition of the homogenous and the 
particular solution. The four constants of integration in the general solution (for each ݊), were 
obtained using theconsiderations of symmetry of ݂(ݔ) about ݔ = 0, and the restraint and loading 
boundary conditions at the clamped edges ( ݔ = ±ܽ 2⁄ ). The deflection function was thus 
completely determined with the determination of the constants of integration. The centre 
deflection was obtained as Eq. (31). The bending moments ܯ௫௫ and ܯ௬௬ at the plate centre were 
found as Eqs. (34) and (35) respectively. The bending moments at the middle of the clamped edge 
ݔ) = ±ܽ 2⁄ ݕ , = 0) were found as Eqs. (36) and (37).  

The solutions for deflection and bending moments were obtained as single series of infinite 
terms involving hyperbolic functions and depending on ܽ ܾ⁄ , the aspect ratio of the plate. 
Numerical values of the converged deflection coefficients and bending moment coefficients at the 
centre of the plate were evaluated for given values of the plate aspect ratio and presented in Table 1 
together with similar values obtained by Timoshenko and Woinowsky-Krieger [11] and 
Cui-Shuang [12], for purposes of comparison and validation. 

A comparison of the results for the centre deflection coefficients and bending moments 
coefficients ߚ௫௫ and ߚ௬௬ show that the Kantorovich-variational method gives the exact solutions 
at convergence. Convergence studies show that the single series for the centre deflection and 
centre bending moments are rapidly convergent as sufficient convergence to the exact solutions 
result with the use of three terms of the series. 

Table 1. Deflection and bending moment coefficients for a uniformly  
loaded CSCS Kirchhoff-Love plate with ߤ = 0.30 ܾܽ

 Deflection ቀ× 10ିଷ ర ቁ Bending moment ߚ௫௫ (× 10ିଶܾଶ) 
Bending moment coefficients ߚ௬௬ (× 10ିଶܾଶ). 

 

Timoshenko 
and  

Woinowsky- 
Krieger 

Cui 
Shuang 

Present 
study 

Timoshenko  
and  

Winowsky- 
Krieger 

Cui 
Shuang 

Present 
study 

Timoshenko 
and  

Winowsky-
Krieger 

Cui 
Shuang 

Present 
study 

1/2 2.60 2.61079 2.6108 1.42 1.41716 1.4172 4.20 4.20629 4.2063 
2/3 2.47 2.4757 2.4757 1.79 1.78003 1.78 4.06 4.06276 4.0628 
1 1.92 1.91714 1.9171 2.44 2.43874 2.4387 3.32 3.32449 3.3245 

3/2 5.31 5.32645 5.3265 5.85 5.84803 5.858 4.60 4.59444 4.5944 
2 8.44 8.445 8.445 8.69 8.6868 8.6868 4.74 4.73622 4.7362 

The major contributions of this study are as follows: 
(i) The study gave an exact solution (Eq. (31)) for the deflection at the centre of uniformly 

loaded Kirchhoff-Love plates clamped at two opposite edges ݔ = ±ܽ 2⁄ , and simply supported at 
the other two edges ݕ = ±ܾ 2⁄ . The solution is a single series of infinite terms with rapidly 
converging properties. Sufficient accuracy and convergence is achieved by the use of three terms 
of the series for centre deflection, (0,0)ݓ. Exact solutions are achieved with five terms of the 
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series for (0,0)ݓ. 
(ii) The study gave exact solutions for the bending moments at the centre ܯ௫௫(0,0)  and ܯ௬௬(0,0) of uniformly loaded Kirchhoff-Love plates with clamped edges (ݔ = ±ܽ 2⁄ ) and simply 

supported edges (ݕ = ±ܾ 2⁄ ) as Eqs. (34) and (35) respectively. The centre bending moments 
were rapidly converging single series of infinite terms. Sufficient convergence to the exact 
solutions were obtained using five terms of the series. 

(iii) The study presented exact solutions for the bending moments at the middle of the clamped 
edges ܯ௫௫ (ݔ = ±ܽ 2⁄ ݕ , = 0) and ܯ௬௬ (ݔ = ±ܽ 2⁄ , 0) as Eqs. (36) and (37). The expressions 
were similarly single series of infinite terms. 

7. Conclusions 

From the study, the following conclusions are made: 
(i) The Kantorovich variational method is an effective technique for solving the flexural 

problem of Kirchhoff-Love plates with CSCS edges and under uniform transverse load. 
(ii) The Kantorovich variational method gives solutions for deflections that are single series of 

infinite terms. 
(iii) The solutions for deflections obtained are rapidly convergent and converge to the exact 

solutions with the use of three terms of the infinite series. 
(iv) The solutions obtained for bending moments are also single series of infinite terms 

containing hyperbolic functions. The single series expressions for the bending moments are 
similarly rapidly convergent, yielding exact solutions with four terms of the series. 
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