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Abstract. As an important characteristic information in incipient fault diagnosis of rotating 
machinery, the fault impulse signal is hard to be monitored due to the low signal amplitude and 
system disturbance/noise. Based on bilateral spectrum and precession energy difference density 
spectrum for the incipient fault diagnosis of rotating machinery, a novel diagnosis method is 
proposed in this paper to overcome this key problem. Compared with the existing methods to 
extract transient impulses from the vibrate signals, this paper designs a new fault feature 
parameter-precession energy difference density to characterize the feature of transient impulse. 
Furthermore, the complex signal and the negative frequency are introduced into the spectrum 
analysis and the forward and backward precession characteristics, which can be directly gained 
through the bilateral spectrum and relieves the problems not to be overlooked, such as high 
calculation, high error and time consuming. Finally, the feasibility and effectiveness of the 
proposed methods are demonstrated via a case study of a vertical mill reducer. 
Keywords: rotating machinery, fault diagnosis, bilateral spectrum, procession energy difference 
density. 

1. Introduction 

Rotating machinery is the critical equipment widely used in industrial manufacture. Timely 
incipient fault diagnosis is the key to guarantee operation safety and suppress fault deterioration. 
Compared with traditional fault diagnosis methods, incipient fault diagnosis is a more 
sophisticated form of diagnosis. 

Time-frequency transform analysis of vibration signal is one of the most widespread and 
effective method among the existing methods to incipient fault diagnosis [1, 2]. Most of the 
vibration signals of rotating machinery are non-stationary and nonlinear signals [3, 4]. The main 
methods of dealing with such signals are including Short-time Fourier Transform [5], Wavelet 
transform [6], quadratic time-frequency distribution, Empirical Mode Decomposition, etc. [7-9]. 
Zhao [10] et al. proposed an instantaneous speed estimation method based on short-time 
Chirp-Fourier transform. And it is used to detect the incipient fault of a gearbox during the 
non-stationary working conditions. Wavelet transform is another technological innovation after 
Fourier transform, which can provide both the time domain and frequency domain information of 
the localized signal. Based on the characteristics of adjustable wavelet of quality factor, Luo [11] 
et al proposed an adaptive demodulation method. The method reconstructs the signal according to 
the kurtosis value of the wavelet and applies it to the bearing fault diagnosis. The quadratic 
time-frequency distribution uses a bilinear transformation rather than a linear transformation, so 
there is serious cross-term interference for multi-component signals. Adaptive time-frequency 
analysis can not only reflect the characteristics of instantaneous frequency with time-varying, but 
also accurately reflect the changes of signal energy with time and frequency. Zheng [12] proposed 
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a new adaptive time-frequency analysis method based on improved local characteristic-scale 
decomposition. 

The essence of these non-stationary signal processing methods is similar. The non-stationary 
signals are divided into a great many of small segments, and each small segment can be regarded 
as a stationary or cyclostationary signal. Therefore, the traditional spectrum analysis technology 
still has important research significance and a very wide range of applications in the rotating 
machinery fault diagnosis for its simplicity and intuitive [13-15]. The most representative spectral 
analysis technologies are holospectrum technology [16-18], full-spectrum technology [19] and 
vector spectrum technology [20, 21]. These three technologies have their respective merits and 
have been widely used in engineering. However, these methods obtain forward and backward 
precession parameters through a series of mathematical operations, which will inevitably increase 
the amount of calculation and analysis error. This makes it difficult to apply these methods to 
effective diagnosis of the incipient fault. 

As we know, if a frequency component of the signal is regarded as a harmonic function in the 
spectrum analysis process, the negative frequency can be considered as the result of mathematical 
operations. However, if a frequency component of the signal is interpreted as a rotation vector, 
the negative frequency can be given different physical meaning. The negative frequency has been 
applied to the machinery, communication and other engineering fields [22-26]. In the rotor system, 
the negative frequency can be defined as the rotation vector opposite to the rotor rotation direction 
while the positive frequency is the rotation vector with the same direction of rotor. Thus, the 
positive and negative frequency components characterize the forward and backward precession of 
the frequency components of the rotor system.  

Periodic transient impulse is an important characteristic information in incipient fault 
diagnosis of rotating machinery. However, it is very difficult to monitor this fault impulse signal 
because the amplitude of this signal is rather low and always covered by system disturbance and 
noise easily. Compared with the existing methods of extracting transient impulses from the vibrate 
signals, a novel scheme is adopt in this paper. Due to the physical mechanism of periodic impulse, 
the energy of the impact would act on the forward or backward precession of the rotor. In this 
paper, a new fault feature parameter - precession energy difference density is designed to 
characterize the feature of transient impulse, and a new diagnosis method is proposed based on 
bilateral spectrum and precession energy difference density spectrum. The main contributions of 
this paper include (1) the complex signal and the negative frequency are introduced into the 
spectrum analysis and the forward and backward precession characteristics can be directly gained 
through the bilateral spectrum; and (2) a new fault feature parameter-procession energy difference 
density is designed to characterize the feature of transient impulse of rotating machinery incipient 
fault. 

2. Theoretical basis of bilateral spectrum and precession energy difference density spectrum 

2.1. Bilateral spectrum and negative frequency 

In general, a signal has positive and negative spectrum after Fourier transform. Whereas, the 
signal is always treated as a real function, and the classical spectrum analysis utilizes its positive 
axis spectrum. So, the frequency spectrum is also called unilateral spectrum. However, if the signal 
is a complex signal, its spectrum is not conjugate symmetry. And the frequency spectrum is 
bilateral spectrum. 

In fact, any real function can be converted to complex exponential form by Euler transform. 
Meanwhile, the Fourier transform can also be regarded as the expansion of complex exponential 
form. Each frequency in the bilateral spectrum can be transformed from harmonic component to 
rotation vector (see Fig. 1) [24]. 

It follows from Fig. 1 that the Fourier transform of complex signals are decomposed into a 
number of rotation vectors with different directions, rotation frequency and rotation radius. The 
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negative frequency part of the spectrum is defined as the rotation vector, which is opposite to the 
rotation direction of the rotor. The positive frequency part of the spectrum is the rotation vector 
with the same rotation direction of rotor. In this way, the positive and negative frequency 
components characterize the forward and backward precession of rotor system respectively. 

 
Fig. 1. Rotation vector decomposition of complex exponential function 

2.2. Forward and backward precession of Bilateral Spectrum 

The rotor system is simplified as a disc, which is mounted on a massless elastic rotation shaft 
(see Fig. 2). 

 
Fig. 2. Model of rotor system 

The differential equation of the rotor dynamics model is established as follow: 

൞𝑚𝑥ᇱᇱ = 𝐹௫ = −𝐹 𝑥𝑟 = −𝑝𝑥,𝑚𝑦ᇱᇱ = 𝐹௬ = −𝐹 𝑦𝑟 = −𝑝𝑦, (1) 

where 𝑝 is stiffness coefficient of the rotating shaft. Set 𝜛௡ଶ = 𝑝 𝑚⁄ , then the Eq. (1) can be 
expressed as: 

൜𝑥′′ + 𝜛௡ଶ𝑥 = 0,𝑦′′ + 𝜛௡ଶ𝑦 = 0. (2) 

The solutions of Eq. (2) are as follow: 

ቊ𝑥 = 𝑋𝑐𝑜𝑠ሺ𝜛௡𝑡 + 𝜑௫ሻ,𝑦 = 𝑌𝑐𝑜𝑠൫𝜛௡𝑡 + 𝜑௬൯, (3) 

where 𝑋, 𝑌are the displacement amplitude in the direction of 𝑋 and 𝑌 axis, 𝜑௫  and 𝜑௬  are the 
phase angle of 𝑥 , 𝑦 . Suppose 𝑧  is a complex plane, and 𝑧 = 𝑥 + 𝑖𝑦 . Then Eq. (2) can be 
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transformed into free motion equation as: 𝑧′′ + 𝜛௡ଶ𝑧 = 0. (4) 

The solution of Eq. (4) is expressed as the following plural form: 𝑧ሺ𝑡ሻ = 𝐵ା𝑒௜ధ೙௧ + 𝐵ି𝑒ି௜ధ೙௧ (5) 

where 𝐵ା = ௑௘೔കశା௒௘೔കషଶ  and 𝐵ି = ௑௘ష೔കశି௒௘ష೔കషଶ , which are determined by initial conditions. 𝑧ሺ𝑡ሻ is a motion vector of rotor. And its trajectory is an ellipse which is composed of two circles 
with same frequency and opposite direction.  

The first part of the solution is called forward precession. It represents a circular whose radius 
is |𝐵ା|, and the rotation direction is anti-clockwise. Similarly, the last part is called backward 
precession. It represents a circular whose radius is |𝐵ା|, and the rotation direction is clockwise. 

Then we can draw the conclusions that: (1) in bilateral spectrum, the positive half-axis 
spectrum characterizes the forward precession of the rotor and the negative half-axis indicates the 
backward precession; (2) the amplitude of the positive and negative frequency components 
represents respectively the radius of the forward and backward precession circles. 

2.3. Precession energy difference density spectrum 

Periodic transient impulse is an important characteristic information in incipient fault 
diagnosis of rotating machinery. However, it is very difficult to monitor this fault impulse signal 
because the amplitude of this signal is rather low and always covered by system disturbance and 
noise easily. Due to the physical mechanism of periodic impulse, the energy of the impact would 
act on the forward or backward precession of the rotor. To overcome this problem, a novel fault 
feature parameter-precession energy difference density is designed in this paper to characterize 
the feature of transient impulse. The procession energy difference density (𝐸௞) is defined as: the 
ratio between the square difference of forward and backward precession radius and the sum of 
square of forward and backward precession radius for a certain harmonic frequency, and it can be 
described as: 

𝐸௞ = |𝐵௞ା|ଶ − |𝐵௞ି|ଶ|𝐵௞ା|ଶ + |𝐵௞ି|ଶ. (6) 

The procession energy difference density can not only represent the energy distribution but 
also reflect the difference between forward and backward precession. On the one hand, precession 
energy difference density indicates the change of rotor eccentricity which reflects the influence 
degree by transient impulse. The smaller the 𝐸௞, the larger the eccentricity is, and vice versa. The 
total variation curve of the precession energy density with eccentricity (𝑒) is shown in Fig. 3. The 
value of 𝐸௞ is closer to 1, the eccentricity is closer to 0, and the difference between forward and 
backward precession is larger. That means the filtering axis orbits is closer to a circle. On the 
contrary, the filtering axis orbits are closer to the straight line. On the other hand, the procession 
energy difference density can amplify rotor precession features by the rotor precession energy, the 
magnitude of which is proportional to the square of the amplitude spectrum. If 𝐸௞ > 0, that means 
the feature of precession is forward. And if 𝐸௞ < 0, that means the feature of precession is 
backward. If 𝐸௞ =  0, that means the forward precession energy is equal to the backward 
precession energy. The value of 𝐸௞ distributes in the range of [–1, 1]. 

According to Eq. (6), when the precession energy difference density at each characteristic 
frequency is calculated and plotted on the same plane, we may call it as precession energy 
difference density spectrum. The advantage of this curve is that the values of each characteristic 
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frequency are positive or negative. And the positive or negative values indicate the procession 
direction of the rotor at a certain characteristic frequency, which intuitively display the energy 
feature of forward and backward precession. Therefore, it is very convenient to judge the forward 
and backward precession direction of the rotor, and the resolution is high. As the negative 
frequency is closely related to the backward precession, the negative frequency has a significant 
advantage on the fault types of a large number of backward precessions. 

 
Fig. 3. Curve of 𝐸௞ change with eccentricity 

3. Fault diagnosis process 

The fault diagnosis process mainly consists of 3 steps, including, fault feature extraction and 
fault diagnosis (see Fig. 4). 

 
Fig. 4. Flow chart of diagnosis process 

Step 1: Data processing. 
1-1 Vibration signals acquisition. 
The vibration signals of two channels, 𝑋 and 𝑌, which are orthogonal to each other on the same 

section of the rotor are collected by installing the vibration sensors in vertical direction (as shown 
in Fig. 5). Note that, in order to ensure the data accuracy, the model of sensor, sampling frequency, 
initial sampling time, data transmission, installation conditions should be highly consistent with 
each other. 

1-2 Constructing the complex signal. 
Based on the collected two channel vibration signals (ሼ𝑥௡ሽ, ሼ𝑦௡ሽ), the complex signal (ሼ𝑧௡ሽ) 

can be constructed as: ሼ𝑧௡ሽ = ሼ𝑥௡ሽ + 𝑗ሼ𝑦௡ሽ. (7) 

Step 2: Fault feature extraction. 
2-1 Bilateral spectrum analysis. 

Channel X {xn} Channel Y {yn}

Constructing a complex signal {zn} = {xn}+j {yn}

Bilateral spectrum analysis

Precession energy difference density 

Precession energy difference density spectrum

FNN ModelSamples Training
Results

Data 
processing 

Fault feature 
extraction

Fault diagnosis
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A FFT transform is used to get the discrete Fourier transform form of the complex signal ሼ𝑧௡ሽ. 
And it can be described as follow: 

𝑍௞ = 𝑋௞ + 𝑗𝑌௞ = ෍ 𝑥ሺ𝑛ሻ𝑒ି௝ଶగே ௡௞ேିଵ
௡ୀ଴ + 𝑗 ෍ 𝑦ሺ𝑛ሻ𝑒ି௝ଶగே ௡௞,    ሺ𝑘 = 0,1,2, ⋯ , 𝑁 − 1ሻேିଵ

௡ୀ଴ . (8) 

𝑍௞ is a plural sequence. And the feature parameters (|𝐵௞ା|,|𝐵௞ି|,𝜑௞ା,𝜑௞ି) can be obtain by 
these equations: 

൞|𝐵௞ା| = 12𝑁 |𝑍௞|,|𝐵௞ି| = 12𝑁 |𝑍ேି௞|,   ሺ𝑘 = 0,1,2, ⋯ , 𝑁 2⁄ − 1ሻ, (9) 

⎩⎪⎨
⎪⎧tan𝜑௞ା = 𝐼𝑚ሺ𝑍௞ሻ𝑅𝑒ሺ𝑍௞ሻ ,tan𝜑௞ି = − 𝐼𝑚ሺ𝑍ேି௞ሻ𝑅𝑒ሺ𝑍ேି௞ሻ ,   ሺ𝑘 = 0,1,2, ⋯ , 𝑁 2⁄ − 1ሻ, (10) 

where, |𝐵௞ା| is the radius of the forward precession circle, |𝐵௞ି| is the radius of the backward 
precession circle, 𝜑௞ା is the initial phase of the forward precession circle, 𝜑௞ି is the initial phase 
of the backward precession circle. 

 
Fig. 5. Diagram of rotor vibration signal gathering 

The advantage of bilateral spectrum lies in building the relationship between the forward 
(backward) precession and positive (negative) frequency, and the calculation process to obtain the 
feature parameters is simple. 

2-2 Drawing the precession energy difference density spectrum.  
According the parameters which are obtained in bilateral spectrum, it is easy to get the 

precession energy difference density of each feature frequency by Eq. (6). Then we can get the 
precession energy difference density spectrum after putting the point of each feature frequency 
together. The vector expression form of precession energy difference density spectrum can be 
described as follow: 𝑣 = ሾ𝑣ଵ𝑣ଶ𝑣ଷ𝑣ସ. . . 𝑣௡ሿ, (11) 

where 𝑣  is the fault feature vector, and 𝑣௡  is the precession energy difference density of 𝑛 
frequency. 

Step 3: Fault diagnosis. 
After getting the precession energy difference density spectrum, it is necessary to make fault 

judgment by human or intelligent diagnosis method. In this paper, the FNN-based (fuzzy neural 
network) fault recognition method is adopted, and the process is as follows: 

ω

Rotator

Y-directionX-direction

90o
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(1) The input fault feature vector 𝑣 (training sample) can blurred by applying fuzzy theory, 
and then membership grade of 𝑣 is obtained. 

(2) Fuzzy rules are extracted from sample data first. Then, the fuzzy rules are transformed into 
mapping relations of neural network. Meanwhile the learning result of neural network is 
transformed into the knowledge rules of fuzzy inference system, which makes the network have 
the better ability of knowledge expression, data processing and fuzzy inference. 

(3) Training the neural network by the learning algorithm to optimize the connection weight 
and the parameters of membership function until meet the error requirement. The fuzzy rules are 
dynamically updated also. 

(4) Generalize the FNN model by the test samples to confirm the corresponding relationship 
between the input data and output. After that, FNN can be used to diagnose the fault. 

4. Case study 

In order to verify the effectiveness of the method, an automatic diagnosis system was 
developed using Microsoft Visual Studio 2010 and MATLAB R2012b as the integrated 
development environment. Four type of fault (rotor unbalance, rotor misalignment, rotor rubbing 
and oil whirl) are test with the historic operation data (from 2013 to 2016) of a vertical mill reducer 
of a cement factory in Yibin, Sichuan province, china. And the diagnostic results are compared 
with BP neural network. Under the same training sample and test sample, the diagnosis results of 
BP neural network (Fig. 6(a)) and this paper method (Fig. 6(b)) are shown in Fig. 6, and the 
accuracy rates are respectively 90 % and 92 %. 

 
a) 

 
b) 

Fig. 6. Diagnosis results of: a) BP neural network, b) this paper method 

 
Fig. 7. Vibration sensors installation schematic diagram 

In order to illustrate the process of the method propose in this paper, we take the rotor 
misalignment data as an example.  

The on-site layout mode of vibration sensor is as shown in Fig. 7. It is mounted on the reducer 
bearing seat. The device frequency is 102.8 Hz, sampling frequency is 2000 Hz, and the length of 
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data processed at one time is 1024 points. 
The time domain features of the selected one time processed data are shown in Fig. 8. 
Using the method proposed in this paper, the 𝑋 and 𝑌 direction signals are composed into a 

complex signal first. The bilateral spectrum (Fig. 9) of this signal is obtained next. As shown in 
Fig. 9, the energy are mainly distributed in 1X, 2X, 3X and 4X. Therefore, these frequencies are 
mainly analyzed. The procession energy difference density spectrum is plotted as shown in  
Fig. 10. The fault feature vector can be constructed as an input for FNN. And the result of fault 
diagnosis is as shown in Fig. 11. 

 
a) 𝑋 direction 

 
b) 𝑌 direction 

Fig. 8. Time domain features of one time processed data 

 
Fig. 9. Bilateral spectrum of one time processed data 

 
Fig. 10. Procession energy difference density spectrum 

 
Fig. 11. The result of fault diagnosis 

5. Conclusions 

In the bilateral spectrum, the negative frequency is defined as the rotation vector which is 
opposite to the rotation direction of the rotator, and the positive frequency is the rotation vector 
with the same direction of the rotator. The positive half-axis spectrum characterizes the positive 
precession characteristic, while the negative half-axis spectrum represents the backward 
precession characteristics. The amplitude of the positive and negative frequency components 
represents the forward and backward precession circles radius. By constructing a complex signal 
with two channel vibration signal which are perpendicular in the same section of the rotor, then 
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analyzing its bilateral spectrum, the forward and backward precession parameters can be directly 
acquired. The new fault feature parameter-precession energy difference density can characterize 
the feature of transient impulse. And the incipient fault diagnosis method for rotating machinery 
based on bilateral spectrum and precession energy difference density spectrum is effectiveness.  
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