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Abstract. The performance of standard MVDR algorithm would be decreased sharply when the 
sampled data is small. In this paper, vector MVDR algorithm and the diagonal loading are 
proposed to improve the robustness. Firstly, the sample date covariance matrix is whitened to 
obtain more uniform noise, and then use the standard deviation of covariance matrix as the loading 
amount to complete diagonal loading. Finally, the effectiveness and robustness of the proposed 
algorithm is verified by simulation. Simulation results reveal that it has higher positioning 
accuracy with small sample, with the increase of SNR and snapshots, the estimation’s RMSE of 
target location decreases continuously. 
Keywords: small snapshots, near field localization, diagonal loading, vector hydrophone, MVDR. 

1. Introduction 

Unmanned underwater vehicle (UUV) has become the important equipment for all countries, 
especially with the development of energy and control technology. UUVs are often able to get 
close to minefield and complete anti mine warfare, have become the serious threat to the safety of 
mine. Furthermore, because the low radiation noise of UUVs and the complexity of marine 
environment, the effective snapshots collected by detection systems are very little. For the mine, 
it is very important to improve the localization ability of near field target with the finite sample 
date [1, 2]. 

In 1969 Capon proposed the minimum variance distortionless beamforming (MVDR) 
algorithm, which is a high resolution spatial spectrum method [3]. When the number of samples 
is small, the sample covariance matrix will be an ill-conditioned matrix and the localization 
performance of MVDR algorithm will greatly reduce. Carlson proposed diagonal loading 
technique to correct the covariance matrix, improved the stability of the MVDR algorithm [4]. 
Later, many improved robust adaptive beamforming has been put forward [5]. This paper takes 
the target positioning problem in mine’s near field as the research background. A vector 
hydrophone array is used for the receiving sensors. The diagonal loading and MVDR algorithm 
are applied to the near-field acoustic source localization with small sample, so as to improve the 
survival ability of mines. 

2. The measurement model 

It is assumed that the detection unit of mine is a uniform linear array consisting of ܯ 
three-dimensional vector hydrophones. Vector hydrophones receive the radiated noise of ܰ 
narrowband acoustic targets in the near field region of mine. The space positions of the array and 
target are shown in Fig. 1. 

The acoustic pressure signal received by the vector hydrophones can be written in matrix form: ۾ = (ݐ)ܛ௣ۯ + (1) ,(ݐ)௣ܖ

where, ۯ௣ is ܯ × ܰ-dimensional matrix, near field manifold matrix of scalar sound pressure array, 
and can be written as ۯ௣ = ,ଵଵߠ)܉] ,ଵଵߙ ,(ଵଵݎ ,ଶଵߠ)܉ ,ଶଵߙ ,(ଶଵݎ . . . , ,ேଵߠ)܉ ,ேଵߙ ,[(ேଵݎ  where 
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,௡ଵߠ)܉ ,௡ଵߙ (௡ଵݎ = ቂ1, ௥೙భ௥೙మ ݁(௝௞೙(௥೙భି௥೙మ), . . . , ௥೙భ௥೙ಾ ݁(௝௞೙(௥೙భି௥೙ಾ)ቃ்
. 

In the near field, the relationship between the acoustic pressure and the vibration velocity 
received by a single vector hydrophone is no longer completely correlative. According to the Euler 
equation, the relationship between the vibration velocity ݒ௠௫, ݒ௠௬, ݒ௠௭ and the acoustic pressure ݌௠ can be expressed by following formula: 

ቈݒ௠௫ݒ௠௬ݒ௠௭ ቉ = ௠ܼ௡௠݌ ൥sinߙ௡௠cosߠ௡௠sinߙ௡௠sinߠ௡௠cosߙ௡௠ ൩ + ቈ݊௠௫݊௠௬݊௠௭ ቉ = ௠ܼ௡௠݌ ௡௠ܝ + [݊௠௫, ݊௠௬, ݊௠௭]், (2)

where, ݊௠௫ , ݊௠௬ , ݊௠௭  are respectively the noises of the ݉ th vector hydrophone’s vibration 
velocity channel. Power satisfy the relation: ߪ௣ଶ/ߪ௩௫ଶ = 3 ௩௫ଶߪ , = ௩௬ଶߪ = ௩௭ଶߪ . ܼ௡௠  is acoustic 
impedance in the near field, can be computed by: 

ܼ௡௠ = ൬1 − ݆ ௡௠൰ିଵ. (3)ݎߨ௡2ߣ
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Fig. 1. Positions of target and array in near field 

To sum up, (ݐ)܆  is 4ܯ × 1 -dimensional matrix, the data vector received by the vector 
hydrophone array can be written in following formula according to different hydrophone outputs: (ݐ)ܠ = ,(ݐ)ଵ݌ൣ ,(ݐ)ଵ௫ݒ ,(ݐ)ଵ௬ݒ ,(ݐ)ଵ௭ݒ . . . , ,(ݐ)ெ݌ ,(ݐ)ெ௫ݒ ,(ݐ)ெ௬ݒ ൧்(ݐ)ெ௭ݒ + =      (ݐ)ܖ ൫૚ସ×ଵ ⊗ ௣൯ۯ ⊙ (ݐ)ܛ܃ + (ݐ)ܖ = ℂ(ݐ)ܛ + (4) .(ݐ)ܖ

Among that, ⊗, ⊙ respectively represent Kronecker product and Hadamard product. ૚ସ×ଵ, 
4×1-dimension matrix, all the elements are 1. ℂ(ߠ, ,ߙ ܯis 4 (ܚ × ܰ-dimensional matrix, near field 
vector manifold matrix, and can be written as: ℂ(ી, હ, (ܚ = ,ଵଵߠ)܋] ,ଵଵߙ ,(ଵଵݎ . . . , ,ேଵߠ)܋ ,ேଵߙ ܃ .[(ேଵݎ  is 4ܯ × ܰ -dimensional matrix, correlation coefficient matrix of sound pressure and 

vibration velocity, the (݉, ݊)-th partitioned matrix can be calculated: ܃(݉, ݊) = ቂ1, ୳೅೙೘௓೙೘ ቃ்
. 

So, in this paper, the near field beamforming algorithm is used to estimate the parameters ߠଵଵ, ߙଵଵ, ݎଵଵ of the acoustic source by vector near field measurement model, so as to achieve the target 
location and improve the survival ability of the mine. 
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3. The proposed algorithm 

3.1. Near field vector MVDR 

In order to break the poor resolution of the conventional beamforming, Capon proposed the 
MVDR beamformer, the design of the weight vector can be expressed as: minሼߠ)ܟ, ,ߙ ,ߠ)ܟ܀ு(ݎ ,ߙ .ሽ   s(ݎ t.    ߠ)ܟ, ,ߙ ,௦ߠ)܋(ݎ ,௦ߙ (௦ݎ = 1. (5)

Using the Lagrange method, the optimal weight vector is obtained: 

,௦ߠ)௢௣௧ܟ ,௦ߙ (௦ݎ = ,௦ߠ൫܋ଵି܀ ,௦ߙ ,௦ߠ)ு܋௦௦൯ݎ ,௦ߙ ,௦ߠ)܋ଵି܀(௦ݎ ,௦ߙ (௦ݎ = ,௦ߠ)܋ଵି܀߭ ,௦ߙ ௦), (6)ݎ

where, ߭ is a constant coefficient. The output spatial power spectrums function of the near field 
vector MVDR beamformer is: 

ெܲ௏஽ோ(ߠ௦, ,௦ߙ (௦ݎ = ௢௣௧ܟଵି܀ு௢௣௧ܟ = ,௦ߠ൫܋)/1 ,௦ߙ ,௦ߠ)܋ଵି܀௦)ுݎ ,௦ߙ  ,is the covariance matrix of sample signals, usually estimated by limited snapshots data ܀௦)൯. (7)ݎ
which are collected by the detection unit: 

܀ = 1ܰ௧ ෍ ே೟(ݐ)ܠ
ଵ (8) .(ݐ)ுܠ

Obviously, there is a direct relationship between the covariance matrix and data snapshots. 
Through eigen decomposition and inversion, we can obtain: 

ଵି܀ = ણ઩ିଵ۳ு = ෍ ௠ߣ1
ெ

௠ୀଵ ு௠܍௠܍ = ୫୧୬ߣ1 ൭۷ − ෍ ௠ߣ − ௠ߣ୫୧୬ߣ ு௠ெ܍௠܍
ଵ ൱.  (9)

Descending order of eigenvalues, ߣଵ ≥ ଶߣ ≥ ⋯ ேߣ ≥ ேାଵߣ ⋯ ≥ ெߣ ,ଵߣ . ,ଶߣ … , ேߣ  are large 
eigenvalue corresponding to signals, generally far greater than the small eigenvalues 
corresponding to noise ߣேାଵ, … ,  ୫୧୬, the minimum eigenvalue, is general the environmentߣ .ெߣ
noise power. ܍௠, the eigenvectors corresponding to eigenvalues, ણ = ,ଶ܍,ଵ܍] … ,  .[ெ܍

The eigenvectors are substituted in Eq. (6) and ignoring the constant coefficient, the weight is: 

,௦ߠ)௢௣௧ܟ ,௦ߙ (௦ݎ = ൭۷ − ෍ ௠ߣ − ௠ߣ୫୧୬ߣ ு௠ே܍௠܍
௠ୀଵ − ෍ ௠ߣ − ௠ߣ୫୧୬ߣ ு௠ெ܍௠܍

௠ୀேାଵ ൱ ,௦ߠ)܋ ,௦ߙ ௦). (10)ݎ

Through analysis, we know that when the snapshot number is large enough, the estimation 
error of noise covariance matrix does not exist, all the small eigenvalues corresponding to noise 
can be written as ߣேାଵ = ேାଶߣ = ⋯ = ெߣ = ୫୧୬ߣ . Since the eigenvectors of the noise are 
orthogonal to the eigenvectors of the desired signal, the third term in the upper formula is zero. 
Conversely, the number of snapshots is small, ߣேାଵ ≠ ேାଶߣ ⋯ ≠ ெߣ ≠  ୫୧୬. The eigenvaluesߣ
stochastic fluctuation is diffusion, which makes the beam response of the noise subspace seriously 
affect the beam output of MVDR. Therefore, the standard MVDR is very sensitive with the 
number of snapshots, it is necessary to improve its robustness in the small samples number. 
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3.2. Noise preprocessing and diagonal loading 

In isotropic environment noise, the noise power of sound pressure channel is not equal to that 
of the vibration velocity channel. There is a fixed proportional relationship: ߪ௣ଶ/ߪ௩௫ଶ = ௩௫ଶߪ  ,3 = ௩௬ଶߪ = ௩௭ଶߪ . Ideally, the small eigenvalue of covariance matrix is inherently inhomogeneous. 
In this paper, we propose a preprocessing method for this problem. Firstly, the covariance matrix 
is whitened: ۰۰܀ு = ۰ℂ܀௦ℂு۰ு + ௣ଶ۷, (11)ߪ

where, the preprocessing matrix ۰ = ۷ ⊗ diagൣ1, 3 ଵ/ଶ, 3 ଵ/ଶ, 3 ଵ/ଶ൧. It can be seen from the Eq. (11) 
that the noise covariance matrix has been processed uniformly. For easy to explain, the covariance 
matrix after pretreatment, is still denoted as ܀.  

The diagonal loading technique adds a loading value ߦ  to the diagonal elements of the 
covariance matrix, reduces the diffusion degree of noise eigenvalues, can improve the robustness 
of MVDR algorithm. After diagonal loading, the new covariance matrix is obtained: ܀஽௅ = ܀ + ۷ߦ = ણ(઩ + ଵ۳ு. (12)ି(۷ߦ

The Eq. (12) is substituted in Eq. (10) to obtain the weight vector after diagonal loading: 

,௦ߠ)஽௅ܟ ,௦ߙ (௦ݎ = ൭۷ − ෍ ௠ߣ − ௠ߣ୫୧୬ߣ + ߦ ு௠ே܍௠܍
௠ୀଵ − ෍ ௠ߣ − ௠ߣ୫୧୬ߣ + ߦ ு௠ெ܍௠܍

௠ୀேାଵ ൱ ,௦ߠ)܋ ,௦ߙ ௦). (13)ݎ

Generally, the loading value is larger than the noise eigenvalues, while less than large 
eigenvalues of the signal. At this time, ఒ೘ିఒౣ౟౤ఒ೘ାక ≪ ఒ೘ିఒౣ౟౤ఒ೘  when ܰ + 1 ≤ ݉ ≤ ܯ . So, the 
fluctuation caused by the noise subspace will be reduced after diagonal loading, thus improving 
the robustness of the MVDR algorithm. Meanwhile, the beam in the signal subspace has little 
effect. It has been proved in the literature that when the standard deviation of covariance matrix 
is used as loading value, it is easy to realize, and without prior knowledge, it has the ability to 
adaptively adjust loading value [6]. 

In this paper, adaptive diagonal loading technique and vector hydrophones are used to locate 
small targets in the near field of mine, improve the robustness of the MVDR algorithm with small 
sample. 

4. Simulation calculation 

In this section, the positioning capability of algorithm will be verified through simulations. At 
the same time, the positioning performance changed with signal-to-noise ratio (SNR) and the 
number of snapshots will be analyzed. The spatial spectrum of search space can be calculated by 
MVDR and the diagonal loading MVDR after pretreatment (denoted as PMVDR in this paper). 
The coordinate of the spatial spectrum’s maximum will be regarded as the estimated value of 
target’s azimuth, pitch and range. A uniform linear array composed of 7 vector hydrophones is 
used in all simulations. The distance among elements is 1 meter. The target is a single frequency 
narrow-band sound source with a center frequency of ݂ = 1000 Hz and target location is (ߠ ߙ ,40° = ݎ ,45° = = 30 m). 

4.1. Simulation 1: analysis of positioning capability with small sample 

This paper is mainly aimed at near-field acoustic source localization under small snapshots 
data, so set the number of snapshots is 5. The noise with SNR = 5 dB is added. The number of 
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Monte Carlo experiments is 50. The spatial spectrum of search space will be obtained by vector 
MVDR and PMVDR algorithm. Furthermore, the distribution of the target coordinate is obtained, 
shown in Fig. 2. 

In Fig. 2, the azimuth, elevation and range calculated by standard MVDR can fluctuate at the 
true value, but they disperse widely. The results are not stable. That is to say that the standard 
MVDR algorithm is sensitive with the number of snapshots, also verified the theory in the front. 
In comparison, the results calculated by PMVDR can focus on the true value, and disperse 
significantly smaller. The proposed MVDR algorithm, which was dealt with noise whitening 
pretreatment and diagonal loading, can improve the positioning accuracy of near field target with 
small snapshots. 

 
a) Azimuth b) Elevation c) Range 

Fig. 2. The distribution of location parameters 

4.2. Simulation 2: the localization performance varies with SNR 

The SNR changes from -10dB to 20dB, and the number of snapshots is 5. The root mean square 
error (RMSE) and CRB of estimated value can be achieved by 100 Monte-Carlo simulation 
experiments. The performance curves are shown in Fig. 3. 

As shown in Fig. 3, it can be seen that the estimates’ RMSE of the MVDR algorithm has not 
been improved with the increase of SNR. The RMSE obtained by PMVDR algorithm and the CRB 
decrease with the increase of SNR, and the RMSE curve is constantly closed to CRB. It is proved 
that the performance of PMVDR algorithm has been improved with the increase of SNR and tends 
to CRB. 

 
a) Azimuth 

 
b) Elevation 

 
c) Range 

Fig. 3. The positioning performance curve vs SNR 

4.3. Simulation 3: The localization performance varies with snapshots 

The algorithm performance changes with the number of snapshots, the snapshots number 
increased from 5 to 605, increased step 100. 100 simulations are performed to compute the RMSE 
and CRB, the performance curves are shown in Fig. 4. 

The curves in Fig. 4 show that estimation error of MVDR algorithm is much larger than that 
of PMVDR and CRB when the snapshot number is small. With the increase of snapshots, the 
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estimation error of MVDR algorithm decreases rapidly. It indicates that MVDR algorithm is very 
sensitive and unstable with small sample data. At the same time, the estimation error of PMVDR 
and CRB continue to decline. The performance of MVDR and PMVDR algorithm are not different 
when the snapshot number is large enough. 

 
a) Azimuth 

 
b) Elevation 

 
c) Range 

Fig. 4. The positioning performance curve vs snapshots 

5. Conclusions 

The poor performance of MVDR algorithm with small sampled data is studied in this paper. 
The vector hydrophone and the diagonal loading technique after preprocessing are proposed to 
improve the positioning performance of MVDR algorithm. Finally, simulation results demonstrate 
the effectiveness of proposed algorithm. With the small sample data, the simulation results show 
that the PMVDR algorithm can locate the near field target more accurately than the MVDR 
algorithm. With the increase of SNR and snapshots, the RMSE of estimation results continue to 
decrease, the positioning performance improved gradually. It can provide a new idea for target 
location of mine near field. 
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