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Abstract. An admissible function constructed by orthogonal polynomials is presented to
investigate the vibration and active flutter control of Honeycomb sandwich plate with general
elastic support in a supersonic airflow. The control strategies based on the displacement feedback
and LQR method are applied by means of pasting the piezoelectric material on the surface of the
plate structure. Employing the first-order piston theory to describe the aerodynamic loads, the
governing equation of plate system with the piezoelectric actuator is established based on the
Hamilton principle. The mode shapes are obtained using the admissible functions, which are a set
of characteristic orthogonal polynomials generated directly by employing the Gram-Schmidt
process, and the general elastic constraint is modeled using the artificial spring technology. The
frequency and mode shape under different boundary are calculated by Rayleigh-Ritz method. The
validity of the proposed approach is confirmed by comparing the results with those obtained from
FEM and literatures. The phenomenon of mode jumping is observed with the increase of the
aerodynamic pressure. The study of active control shows that, the increasement of displacement
feedback gain improves the critical dynamic pressure.

Keywords: honeycomb sandwich plate, elastic boundaries, Rayleigh-Ritz method, flutter, active
control.

1. Introduction

For the construction and design of the lightweight systems, the weight saving is one of the
major considerations. A kind of sandwich structure is often used to meet this requirement.
Nowadays, thermal protection mechanism of reusable launch vehicles, solar housing, shrouds of
spacecraft are in extensive use of honeycomb sandwich structures. Honeycomb sandwich plate is
composed of two layers of strong, thin face sheets and a layer of thick but light honeycomb core.
Generally, honeycomb core acts as a connecting and supports the face sheets [1]. In the
engineering area, there are three equivalent models for mechanical analysis of sandwich structures.
For the hexagonal honeycomb plate, these methods are divided into the sandwich theory, cellular
equivalent plate theory and equivalent plate theory. The first method is only used to get an
equivalent anisotropic plate of the honeycomb core, and the others are adopted to obtain an
equivalent plate for the whole honeycomb sandwich plate [2, 3]. By using the three equivalent
methods, the natural frequencies of a honeycomb sandwich panel including two load cases were
calculated by Xia [3]. The computational results showed that all of the three equivalent methods
were reliable and practical in the satellite structures. Paik [1] constructed an isotropic plate using
the equivalent plate theory, subjected to a tensile, bending and torsion tests. It was found that the
experiment results of honeycomb sandwich plate were close to the equivalent plate. Surveying the
open literatures, the problems from the aspects of mechanical analysis of the honeycomb sandwich
plate have been resolved [4, 5], however the aeroelastic analysis is rarely carried out. Moreover,
the research on the vibration and flutter problem of the plate structure with general elastic support
is rarely found.
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Currently, the calculations for the flutter problems mainly include the Galerkin method and
finite element method [6, 7], which are used to disperse the partial differential equations into a set
of ordinary differential equations. Due to the fact that there are no exact modal functions for the
general elastic boundary structure, the scholars focus on the flutter analysis of structure with
simply supported boundary. For the problem that how to realize the general elastic support, some
scholars have discussed the frequency characteristics of simple structures. Amabili [8] used the
artificial springs to study the vibration problems of cylindrical shells with complex boundary
constraints, where the modes in the less-restrained condition were applied to expand the solutions
of displacement. The free vibration of composite laminated shells under elastic boundary was
studied by Jin [9] using Rayleigh-Ritz procedure, in which the displacements were expressed by
a Fourier cosine series and the effects of boundary restraining stiffness on the frequency were
illustrated. Mahi [10] investigated the free vibration problem of the composite panels with
different boundaries, employing a series of polynomials associated with the Rayleigh-Ritz method.
Ye [11] discussed the free vibration of laminated composite shallow shells with general elastic
boundaries. Zhang [12] proposed a method to solve the vibration problem of plates under the
elastic edge restraints, where the rotational and translational restraints were applied to an edge.
Lin [13, 14] presented an admissible function to investigate the vibration and flutter problem of
laminated plate and FGM cylindrical shells with arbitrary boundaries. However, the frequency
and modes under elastic support are rarely used to solve the complicated problem, such as the
flutter, response and control problem. Due to the fact that a large number of Fourier cosine series,
polynomials or other forms are required based on the admissible function, which makes the
expression of the mode function complicated.

The active control study on the vibration and flutter of plate and shell structures never stops,
especially when the smart materials and piezoelectric materials have been widely used. Hajela
[15] implanted piezoelectric material inside a composite plate to study the plate flutter problem
using the finite element method. Balamurugan [16] employed different active control methods to
investigate the dynamics problems of structure based on the distributed piezoelectric actuators and
sensors, which were embedded on the upper and lower surfaces of structure. Li [17] designed the
displacement and acceleration feedback control algorithms, to realize active flutter control of
panel structure using the piezoelectric material. Kim [18] used the aeroelastic modes and
self-induced actuators to control the panel flutter, and the location configuration based on the
position feedback gain control and the Kalman filter gain method were optimized. Song [19]
investigated active aeroelastic flutter control of supersonic composite laminated plate with the
piezoelectric patches.

In this paper, a general classical plate theory in conjunction with Gram-Schmidt polynomials
and Rayleigh-Ritz procedure is developed, where each displacement component of the plate
structure is expanded as orthogonal polynomials form in both directions. The solution procedure
of active flutter control is divided into two steps, first obtaining the frequency and mode of the
plate based on the Rayleigh-Ritz method, in which the boundary support is formulated by the
artificial spring. The different boundary conditions can be realized by setting the stiffness value
of artificial springs to be extremely large, small or arbitrary. The equivalent plate theory is adopted
to facilitate the honeycomb sandwich plate. Then, the mode shapes and generalized coordinates
are taken into the Hamilton equation to derive the governing equations of the plate system. A
convergence analysis of the polynomials number on the natural frequency is carried out. The
proposed approach is proved by comparing the frequency and flutter pressure with FEM and
literatures. The active control strategy based on the displacement feedback gain and LQR method
are applied using the piezoelectric material. The effects of displacement feedback gain on the
critical dynamic pressure and response are highlighted.

2. Theoretical formulation
The typical honeycomb sandwich plate is composed of two face sheets and a honeycomb core,
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shown in Fig. 1. The Honeycomb core and face sheet materials are aluminum, E, G and p are
elastic modulus, shear modulus and density, respectively. The length and width of the honeycomb
sandwich plate are a and b. The core, face sheet and the entire honeycomb sandwich plate
thickness are h, hy and H, respectively. And [ and t are a unit cell size and the thickness of the
honeycomb core. Index ¢ and f represent the core and the face sheet.

he

C
Fig. 1. a) Honeycomb sandwich plate, b) equivalent plate structure, ¢) honeycomb core
2.1. The equivalent model of honeycomb sandwich plate

Generally, there are three equivalent models for mechanical analysis of the honeycomb
sandwich structures, the sandwich theory, cellular equivalent plate theory and equivalent plate
theory. The validity of the equivalent plate theory is verified by Paik tests [1], which gives the
elasticity modulus and thickness of plate according to the equal principle of stiffness and density,
ultimately making the honeycomb sandwich plate equivalent to an isotropic plate. Supposing the
sheet satisfies Kirchhoff hypothesis, the equation can be obtained according to the equivalent
bending stiffness:

Eegte®  E(he+R)%hy

121-v2)~ 2(1-v?) ' )

where, E¢q, teq are the equivalent elastic modulus and thickness of the plate, v is Poisson ratio.
Using the equivalent principle between the equivalent plate and honeycomb sandwich plate, the
equation can be written as:

Eeqteq = 2Ehy. 2)
The equivalent plate parameters are finally obtained based on Reissner theory [2]:

(teq = V3(h. + k),

., = 2Ehf,
teq €)
L _ thpf + hcpc
eq — T:

where, p, is the average mass density of honeycomb core, p. = p(1.54t/1).
A FEM model is set up to solve the honeycomb sandwich plate problem adopting the sandwich
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theory (ANSYS Shell 91), where the core is equivalent to the orthotropic material, and the face
sheet is treated as the isotropic material. The material parameters of core layer are determined by
means of Y model using the energy method:

£ = 1 3 (t)3 £ —4E1 5<t>2 <t>3 £ _8\/§Et
hcx_\/_ U T3 3\t) |[\t)’ Thez =g TP
3
3

“E[l—%fkf)i =246, G020, o=ty

-G, thyz =

Grey =5~ z

5 l 31 PeT3m”

where, Ep¢; (i = x,, z) is the elastic modulus of honeycomb core, Gpexy, Grexz and Gpcy, are the
shear modulus of honeycomb core, p,. is the density of the honeycomb core. The FEM result using
the sandwich theory is regarded as the reference value.

2.2. Constitutive relation of equivalent sandwich plate and piezoelectric material

The equivalent plate structure with the piezoelectric layer in a supersonic airflow, is shown in
Fig. 2. The length, width and thickness of the plate are a, b and t,, respectively, the airflow is
along the x axis direction. The artificial springs are distributed on the edges of plate to model the
elastic support conditions. The different boundaries can be obtained by accordingly setting the
artificial spring stiffness to be extremely large, small or arbitrary value.

/ ) @"““’@

,' i (x2,)2)

d 9
4 b Aa(u)

l (x1.1)

Piezoelectric patches Kota

SEN PP

h[ir)
Fig. 2. Equivalent plate w1th the piezoelectric layer under general elastic support

The piezoelectric actuator is pasted on the upper surface of plate, the position coordinates are
(x1,v1) and (x,, ¥,). The plane displacements u, v and transverse displacement w of the plate are
expressed as:

_ ow _ ow _ 5
u=-z-—, v= Zay’ w=w, (%)

where, z is the coordinate of any point along the z-axis direction. The strain-displacement relation
is written as:

2%w 2%w ?2wl"

T
€= [‘gx: gy; ny] ==z axz )y —Z ayz ) —2z axay ) (6)

where, &, €, and y,,, are the strains in x, y direction and shear strain in x-y plane, respectively.
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The constitutive relation of the plate structure is:

Ox Qi1 Q12 0 ]r&

6=|9|=|012 Q2 O & | (7
Txy 0 0 Q66 yx}f

where, gy, 0, and T,,, are the stress in x, ¥ direction and shear stress in x-y plane, respectively.

Q11 = Q22 = Eoq/(1 —v?), Q12 = VE.;/(1 —v?), Qes = Geq . The constitutive relation of
piezoelectric layer is expressed as:

p p
Ox €11 62 O x 0 0 e3][0
o‘pz O—; = |:C12 C22 Ol SJI/) _[0 0 631 0 ) (8)
T)chy 0 0 Ceo _]/fy 0 0 0 E3
0 o o olex] 0 0o o7qy0
0 =[0 0 ol g |-10 0 0 ol, 9)
D3 e3; ez 0 Yay 0 0 e33llEs

where, o*f s 0'5 and ‘c,’?y are the stress of piezoelectric material in the x, y direction and shear stress

in x-y plane, respectively. e3;, £33 and D are the piezoelectric constants, dielectric constant and
electric displacement, respectively. E5 is the electric field strength in the z direction:

Vo()
E; = ,
2= h, (10)
where, h,, is the thickness of the piezoelectric layer, V; (t) is the applied voltage.
The total kinetic energy of the plate system with the piezoelectric layer is calculated as:
1 2 52 HY 1 2 52 HY
Tzifpeq(u +v +W)dV+§J- pp (U +v* +Ww?)dV, (11)
1’4 Vp

where, V and V, is the volume of the plate and piezoelectric layer, p, is the density of
piezoelectric material.
The total potential energy of the plate system with the piezoelectric layer is calculated as:

1 1 p 1
ng—fast+—f 0" € dV——f D3E; dV, (12)
2y 2 Vp 2 Vp

where, € and o are the strain vector and stress vector of plate structure, €” and o are the strain
vector and stress vector of piezoelectric layer.

2.3. The simulation of general elastic support boundary

The artificial springs are used to describe the connection between the plate and the support
members. The springs are evenly distributed on the edges of the plate, and the elastic supports
adopt the tension spring and torsion spring, where the corresponding stiffness are k" and k?,
shown in Fig. 3. The key of the remaining problem is to find the admissible functions to expand
the displacement components of the plate structure, which are introduced in Part 2.4.

Since the artificial springs have no mass, only the potential energy is calculated as:
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ow(0,y, t)]z} dy

1 b
Us = _J- k(‘sv(a) [w(0,y, )]* + kg(a) [ dx
0

1 (b ow(a,y, O’
+_J kg w(a, y, )]* + kg(a) [T dy
0
1r@ ow(x, 0,01 (13)
+_J k(‘iv(b) [W(x, 0, t)]z + kg(b) [#] }dx
0

ow(x, b, t)r}
—| tdx,
dx

1 a
+—f k%ﬂW@$JH”+Ww4
0

where, kf4) kitay» ki(ny> Kipy and Ko(ays Kooy Kapy» Kby are the stiffness of the tension
spring and torsion spring at x = 0 and x = a, y = 0 and y = b, respectively.

T

0(h)

ke kS

0(a) a(a)

w
k()(u) 4
b(b) w
@ @ @ kﬂ(a)

[ % i

Fig. 3. Elastic support plate with a set of artificial springs

2.4. Method of solution

The Rayleigh-Ritz method is used to obtain the frequency and mode functions. The transverse
displacement can be expressed as:

w(x,y,t) = W(x,y)sinwt, (14)

where, w is the circular frequency, W(x,y) is mode shape which can be determined by
Gram-Schmidt orthogonal polynomials, i.e.:

me N

WEY) = D o (o) (1s)

m=1n=1

where, a,,, is the unknown coefficient, ¢,,(x) and ¢, (y) are the orthogonal polynomials in the
x and y directions, respectively. m, and n, are the truncation number of polynomials.
Substituting Egs. (5-7) into Eq. (12), only the potential energy of plate structure is considered:

03[ [ e (2 T R Pwdtw | 0 (Pw
£ 2), Jy 12| a* \ 082 a?b? 9&% an> = b* \ 9n?

4Qq 0°w 0%w bdéd
a2b? 9%an 9gan || AL

(16)
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where, § = x/a,n =y/b.
Substituting Egs. (14, 15) into Egs. (11, 13, 16), the Rayleigh quotient to corresponding factors
is written as:

a(Tmax - Ue,max - Us,max)
aal-j

=0. 17)
The minimizing condition with energy function yields the generalized eigenvalue problem:
(K, + Ky — w?M)a = 0, (18)

. T .
where, K and M are m; X n; matrices, a = [a11. Qgp, e, amtnt] . The matrices K, Ky and M are
determined as:

ij 1 e [ e,
Ml = =P fquqbldff on gy + 20 ‘*f ¢m¢1d¢’f oL 9ldn
(19)
+peqabteqf bm ¢)ld€f Pn w;dﬂ.
N b 1
K9 =2 (O(a)qu(O)qb ©) f on (n)cp,(n)dn+ L b (0)B1(0) f n (10, ()
0
1
TR o S (Db (1) f 00 (M0 (D)0 + ki b1 (DBICD) f on (n><p,-(n)dn)
. 20)
+—(kow(b> f - (f)¢i(6)df<pn(0)ga,-(0)+ﬁk&b) f B (O)1(5)AER,(0)p!(0)ln
1
TR, f b OB O @Dy (1) + 55kl f b (s)¢i(f)d€<p;(1)<p;(1)),
1t3, (2b 12 [t o
Kéjmn=21;< Quf b ¢>£’dff <pn<p,-dn+Q—f ¢¥.§¢id5£<pn<pj dn
+ 22 [ g v [ ot gt + 2502 [ ot [ ot o e

Q ! ! ! !
+ 52 g1, gt [ i pjan),
0 0

where, K, is the stiffness matrix of vibratory stress, K is the stiffness matrix of the artificial
springs, m =1,2,....m;,n=12,...,n,,i=12,....m,j =12, ...,m;

The construction of Gram-Schmidt orthogonal polynomials is as follows, giving the first term
of orthogonal polynomial cluster ¢,(§), which satisfies the certain boundary condition.
According to the steps of orthogonal polynomial cluster configuration, the remaining items can
be calculated as:

¢1 (§) = (§ = BPo (5), (22)
bi (§) = = Bidbie-1(§) — Cepre—2($), (23)

where, By = [ £, (©)2dE/ [, b, ,()?dE, Cic = [ € b1 ()2 (O)dE/ [, b,_,(5)?dE.

Each polynomial is normalized as:
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Pi(§)

/f; b, (E)dE

If the first term satisfies the geometry boundary conditions, it is easy to verify that other terms
do. The relationship between any two orthogonal polynomials is:

$i(©) = o

0, k+#1

[ eonod={y £ 27 (5)

The first item of polynomials with different boundary conditions is shown in Table 1. The
letter, F represents for freedom, C for clamped, S for simply supported.

Table 1. First term of the polynomial for different boundary conditions along x direction

Boundary Cons@aint First term
S v LG
CF z z 2, Vfln?egt,r‘:lﬂt: ° ¢0 (E) - 62
S| S e Ty | he@ =gt 2
ce |XZOWZOW 20 g =gt 28 + 7
S-F i z 2, Vfln?egt,r‘:int= ° ¢0 (f) - f
cs | XZOWEOWIE0 g =g

2.5. The governing equations

Using the mode function W (x,y) in Part 2.4 to derive the governing equation based on the
assumed mode method, the displacement of the plate is written as the following form:

Wy, 0 = ) D Wy y)ay (© = W x,)a(),

i=1 j=1

(26)

where, q;;(t) is the generalized coordinate, W;; is the corresponding mode function obtained from
the Rayleigh-Ritz approach, m and n are the modal order, and:

s Gmal”,

Wmn]T'

Substituting Eq. (26) into Egs. (11-12), the expressions of potential energy and kinetic energy
can be obtained:

q= [qll' < q1n 4215 - Q2n Gmas -
W= [Wlli ey Wlﬂ.l W21, ooy WZTL’ me ey

1

2 2 1 2 a2 1. 1 .
T = Efpeq(uz +v2+wH)dV + EJ- pp (U +v2 +Ww?)dV = EqTMlq + EqTqu, (27)
1’4 Vp

where:

1 oW oWT
b2 an on

t3

M, = 12 Peq

| L@
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1.\ 1.
(hp +7teq) _(7teq) 2/ (V2/b (1 W OWT 1 OWOWT
M, = p f f = + abdédn
3 wi/a Jyp \@% 0§ 0 b2 an o
xz/a ry2/b
+hpppf WWT abd&dn.
x1/a “y1/b

The potential energy of the plate system with the piezoelectric layer is expressed as:
U—lj dV+1j P ePdV 1jDEdV—lTK 1TKV
=3 V°'£ 2 V,,G € 2 v sbzdV =54 Kaq =54 Kpho (28)

where:

j J1t3 Q.1 0°W02WT  Q,, 9°WI*WT  Q,, 0°W3?WT
a* 082 082 ' a?b? gn? 0&2 ' a?b? 9&2 on?
0°Wa2wT %W 9?WT
+Q_141 VOW. | 4 e )abdfdn
b* dn? on a?b?d&on déon

2 2
xz/a YZ/b h + = teq) - (Eteq) 11 02W 02WT N C1y 0%°W 0°WT
f a* 0&? 0é? a’b? on? 0¢&2

x1/a “yi/b 3
cip PWOPWT ¢, 02WAPWT g 92W 32WT
+_ + abdfdn,
a?b? 382 9n% ' b* an® on? a’b?9édn 0éan
2 1 2
xz2/a yZ/b h + = teq) - (i teq) 631 aZWT 331 GZWT
Jo? /b 2h a? 057 " b on?

) abd&dn,

x1/a (4

The aerodynamic pressure caused by the supersonic flow can be described by the quasi-steady-

order piston theory, which has a good accuracy in the Mach number v2 < M., < 5, the expression
can be written [17, 20]:

ow ow
Ap = —(——u—, 29
P=—Ca-THh; (29)
where, { = poUZ/\VME — 1, it = pooUos (M2 — 2) /(M2 — 1)3/2 are the aerodynamic stiffness
and aerodynamic damping coefficient, respectively. po,, Uy, and My, are the free flow density,
flow velocity and Mach number.
The virtual work can be expressed as:

ow
W = F6W| (*0.70) +J- (Ap — coa—6w> dA
A

=68q"FW(xg,¥0) + 69" Fap2q + 59" Fpp1q,

(30)

where, F is the external force, Ap is the aerodynamic load, 4 is the plate area, and c, is the
damping coefficient, Fp,, Fa,q are the damping and aerodynamic stiffness matrix, respectively:

2
FAPZ_J- f ( poo © )3/2WWT_C0WWT>abd€dT],
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ol PolUs 1 OWT
FApl = J— f - —W .
0o Jo VM2 —14a 0
The governing equations of the plate system is established based on Hamilton principle:

t1
f (8T — 8U + W) dt = 0, 31)
t,

[

where, 6T, U and W are the virtual work of the kinetic energy, strain energy and external loads.
Substituting Eqgs. (27-28) and Eq. (30) into Eq. (31), the final motion equation is:

Mq + (_FAsz)q + (Kl - FATpl)q + ngo = FW(xo, ¥o), (32)

where, M, K; and K,, are modal mass matrix, stiffness matrix and electro-mechanical coupling
matrix, respectively.

3. Active control strategy
3.1. Flutter control based on the displacement feedback method

The piezoelectric material can be used to design sensors and actuators [17]. In this paper, a
voltage is applied on the piezoelectric material attached to the surface of the structures, which is
designed to the piezoelectric actuator. The centre position displacement of plate is designed as an
input, and the voltage value is calculated by the control strategy. The control voltage of the
actuator based on the center position displacement can be written as:

Vo (6) = Kgw (i, Yy ©), (33)
where, K, is a piezoelectric actuator feedback control gain, w(x,,, Ym, t) is the center position
displacement of the plate structure.
Substituting Eq. (26) into Eq. (33):
Vo() = KaW" (X, Ym) . (34)
Substituting Eq. (34) into Eq. (32), the control equation can be obtained:
Mg + (—Ffy;)a + (K, — Fi,, + K)q = FW(x0,50), (35)
where, K = K;KEWT (X, Yim)-
3.2. Flutter control based on the LQR method

The LQR method is adopted to control the flutter problem of plate structure, the governing
equation is converted into the form of state space:

0 ={{0)=[mac —rp worg @) o, o =ax e o

where X is the state vector. The LQR algorithm is regarded as a feedback control, making the
objective function to obtain the minimum value, and the objective function is usually proportional
to the system response. The objective function is defined as:
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] = %f (x"Qx + V,"RV,) dt, (37)
0

where, Q and R are positive definite and semi-definite matrix, which represent a measure of the
effect of input and output on the control result. The feedback voltage can be determined:

V, = —G,.x = —R™1BTPx, (38)

where, G, = R™!BTP is a feedback gain, P can be calculated from the Riccati equation:

P+ A"P + PA—PBR!'B'P + Q = 0. (39)
For the LQR control algorithm, the Lyapunov function of the system is defined as:

0(x) = x"Px. (40)

First derivative of time on Eq. (40), the equation can be written as:

. de(x . .
o(x) = ) 4rPx+ xTPx + xTPx = x"(ATP + P + PA)x
dt

= —-xTQx + VIRV, < 0.

(41)
It is noted that the Lyapunov function of the system is negative, the system is asymptotically

stable, and the critical flutter point can disappear.

4. The solution of motion equation
Substituting the vibration displacement of plate, 7(t) = rye** into Eq. (35):

[MA? + (—F,,)2 + (K; — Ff,y + K)|rg = 0. (42)
The condition of Eq. (42) having nonzero solution is:

|MA? + (=F, )2+ (K, — F{,; +K)| = 0. (43)
Then, the complex eigenvalues are obtained:

A = Na; +iwg;, (44)

where, the frequency and damping ratio of the structure are calculated:

—Nai .
w; =+ [ImA)]? {(=————, i=12,....mn
l l l Vg, +ng; (43)

The flutter is a kind of dynamic instability phenomenon. The critical dynamic pressure is a
state parameter between convergence and instability, write .. The non-dimensional dynamic
pressure can be defined as [21]:

PUZ  ad

== 46
4 Geg/ M2 — 1teq (46)

One can find out the critical dynamic pressure by inspecting the maximal real part of
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eigenvalues. Moreover, it is found without considering the damping, the critical dynamic pressure
coincides with the pressure when two consecutive low-level frequencies are equal. In this paper,
the frequency coincidence theory is as the basis for the occurrence of flutter.

5. Numerical results

The material parameters and geometric parameters of Honeycomb sandwich plate and the
piezoelectric layer are shown in Table 2 and Table 3. The length and width of plate structure are
0.8 m, 0.6 m, respectively.

Table 2. The geometric and material parameters of the Honeycomb sandwich plate

Property | Face sheet | Honeycomb core
E (N/m?) 72x10° 72x10°
p (Kg/m?) 2700 2700
hs (mm) 0.8 -
h. (mm) — 8.5
[ (mm) — 4
t (mm) — 0.05
Table 3. Parameters of the piezoelectric material
Property Piezoelectric material Property Piezoelectric layer
c11 (N/m?) 139x10° Width (m) 0.1
¢z (N/m?) 77.8x10° Length (m) 0.15
Cee (N/m?) 30.6x10° Thickness (mm) 0.2
Density (Kg/m?) 7600 Dielectric constant (F/m) 1.5x108
Stress constant (Vm/N) 0.01 Piezoelectric constant (C/m?) -6.98

5.1. Convergence analysis

To validate the proposed method, the results for the simply supported isotropic base plate are
compared with the analytical solution in Table 4, in which the bending stiffness of the base plate
is D = Eh3/[12(1 — v?)]. It is observed that the present results agree well with the analytical
solution, where the number of Gram-Schmidt orthogonal polynomials is 8 in both x and y
directions. Moreover, the first three mode shapes between FEM and present method are shown in
Fig. 4.

Table 4. A ison between the analytical soluti —”—z(i'2+(iz D2 =123 d th
able 4. A comparison between the analytical solution w = ~— a) b) s (i,j =1,2,3,...) and the
present method (a = 0.8 m, b =0.6 m, h =0.02 m, E = 72x10° N/m?, p = 2700 Kg/m?, v = 0.3) / Hz

Order | Analytical solution | Present method | FEM
1 213.08 213.08 21291
2 443.20 443.20 442.58
3 622.19 622.19 621.17
4 826.75 826.78 825.30

Then, a clamped plate is taken as a numerical example to demonstrate the effect of the number
of polynomials on the plate frequency. The parameters of Eq. (4) are calculated in the FEM model
adopting the sandwich theory, and the model is shown in Fig. 5. From the comparison between
the FEM and present method in Fig. 6 and Table 5, where an error variable is defined as
Error(%) = |(Present(mm;,n,) — FEM)/FEM| x 100, when three or four-numbers
polynomials (m,, n;) are selected in x and y direction, the first two frequencies are close to the
FEM results, however there is a big error for the high-order frequency. Moreover, with the increase
of the number of orthogonal polynomials, the error for the high-order frequency is reduced. The
frequencies of plate structure with different spring stiffness are given in Table 6. As the stiffness
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value of the tension and torsion springs are 108 N/m and 108 N-m/rad respectively, the frequency
will coincide with the result of the fixed plate, which indicates that the fixed boundary can be
obtained by setting an enough large spring stiffness value. Moreover, the frequencies under elastic
support agree well with the FEM results, which guarantees the validity of the proposed method
and the following flutter calculation.

FEM

—oan

v o N

Present ’ 05
0.5
Method 00 0 0 23 0 0

Mode 1 Mode 2 Mode 3
Fig. 4. The mode shapes of plate structure between FEM and present method

1000

- 7
7 )
N9 é’ é?
N |/ 4
. "non
I 60|y N | )
= N 7 %
5 - | %
g N | 0
1-Lower Face sheet % 4004 §§ §§ éé é?
2-Honeycomb core 2 §§ §§ éé é?
3-Upper Face sheet §§ §§ ég é?
200 W N | 7
N Bl 7 %
\ | i
W N | 0
N Nl | 7
ol N N v
1 2 3 5
Frequency Order
Fig. 5. FEM model of plate based on the sandwich theory Fig. 6. Convergence analysis

Table 5. Convergence analysis with different orthogonal polynomials / Hz
Number of orthogonal polynomials (m; = n;)
Order 3 4 5 6 FEM
Present | Error | Present | Error | Present | Error | Present | Error
305.44 | 0.006 | 305.44 | 0.006 | 305.47 | 0.003 | 305.47 | 0.003 | 305.46
515.66 | 0.618 | 512.65 | 0.031 | 512.62 | 0.025 | 512.50 | 0.038 | 512.49
729.21 | 1.352 | 719.06 | 0.058 | 718.94 | 0.075 | 719.12 | 0.050 | 719.48
883.69 | 3.555 | 883.69 | 3.555 | 854.45 | 0.129 | 853.37 | 0.125 | 853.35

Al |—

Table 6. The frequency of the plate with different spring stiffness /Hz
(@a=0.5m,b=04m, h=0.002 m)
The stiffness of the artificial spring k%, k? (k"" = kﬁ)
Order 1e8 le3 0
FEM | Present | FEM Present FEM | Present | FEM
91.36 | 91.53 19.20 19.99 33.01 32.97 91.36
159.71 | 160.70 | 29.62 31.05 41.67 41.66 159.71
210.05 | 209.57 | 38.56 39.07 68.73 68.64 | 210.05
270.63 | 273.02 | 55.67 56.78 79.62 79.37 | 270.63

Fixed

Al [N —
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5.2. Vibration characteristics of plate under general elastic boundary

The proposed method in this paper can be used to simulate all the classical boundaries by
setting the artificial spring stiffness value. A comparative analysis for the plate under several
classical boundaries is shown in Table 7. It can be noted that the results using the artificial spring
technology agree well with the FEM results. The natural frequencies of the plate with/without the
piezoelectric actuators are listed in Table 8. The addition of piezoelectric layer cannot significantly
change the intrinsic property of the base plate structure, which is what we must achieve. Because
the active vibration and flutter control are mainly realized by applying control algorithm, instead
of just pasting the piezoelectric layer.

Table 7. Frequency of the plate base under classical boundary conditions / Hz
CFFF SSSS CSCS

Order "EEM | Prosent | FEM | Present | FEM | Present
1 21 21 164 164 210 210
2 62 62 341 341 452 452
3 128 128 478 479 502 503
4 216 215 636 637 731 734
5 261 261 654 656 811 811
6 365 364 947 951 1016 1019
Order CCSS CFCF CCFF
FEM | Present | FEM | Present | FEM | Present
1 227 227 132 132 57 57
2 420 421 173 173 166 166
3 591 592 360 360 252 252
4 739 740 365 364 384 383
5 773 776 426 425 404 404
6 1079 1082 635 635 631 631
Table 8. Frequency of plate system with/without piezoelectric layer / Hz
Order . CFCF . . SSSS . . CCCC .
Without | With | Without | With | Without | With
1 132 132 164 165 305 305
2 173 173 341 343 512 512
3 360 364 478 481 719 719
4 365 366 636 640 853 853
5 426 426 654 659 909 909

600

500

400

Natural Frequency/Hz
Natural Frequency/Hz

300
10
10

4

0 o 2 Igky
a) The first mode b) The second mode

Fig. 7. Surface graph of the relationship between the frequency and spring stiffness

In order to demonstrate the effect of spring stiffness on the natural frequency, in Condition-1,
the tension spring value of k% is fixed, k¥ = 10° N/m and the torsion spring stiffness
continuously changes from a small value to a big value, which realizes the change from the simple
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supported boundary to the clamped boundary, shown in Fig. 7. It is observed that when the spring
stiffness value is 108, the natural frequency of the plate converges to a fixed value, which is the
frequency of the clamped plate. The torsion spring in the x direction has a more significant impact
on the fundamental frequency. In Condition-2, the value of k? is fixed as k? = 10° (N-m)/rad in
Fig. 8. As the stiffness of the artificial spring is bigger than 10® N/m, the frequency of plate
structure does not change with the increase of the spring stiffness. It can be concluded that the
springs stiffness has a significant effect on the inherent properties of the plate structure, and the
arbitrary boundary can be obtained by setting different stiffness value of artificial springs.

200

'y
=]
=]

150

(N ———

50 100 4=

Natural Frequency/Hz
Natural Frequency/Hz
P

10
10

6 §

4 !
oo 2 Igky
a) The first mode b) The second mode
Fig. 8. Surface graph of the relationship between the frequency and spring stiffness

5.3. Flutter and control analysis of honeycomb sandwich plate

The plate structures investigated by Zhao [22] and Li [17] are adopted to compare the critical
flutter pressure with the present results, shown in Table 9. It is observed that the present results
agree well with the open literatures, which indicates that the proposed method and formula
derivation for flutter calculation are valid.

Table 9. Critical dynamic pressure of the plate structures
Property Literature This paper
Li[17]26.97 Present 27.01
Zhao [22] 235.18 | Present 236.20

Critical flutter pressure

The simply supported and clamped plates are taken as examples to investigate the active flutter
control problem. In Fig. 9, the third and fourth order frequencies of the simply supported plate
coincide in f = 230 with the increase of dynamic pressure, then the coincidence between the
second and fourth frequencies leads to flutter instability of the plate system in § = 237. The mode
jumping phenomenon appears in = 230. In order to better display the phenomenon, the mode
shapes in f =220 and 8 = 240 considering the aerodynamic loads are shown in Fig. 10. It is
observed that the third mode and the fourth mode interchanges. Under the action of the
aerodynamic loads, the mode shapes of the plate structure have significantly changed.

The critical flutter boundaries of the plate system with/without active control input based on
the displacement feedback method are shown in Fig. 11 and Fig. 12 for the simple supported and
clamped plates, respectively. It is noted that with the increasing of the feedback gain, the critical
dynamic pressure is improved, and a good control effect has been achieved setting different
feedback gain. Moreover, the bigger the feedback gain is, the higher the critical dynamic pressure
becomes. The critical dynamic pressure of the clamped plate is obviously higher than that of the
simply supported plate, which indicates that increasing the boundary constraint stiffness can
improve the aerodynamic stability of the system. The time history with/without the displacement
feedback control in § = 247 are shown in Fig. 13 and Fig. 14, in which the non-dimensional
displacement W* = w/t,q, w is the transverse displacement of the plate. Without the active
control, the plate displacement continues to increase, and a divergence response occurs. After
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applying the active control, the divergence motion becomes a convergence vibration, and the plate
response is suppressed. The time history under different control feedback gain is shown in Fig. 15,
it is observed that the bigger the feedback gain is, the smaller the response amplitude is, and the
better results the active control can get.

1000

Mode transition

F Mode |
0 . . . . . . .
0 50 100 150 200 350

Natural Frequency/Hz

00

Fig. 9. Frequency of the simply supported plate Fig. 10. Mode jumping phenomenon
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Fig. 11. Flutter boundary of the simply supported plate  Fig. 12. Flutter boundary of the clamped plate
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Fig. 13. Time history when § = 247
without control

Fig. 14. Time history when § = 247
with active control

The critical flutter boundary with different spring stiffness is shown in Fig. 16. With the
increasing of the spring stiffness (0 < kg) < 10° N-m/rad), the coincidence frequencies change
from the coupling between the third and fourth mode to the coupling of the second and the fourth
mode. Moreover, the mode jumping phenomenon occurs with increasing of the dynamic pressure.
The critical flutter pressure can be improved by appropriately increasing the elastic support
stiffness. The effect of torsion springs stiffness on the critical dynamic pressure is shown in Fig.
17, here k" = 10° N/m. It is noted that with the increasing of torsion spring stiffness, the critical
dynamic pressure is improved and eventually converges to a fixed value, which is the dynamic
pressure of the clamped plate. When k¥ < 10 (rad-m)/rad or k¥ > 107 (rad-m)/rad, the critical
dynamic pressure is almost a constant.
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Fig. 17. Flutter boundary of plate under the elastic support boundary (k% = 10° N/m)

The flutter boundaries of the system with/without active control input based on the LQR
method are shown in Fig. 18 and Fig. 19 for the simple support plate and elastic support plate,
respectively. As the dynamic pressure is further increased after applying the LQR control strategy,
the original coincidence frequencies expand backward indefinitely, and there is not an intersection,
which indicates that the flutter is suppressed. The same phenomenon occurs for the elastic support
plate in Fig. 19. It can be concluded that the LQR control method can eliminate the flutter point
rather than just improving the critical dynamic pressure.
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Fig. 18. LQR control of simply support plate Fig. 19. LQR control of elastic support plate

(kK" = kP = 108)
6. Conclusions

A unified Gram-Schmidt-Ritz formulation is proposed to solve the vibration and active flutter
control problem of Honeycomb sandwich plate with general elastic support boundary. The effects
of artificial spring stiffness and different boundary on the dynamic behaviors of the plate structure
are discussed. Multiple new phenomena and conclusions can be drawn:

1) The proposed method using an admissible function constructed by Gram-Schmidt
orthogonal polynomials to investigate the vibration problems of the elastic support plate, has
sufficient accuracy. Moreover, with the number of orthogonal polynomials increasing, the
precision of results will be improved.

2) The artificial spring stiffness can significantly affect the vibration characteristics of the
structure, which results in the change of critical flutter boundary. A large stiffness of the support
spring is helpful to improve the aerodynamic flutter boundary of plate structure.

3) With the increasing of the aerodynamic pressure, the phenomena of mode jumping and the
alterations of coupled mode orders are observed. The study of active control shows that, an
increase of the displacement feedback gain can improve the critical dynamic pressure. The LQR
control strategy can eliminate the flutter point.
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