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Abstract. The plate theory of Nth order is constructed on the background of the Lagrangian
variational formalism of analytical dynamics of continuum systems and the dimensional reduction
approach of I. N. Vekua — A. A. Amosov. The plate model is defined within the configuration
space, the set of field variables, and the Lagrangian density. The field variables are determined by
the coefficients of the biorthogonal expansion of the spatial displacement vector field with respect
to the dimensionless normal coordinate. The dynamic equations are derived as Lagrange equations
of the second kind of the two-dimensional continuum system. The dynamics of the plane elastic
layer is considered as an example, the normal wave propagation is described on the basis of refined
plate theories of various orders, and the convergence of approximate solutions to the exact solution
of the three-dimensional elastodynamics problem is analyzed for different wavenumbers.

Keywords: shells, plates, thin-walled waveguides, analytical dynamics, Lagrangian formalism,
normal waves, phase and group velocities.

1. Introduction

A plate is used nowadays as a mathematical model of many modern devices in machine
industry. It is to be noted that in the high-frequency dynamics of composite plates the classical
Kirchhoff’s and even the refined first-order shear deformation plate theories fail whereas they are
quietly consistent with the low-frequency dynamics of thin-walled structures [1-6]. Moreover, the
waveguide modeling requires refined plate theories; the authors of the paper [7] note that “more
reliable 2D models are needed for high-frequency vibrations, wave propagation etc.”. In general,
the refinement of plate models consists in the accounting of supplementary degrees of freedom in
addition to the translation and rotation of the middle surface point in the plate kinematics
[1, 8-11]. Such plate theories so-called “quasi-3D models” are used as well for highly anisotropic
composite plates and functionally graded thin-walled structures [6, 12-14], as for the investigation
of boundary layers in dynamics [15], boundary and edge waves [16-18], etc. The refined plate and
shell theories can be also useful in problems of interaction of acoustic waves and thin-walled
structures based on approximate diffraction models (e. g. see [19-21], and others).

Many methods of construction of refined plate and shell models can be used. The asymptotic
integration approach [15] seems to be powerful and efficient method of the qualitative analysis of
the plate and shell dynamics (for instance, see [22]). On the other hand, the asymptotic method
does not allow one to construct the full hierarchy of solutions [23] approximating the
three-dimensional solution in various norms [24]. At the same time the formal series expansion of
the displacement vector, stress tensor etc. offers some features of numerical algorithm
construction if such a plate model is used together with finite element [24] or meshless numerical
simulation [25]. As well power series can be used [1, 4, 26, 27] as special function expansions
[12, 13, 28]. One of the most powerful and universal approaches is based on generalized Fourier
series [6, 9, 10, 24, 26, 29-31].

Here the higher-order plate theory based on the Lagrangian formalism of analytical mechanics
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of continua combined with the dimensional reduction approach [9] is used. The plate model
interpreted as a two-dimensional continuum consists in the configuration space, the set of field
variables being the biorthogonal expansion coefficients of the three-dimensional displacement
vector field with respect to the thickness coordinate, and the Lagrangian density defined on the
two-dimensional area corresponding to the plate middle surface (for more details, see [11, 31, 32]).
This kind of theory so-called “elementary” allows one to satisfy the boundary conditions on the
faces of a plate approximately as a result of the convergence of the sequence of two-dimensional
solutions. To satisfy the boundary conditions exactly, for instance in the case of contact interaction,
the mixed formulation [29, 30] can be used, or the “extended” theory [9] or can be constructed. In
particular, the boundary conditions shifted from the faces onto the middle surface become
constraint equations, and the constrained variational problem is solved by the Lagrange multipliers
method [33]; this approach allows one to obtain consistent low-order approximations [27] but
seems to be a bit too complex when the order of the theory rises.

The well investigated problem of normal wave propagation in the plane elastic layer [34] can
be used to analyse the properties of the constructed theories hierarchy and the convergence of the
two-dimensional solutions [35-40]. Here the normal waveforms corresponding to some specific
wavenumbers are analysed; some results unpublished in the cited articles are presented.

2. Equations of the analytical dynamics of a plate as a two-dimensional Lagrangian
continuum system

Let the plate be a three-dimensional elastic body: V < R3,V =V u dV, aV = S, @ S, with
the faces S, and a lateral surface Sp [11, 31-33]:

VM, €V, RIM,)=r(M) +&3n, MeS, & e[-hh],

where S is the smooth base surface and 2h is the plate thickness [11, 31].
The mathematical model of a plate consists in the two-dimensional manifold S ,
§ =5U(dS = S N Sp) with the curvilinear chart £*, 2 [11]:

YM €S, RM)=r(¢4,¢%),6# eDs cR? B=12.

The covariant base vectors defined as r, = d,r, 0, = d/0¢* allow one to determine the
metrics agp = Iy " Tg; M = (Iy X Iy) /Na = const is the normal unit vector, and a = det Agp-

The linear dynamics problem statement for a plate can be based on the Hamilton principle
[11,32]:

t1
6H = 6f f LvdV +f LanS dt = O, u|t=t0 = Uo, l:llt=t0 = Vo.
to v av

The volumetric and surface Lagrangian densities can be written as follows [36]:
Ly=[pu-u-(V@W:CEVW]/2+pF-u, Ly =qlay - u, (M

where u = u,r% + usn is the spatial distribution of the displacement vector field.

The Lagrangian formalism of analytical dynamics allows one to introduce the configuration
manifold Q with the generalized coordinates u®: Dy X R, — TyS, k € N U {0} [11, 31], so that
u = u(u®), and the tangent fibration T,,Q can be defined with the base vectors p, = du/du®.

For linear systems such as the Eq. (1) the configuration manifold  becomes a Euclidian space;
thus, the reduction of the three-dimensional elastodynamics problem given by Eq. (1) consists in
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the projection of Q onto its subspace Qy (k = 0,1...N) [11, 36, 38]. To construct a plate theory,
the biorthogonal system pg((), p®({) is used, therefore u® can be interpreted as field
variables of the first kind [11]: u® = (u,p®),. Here (u, v), is the scalar product [11, 32], and
the vector components u; (%, {) are supposed to be square integrable over [-1,1]3 {. The density
of Lagrangian can be now defined on S as follows [32, 38]:

1 . 1 .y a i
(k) . (k) k)Y — (m)._. - (k) - i3jy (m) i3j  (m)\n(k), (n)
Ls(u;”, 4™, Vou; ) = 5P Uy — Eh (c V™ + Chomytt )D

(km) xem)Y (n) i
Lo apjvg . m) | raBi m)\g (0 _ L(38vg  (m) , ~38) . (m)\g . () 2
-3 (C(km) V™ + Climy )Vﬁua -5 (C(km) Vo™ + Coom )Vﬁu3 (@)

i o, (k) Y — i Q)
+Fgou; s Los(u”) = Gpaots; -
Here V,, denotes the covariant derivative on S, and the following linear operators are defined

(see [11]):
(m) _ i (i (k) _
P = (0™ pw), by = (s, P0) D65 = (dPan/dd,p™®),.
The generalized stiffness for arbitrary anisotropic plates are defined as follows [11, 32, 38]:

(5 _ (M adis 36 _ poip(n) 338 cai  _ po1pCn) cadi
Clem) = W™Dy Cumy» Clemy = W™Dy Climy - Cliemy = B Dy Camy

3i  _ p-1pn(n) ~33i ijpq _ ij
Clemy = B Dy Coimy Ciomy = (CYPD0y, D) -

Here CYU* are contravariant components of the elastic constants tensor C.

Thus, the two-dimensional continuum system is defined on S within the finite-dimensional
configuration space Qy, N + 1 field variable u®, and the Lagrangian densities Lg, Lys. The
dynamic equations of the generalized plate theory of N™ order can be obtained as Lagrange
equations of the second kind [31] for the two-dimensional continuum system given by the Eq. (2)
(see also [32, 38)):

P, = Vg (c(‘;‘fj,{f Vsul™ + CGEOvsul™ + AT ul™ + cgfjj)ug’"))
~Clmy Vstty™ = ChamVsus™ — Cilyy™ = Ciomyus™ + PG,

P = Vp (ka’;{f Vsud™ + ol vsud™ + ¢l ul™ + ka’ij)ugm))
—Cor sud™ — €338 vsul™ — ¢ir ul™ — ¢33 ul™ + PG,

3

V5u
“)

Their natural boundary conditions can be represented in the following notation [32, 38]:
apys (m) aB3s (m) apy , (m) ap3  (m) ] _

[(C(km) Vo™ + oy V™ + Coru™ + o ud™ Jvg — q&)] sul |F =0, (5)
3pys (m) 338 (m) 3By ,(m) 3p3  (m) 3 B _

[(C(km) Vs, + C(km) Vsus ™~ + C(km)u]/ + C(km)uS )Vﬁ - CI(k)] Suy |r = 0. (6)
Finally, the initial conditions are represented as follows:

a —Jjja  na —yya 3 — 773 . — 13

uliol,_, = Ul Wiol,_,, = Vi ol -, = Ul ol,_,, = Vo (7)

The initial-boundary value problem statement, Eq. (3-7), corresponds to the so-called

“elementary” theory of plates of the Nth order; in other words, the boundary conditions on the
faces Sy are considered implicitly and can be satisfied only after solution’s convergence at the
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point { = + 1. This theory allows one to obtain the simplest equations system and is preferable
for higher orders. To satisfy the boundary conditions exactly we can formulate the “extended”
theory of plates (for more details see [33]).

3. Modeling of the normal waves in the plane elastic layer on the background of the Nth
order plate theory

Let us consider the plane problem for an elastic layer of thickness 2h; here and below pu
denotes shear modulus, v denotes the Poisson ratio, and p is the mass density. Let the normal
waves be propagating along the axis Ox;. Finally, let us introduce the following dimensionless
variables (see also [11, 35-38]):

E=x,h7 Y, t=teht, 4% = u®pt, ®)

where ¢, = u/?p~1/2 denotes the shear wave velocity.

Thus, accounting for the material isotropy and homogeneity, for the homogeneous boundary
conditions g4 = 0 and absence of bulk forces (F(Lk) = 0), and for the definition of the dilatation
wave velocity ¢; = (A + 2u)2p~2, we transform the general dynamic Egs. (3), (4) to the
following dimensionless formulation derived in [36, 37]:

() _ (r) (k) m®)  (m) (k) &) 1,,m)
02uy” = 4(1 = BRoFw,"” + Dy Diius™ = [Dio — 2(1 = 282D Ju,™,

k) _ (F) k) 7 (n- ) k- k- )
22ud = azguz( + 4(1)— BAHDIIDI U™ — [2(1 - 282D — DI Jud™,
1-2v) _
2 _ (2= — , D(k) :D('k) .
h (cl) =2y Pem = Deny

The displacement field in the normal wave propagating along O¢ is defined as follows [34]:

(€))

u® = U®explin(é — épp1)], i =V—1. (10)

Cpn = Cpp/C, denotes the dimensionless phase velocity depending on the dimensionless
wavenumber k = kh, U® is the amplitude vector. Substituting Eq. (10) into Eq. (9) we obtain
the spectral problem defined by the Eq. (11) analogous to the one described in [35]:

|A —é,%1| =0, (11
®) | —2p)F®) o —1[p k) (k)
_ (4(1 = B8y + k2D (s Dy i Dy — 2(1 = 28*)D () ) (12)
- k) _ 70 (k) - k) H@) |
i [2(1 = 282D = D) Sy + 472 (1 = BDD D)

The eigenvalues of the matrix A, Eq. (12), depending on k form the spectra of longitudinal and
bending waves. The corresponding dispersion curves for the phase velocities are shown on
Figs. 1 and 2 (see also [11] and [35] for the dispersion curves corresponding to the dimensionless
phase frequencies). It can be seen that the curves corresponding to the phase velocities of the
lowest-order longitudinal and bending modes tend to the Rayleigh wave velocity as the
wavenumber rises, k — oo. All dispersion curves except the 1st one have the characteristic cross
points with the line corresponding to the dilatation velocity, cpp(n) = ¢;, n > 0; the exact
solution of the three-dimensional elastodynamics problem [34] gives the characteristic
wavenumber k* = mn(B~2 — 1)*/2. The phase velocities computed on the basis of the spectral
problem given by the Eqgs. (11), (12) for the plate theories of the order N =1, 2, 3, ..., 10 are
shown below in the Table 1. The same results for the phase frequencies are presented in [36].
Analyzing it, we can conclude that the solution at the point k* converges slowly that the at the
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point k = 0 corresponding to the locking frequencies of normal waves (see [11, 35]).
Exact solution (solid lines), theory of 20th order (dashed line), v = 11/: for plane strain.

234 56728 910 12 14 16

2x/m

Fig. 1. Phase velocities Cp, of symmetric waves, k,m = {2n,N + 2n+ 2},n € [0, E N+ 1)” vz

3 9 . 16
25 2 3456 78 ¢ 10‘\ 12 ~|14 ~

2t

2«/w

Fig. 2. Phase velocities Cpj, of antisymmetric waves, k,m = {2n+1,N + 2n},n € [0, E (N + 1)” uz

Table 1. Approximate dimensionless phase velocities of longitudinal modes ¢y, /c; computed at the point
k* = n(B~2 — 1)'/2 on the basis of the plate theories of the order N = 1,2, 3, ..., 10
N

n 1 2 3 4 5 6 7 8 9 10
1 |1.20(1.13]1.03|1.011.00]1.00|1.00|1.00]1.00|1.00
2 - |1.17]1.14]1.07|1.04]1.02]1.01|1.00|1.00|1.00
3 - - [1.36]1.29]1.09|1.05]1.03]1.02|1.00 | 1.00
4 | - - - [1.27]1.27|1.15]1.10]1.05]1.03 | 1.02
5 — — — — [1.58]1.42|1.15]1.12]{1.09]1.05
6 | - - - - - |143]138]1.18|1.15|1.10
7 - - - - - — |1.85[1.54|1.18|1.16
8 - - - - - - - [1.68]1.50|1.21
9 - — - - — - - - [2.14]1.66
10| - — - - — - - — - |1.96

4. Approximate normal waveforms based on the Nth order plate theory
Let us construct the waveforms following from the eigenvectors of the operator Eq. (12):
ul(Q) = Ufpe(O), [Uf™ US"1=U" k=0,..,N, n=0,..,N. (13)

Let us consider the same wavenumber k* = mn(B~2 — 1)2/2. The exact solution of the
three-dimensional problem (e. g. see [34]) known as Goodier and Bisop modes allows one to
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represent the displacement components as follows:

1
@) = (~0" + (5872 1) cos(mnd),

_ 14)
Q) = [’zgl—i_”’ﬁ) sin(ng). (

The normalized exact and approximate waveforms u} = ul/max|éi};| defined by the
Eqgs. (13), (14) are shown on the Fig. 4.

1

1

058

0.5 0.5
N N N
0g 0 0
0.5 0.5 0.5

02 04 06 08 1 -1 -05 0 0.5 1 1-l 0 1
a) b) ©)
Fig. 4. Normal waveforms of longitudinal modes.

Exact solution (solid line), theory of 20th order (o-symbols)

For more details see [37]. Let us consider hence another characteristic point, épp, = V2/2,
corresponding to the Lamé modes.
For the longitudinal waves (k = m(2n — 1)/2) we have the following exact solution [34]:

a7t(Q) = cosm(2n —1)¢, u3({) =sinm(2n—1){, n=1,2,... (15)

The normalized exact and approximate waveforms corresponding to these modes are shown
on the Fig. 5.

Fig. 5. Normal waveforms of bending modes.
Exact solution (solid line), theory of 20th order (o-symbols)

The relative mean square error of the waveform approximation given by the Nth order plate
theory can be introduced as follows [37]:
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A 2 al@ — 2@l
" g -

This error definition will be used below to estimate minimum orders of plate theory that allow
one to approximate the exact solution [34].

12 (O = @z, @2):- (16)

5. Conclusions

Thus, the convergence of the approximation given by the sequence of solutions based on the
plate theories of various orders depends significantly on the wavenumber k especially in the phase
velocity domain ¢ > 8. The phase velocities converge slowly near the point cp;, = c;. It can be
seen that five lowest phase velocities obtained on the background of the quasi-3D plate theory
tends to the dilatation velocity c; at following plate model’s orders (Table 2).

Table 2. Convergence of the 1, 2, ..., Sth phase velocities given by the Nth order plate theory:
(ch —cD/a <L, k=nmn(2 - 12

n|1]2]3]4]35

N|3|5|7]8]11

The same situation can be observed after constructing the normal waveforms at different
nonzero wavenumbers (for more results see [37]).

The convergence of the waveforms computed at the point k = Tn(f~2 — 1)*/? (Goodier and
Bishop modes) as well as at the point k = w(2n — 1)/2 (Lamé modes) on the groundwork of the
quasi-3D plate theory of Nth order is estimated by the mean square error A%, Eq. (16).

Let us define the numerical convergence by the threshold level A7 < 0,05 (this depend on the
problem, but this level seems to be satisfying in most applications). The minimum model orders
allowing one to obtain such a convergence of the waveforms corresponding to the lowest
propagating modes are shown in the Table 3.

Table 3. Convergence of the 1, 2, ..., 5th normal waveforms based on
the relative mean square error, Eq. (16): AZ < 0,05
N
n

1]2]3]4]5
Kk=mn/B%—-1

s 8[12]15]19

ut(9) . = 7(2n—1)

2
s]of13]16]20
Kk=mn/B%—1
s]o]13]16]19

uz(9) K_n'(Zn—l)

2
6]o[12]16]20

It can be also shown that the relative mean square error of the approximate normal modes u2
become almost stable in the wavenumber domain k € [fw,, 15] where w,, = cp,k is the phase
frequency, and can be roughly estimated by the error A% (k*), k* = Tn(B~? — 1)¥/2 [37].

The obtained solution can be useful in the transient waveguide dynamics analysis based on the
approximate models. It can be noted that these approximations give the upper estimate of the phase
velocities of the normal waves due to the reduced number of degrees of freedom (field variables),
but the obtained overestimation depends not only on the model order.

It is shown that the approximate satisfaction of the boundary conditions on the faces in terms
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of the “elementary” plate theory results in the overestimated longitudinal and bending stiffness
especially for the lowest-order models. This drawback can be eliminated on the basis of the
“extended” plate theories [33] that allow one to take into account the boundary conditions on the
plate faces that are “lost” in the “elementary” theories and to account their effect on the tangent

components of the stiffness tensors C g{ff)
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