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Abstract. This paper presents a novel variable stiffness isolator designed by magnetic springs in
parallel with linear positive stiffness spring. Firstly, the two-degree-of-freedom vibration system
model with variable stiffness magnetic isolator is established. The amplitude frequency
characteristic equation of the system is derived based on the multi-harmonic method, and the
corresponding curve of the relationship between the amplitude and frequency is given. The
influence of the current on the curve is researched. Results showed that there are two
pseudo-resonant peaks in the amplitude—frequency curve, and one is in the low frequency band,
the other exists in higher frequency band. The first peak does not exhibit the frequency shift, but
the second one bends to the natural frequency obviously. With the increasing of the current, the
peaks decrease and the backbone curve changes greatly for the second resonant crest. The
Lyapunov exponent curve around the resonant frequency is calculated. It is shown that there is
chaotic parameter region for the system, and chaos can be controlled with the variable stiffness
magnetic vibration isolator according to this research, which is beneficial to the design of
nonlinear vibration isolation system.

Keywords: variable stiffness magnetic vibration isolator, nonlinear vibration isolation system,
resonant frequency shift, chaotic attractor.

1. Introduction

The design of high-static-low-dynamic stiffness isolator has always been the main target in
practical engineering. For the vibration isolation system with high-static-low-dynamic stiffness, it
can reduce the linear spectra well in the low frequency band. In order to obtain the
high-static-low-dynamic stiffness isolator, the quasi-zero-stiffness (QZS) system including
negative stiffness structure is required urgently. There are a number of ways to achieve negative
stiffness, but the vast majority is passive. The typical structure is that two inclined springs are
connected in parallel with a vertical spring [1-4]. Le [5] designed a quasi-zero-stiffness vibration
isolation system by combining the two connecting-rods with the spring, and applied it to the
vibration isolation of automobile seat. Results show that vibration suppression is effective of
significantly. Carrella [6, 7] designed a high-static-low-dynamic stiffness isolator by using
magnets and linear mechanical springs. Meng [8, 9] designed a new QZS isolator by connecting
a disk spring with a linear spring, and studied the influence of system parameters on the
transmissibility by using averaging method. Huang [10] proposed a method to design a QZS
system by using a linear spring in parallel with an Euler beam as negative stiffness. Xu [11]
proposed a new model of QZS isolator by combing two symmetrical magnetic negative stiffness
springs with a vertical linear spring. Zheng [12] proposed a QZS isolator using a ring permanent
magnet as negative stiffness structure. The above mentioned negative stiffness is realized by
mechanical spring or permanent magnet, and the size cannot be adjusted. Therefore, a novel
variable stiffness isolator designed by magnetic springs in parallel with linear positive stiffness
spring is presented. The dynamic characteristics of a two-degree-of-freedom system consisting of
variable stiffness magnetic isolator are analyzed and studied.

In the study of multi degree of freedom nonlinear vibration isolation system, the extraction of

11 6 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. FEB 2018, VOL. 20, ISSUE 1. ISSN 1392-8716


https://crossmark.crossref.org/dialog/?doi=10.21595/jve.2017.18847&domain=pdf&date_stamp=2018-02-15

2767. STUDY ON THE DYNAMICS OF TWO-DEGREE-OF-FREEDOM SYSTEM WITH VARIABLE STIFFNESS MAGNETIC ISOLATOR.
PAN Su, JIECHANG WU, SHUYONG LIU, JIAN JIANG

amplitude—frequency characteristic curve is an important part to analyze its dynamic
characteristics. However, due to the existence of coupling between the degrees of freedom and the
transfer of energy between nonlinear modes in high-dimensional nonlinear systems, the analysis
and calculation are more difficult than the low-dimensional system. At present, it is rare to study
the amplitude-frequency characteristics of the multi-degree-of-freedom nonlinear vibration
isolation system and the control law of the system dynamics. In this paper, the dimensionless
dynamical model of two-degree-of-freedom nonlinear vibration system consisting of a variable
stiffness magnetic isolator is established, and the approximate expression of amplitude-frequency
characteristic curve is deduced. The variation characteristics of the amplitude-frequency
characteristic curve under different control current conditions are obtained, which is an important
foundation for the control of nonlinear vibration.

2. Static analysis of the variable stiffness magnetic vibration isolator

The configuration of the variable stiffness magnetic isolator considered in this paper is shown
in Fig. 1. The magnetic spring is composed of electromagnet, armature and connecting rod. The
magnetic springs act as a negative stiffness, connected with the mechanical spring at the position
0. Parameter k is the vertical linear spring’s stiffness, L is the length of the connecting rod, h is
the compression length of the vertical spring when the system reaches the static equilibrium
position. The coordinate z defines the displacement from the point O.

Connecting rod

h
Guide
?z {% Coil
Armature

Roller g Ux

Fig. 1. Schematic of the variable stiffness magnetic isolator

Relationship between magnetic force f;, and displacement z is given by [13-15]:

fm:#o A [(xo Ax)Z (x, +1Ax)2]

M

where h = 0.03 m, L = 0.07 m, x5 = 0.008 m; y, is air permeability, py = 4w>x107 H/m; N is
coil turns, N = 470; A is area of magnet pole; x, is air gap between armature and electromagnet,
Xo = 0.008 m; Ax is armature displacement and i is coil current.

Note that Ax = /L2 — (h — z)2 — VL2 — h2, the relational expression between the applied
force f and the displacement z is given by:

1
h-2z (xo— JIE=(h=2) + VIE = 1%)

F—Go2?|_ 1

(xo + JIE— (h— 22 —VIZ—12)’

f = kz + pyN?Ai? )
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Introduce the non-dimensional parameters, f = f/(kh), 2 =z/h, n=kh3/(u,N?4),
i= i/ﬁ, a=L/h, B = xy/h, Eq. (2) becomes:

[ L 1
1-32 (,8—\/0(2—(1—2“)2+\/a2—1)

F_ sy 2 3
f=z2+1 T 1 2 3)
(ﬁ+\/a2—(1—2)2—\/a2— 1)

Differentiating Eq. (3), the non-dimensional stiffness K of the system can be obtained:

1
n r 3
Rm1a2pgp |~ Q=D+ V=T Jar == 7]
+
[a2 — (1 - 2)?[f —VaZ =1+ JaZ = (1-2)7]
1
2
Ry [a? — (1 - 2)212[B + \/0{21— 1-./a? = (1-2)?] @
- [a? — (1 - 2)22[ —VaZ =1+ Ja? — (1 - 2)2]2
.f : |
o N@ = A= 2P[p + Ve =1 Ja? = (A= BEl

1
JZ (A= -VaZ—1+ =1 -27]

The current range of the coil is: 0 < i < 5A, then the non-dimensional current range is
0 <1< 0.2. Fig. 2 shows the curve of the non-dimensional force- displacement and stiffness-
displacement for different currents. As shown in the Fig. 2, when the current is small, the system
stiffness is approximately linear. With the increase of the current, the system exhibits obvious
nonlinear characteristics.

3. Model of the two-degree-of-freedom system and amplitude-frequency equations
3.1. Model of the two-degree-of-freedom system

The model of the two-degree-of-freedom system is shown in Fig. 3. It includes the variable
stiffness magnetic isolator K, between an upper mass M; and the middle mass M,; a linear
stiffness spring K, between the middle mass and the foundation. X;, X, are the vibration
displacement; C;, C, are the system damping; F is the excitation force amplitude; € is the
excitation frequency.

By using Taylor-series expansion, f(y) = f(¥o) + Xh_1 % (y — ¥o)", expanding Eq. (3) at
the static equilibrium position and substituting ¥ = Z — 1, an approximate expression of the
non-dimensional force can be obtained:

fO) =~ 1+¢9 +v5?, (5)
K ~¢+3y5% (6)
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where:

i 1

«(f+a-vaZ=1) a(f-a+va-1)
2 22

p=1+

i i i2

= + +
! az(ﬁ+a—\/a2—1)3 2a3(ﬁ+a—\/a2—1)2 az(ﬁ—a+\/a2—1)3
'1\2

_ .
2a3(f—a ++Vaz —1)
According to Newton’s law of motion, the system vibration equation is obtained:

Ml)‘(.l + Cl(Xl - Xz) + FV = FCOS(QT) + Mlg’ (7)
M2X2 - Cl(Xl - Xz) - FV + CzXz + K2X2 = Mzg.
Introducing the non-dimensional parameters, f = F/kh, Q,=+k/M;, k,=K,/k,
§1=C/ Mk, & =Co/yMik, u=M /M, Q=Qow, t =QT, G=1+p, X; =hx,
X2 = hxz.
The non-dimensional dynamic equation of the system can be expressed as:

X1+ & (K — %) + Py — x2) + (21 — x2)% = feos(wt),

. . ; ) 8
Xy — &y (g — %) — up (1 — x) — uy (% — x2)° + pé&y %, + pk,x, = G. ®
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Fig. 2. The curve of the non-dimensional force-displacement and stiffness-displacement
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Fig. 3. Two-degree-freedom vibration system
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3.2. Amplitude-frequency equations
Noting that x; — x, = ¥4, and yields:

J1+ %y + &1 + dys +vyi = feos(wt), ©)
Xy — ué1y1 — Uy, — #VJ’13 + ué X, + pkyx, = G.

The solution of the system is:

N
VY, = Qg0 + Z[bli(cosiwt) + ¢y;(siniwt)],

= (10)
X, = Ay + Z[bZi(cosiwt) + c,; (siniwt)].

i=1

In order to facilitate analysis, set N = 1, inserting Eq. (10) into Eq. (9) and omitting higher
order terms, yields:

a?, + b2 coswt + ¢2;sinwt,
a3, + b3 coswt + ¢3;sinwt.

yi

11

The system response is projected on the basis functions consisting of sine and cosine functions,
and yields:

T
w
az, = Ef (ayo + byicoswt + c;;sinwt)?dt,
0

T (12a)
as, = %J; (ayp + byicoswt + c;;sinwt)3dt,
- w (T
b% = %J (ayo + byicoswt + c;sinwt)?dt,
X " o (12b)
b}, = Efo (aip + byicoswt + c¢qqsinwt)3dt,
W T
¢ = Efo (ayo + byicoswt + c;;sinwt)?dt,
(12¢)

T
w
é3 = Ef (ayo + byicoswt + ¢;;sinwt)3dt.
0

Inserting Eq. (10), Eq. (11) and Eq. (12) into Eq. (9) and using the trigonometric function
relation:

. 3‘1:%,06'1,1 3b12,1C1,1 3C13,1 3a%,0b1,1 3b1,1C12,1 3b13,1
V(sm(wt)( > t—g  tg + cos(wt) T t—5 *t g
3‘11,0b12,1 3“1,06'12,1

+ad,) + ¢(ar + byicos(wt) + c; ssin(wt)) (13a)

2 2
+a)§1(c1‘1cos(wt) — by ssin(wt)) — w?(by 1 + by 1)cos(wt)
—w?(cy1 + ¢p1)sin(wt) — feos(wt) =0,
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a 3yua?,c 3yub?,c
_H 21'0 (3ybf1 + 3}/012_1 + 2¢) + sin(wt) (— Ye 21‘0 ) L g‘l Ly pué wby 4
3yuci
_lifZ(sz,l - L + k2C2,1 — Upcyq — wzcz,l (13b)
b 3yub3
+cos(wt) (— a 81'1 (12ya%, + 3yci, + 8¢) — y'[; L1y (ky — w*)by,

Frw(§zc21 —§1611)) — V/laio + ka0 — G =0.
Set the coefficients of sine and cosine in Eq. (13b) to be zero:

_ 3)’#‘1%,0191,1 _ 3Vﬂb1,1C12,1 _ 3)’#1913,1

2 3 3 + kb — udby — wzbz,l — pé1wey g (14a)
+ uswez, =0,
3]’#“%,06'1,1 3YﬂC1,1b12,1 37’#6'%1
- > - P ——g T kaCan — ey — wicyy + pé by (14b)
— uS;wby; = 0.

Combing Eq. (14a) and Eq. (14b):

u
- 8((k2 _ (1)2)2 + #zfzzwz) (bl,l(_(kz - wz)(lzyaio + 3yC12,1 + 8¢)
_8.“{152(02) + (1)61,1(#52(121’(1%,0 + 3}’512,1 + 8¢) — 88, (k, — (1)2))
+3yué,wbi ciq + 3ybi 1 (w? = ky)),

= 12ya%, + 3yb?, + 3yci, + 8
C21 8((k, — w?)? + p2E2w?) ((12yaiy Vb1 YCia ®) (15b)

“(Uwéyby g + c14(ky — w?)) + 8wy (by 1 (w? — ky) + pwé,cy ).

b2,1 =

(15a)

Inserting Eq. (15) into Eq. (13a) and eliminating the secular terms, the coefficients of sine and
cosine can be obtained:

pw?
8((k; — w?)? + p2&w?)

(bl,l(_(kz —w?)(12yat, + 3yct; + 8¢) — 8ué &,w?)

+(UC1,1(/1§2(12V“%,0 + 3YC12,1 + 8¢) — 881 (ky — w?)) + 3]’#52001712,101,1 (16)
3ya?,b 3yb,,c2, 3yb3
43y}, (07 — ky)) + b SLELL  TEAL  2h, 4 by

twéic —f=0,
pw?
8((ky — w?)? + u?&F w?)

((12]’@%0 + 3Vblz,l + 3}’512,1 + 8¢) (Hwé;by 1 + cq4(ky — wz)

3ya?,c

808, (b1 1(@ — ky) + p0,611)) + (17)
3yc, 1 b%, 3yc3

" YC11 g YCia

8 8

- wzcl,l + ¢ciq — wf1b1,1 =0.

In order to satisfy the Eq. (13a), the constant term should be zero, and the higher order terms
of a,, are omitted:

a
%(Sybfl +3yc, +2¢) = 0. (18)
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a0 = 0 can be get from Eq. (18). Introduce ¢; ; = Acos(8), by ; = Asin(8), where A is the
response amplitude of the system. Eq. (16) and Eq. (17) become:

3yA3 3yuw?k,A3 3yuw*A®
cos(6) - > + 5
8 8((ky — w?)? + p?é w?)  8((ky — w?)? + p?éGw?)
A¢ & w? Ak pupw? Aupw*
(ky — 0?2)? + p2iw?  (ky — w?)? + p?&Gw? * (ky — 0?)? + u25 w? (19)
Aw? + Ad) + sin(6) ByutwE,A° Apg w®
VAR O Gy = e+ D) Ty — @) + G
Akyué; w? A& upw®
_ 2181 . $o1°d tAwE ) —f =0,
(ky — w?)? + p?éw?  (ky — w?)* + p?éGw?
in(6) 3yAdw* + 3yuddw* — 6yk,A3w? + 3yu?A3w?&E2 — 3yuk,A3w? + 3ykiA3
in
’ 8((k; — w?)? + K28 w?)
( Aw?(Ppw? — w* — p?E2w? + ppw? + 2k,w? )
+ —W*&i & w? = k3 + puPés — 29k, — duk,) + Apks
ko — w22 + 128242
(ky —w?)?* + p*é0 / (20)

A0 (ley,07 + oty = §10* — 0" = 126,50 = pE® = K3E)
(k= 0?) + 120

+cos(6) <

38y p*é,0° _
8((k; — w?)? + p?Gw?))

The amplitude-frequency relation expression A — w can be obtained by the combination of
Eq. (19) and Eq. (20) and application of sin?(8) + cos?(9) = I:
64f2(—2k,w? + k2 + u2&2w? + w*) — A%(w?(u*E2(3y A% — 8w? + 8¢)?
+? By A2 (n+ 1) + 8(ugp — w? + ¢))” + 1288, & uw?
+6482 (U2 w? + (u+ 1D?w?) — 2k, w?((3yA% — 8w? + 8¢) (3yA%(u + 1)
+8(up — w? + ¢)) + 64(u + 1)&2w? + k3((3yA? — 8w? + 8¢)? + 642 w?)) = 0.

21

4. Numerical simulations
4.1. Amplitude-frequency characteristics

When parameters p = 0.2,&; =0.1,§, =02,6G =12, k, = 1, f = 12, the current iis 0.02,
0.04, 0.06 and 0.08, the amplitude-frequency curves of the two-degree-of-freedom isolation
system are shown in Fig. 4. As can be seen from the Fig. 4, there are two pseudo-resonant peaks
in the amplitude-frequency curve, and one is in the low frequency band, the other exists in higher
frequency band. The first peak is the normal resonance peak, and the curve of the second resonance
curves is obviously bent, that is, the resonance frequency shift occurs. It can be seen from the
amplitude-frequency relationship Eq. (21) that the relationship between amplitude and frequency
is not simple linear, so the phenomenon of multiple amplitudes at a frequency is presented. And
the resonance curve is shifted at this time.

When the current increases from 0.02 to 0.04, the amplitude-frequency curve of the system is
shown in Fig. 4(b). Compared with Fig. 4(a), the vibration peak is obviously reduced. The first
resonance peak is reduced from 3.5 to 2.3, and the second resonance peak is reduced from 11.4 to
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7.8. When the current increases to 0.06, the vibration peak is further reduced, as shown in
Fig. 4(c). When the current increases to 0.08, the peak value of vibration remains downward. At
the same time, it can be seen from Fig. 4 that with the increase of current, the bending degree of
the curve becomes larger, which indicates that the nonlinear characteristics of the system are more
and more obvious.

12 3
10
6 /
8 /
h 6 Ty /
/
4 /
24 /
) -
0 0 o
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
a 1)
a)i=0.02 b)i=0.04
6 6
S .;-"f 5
4 s " -
~ / ~ v
3 / 3 ///
2f / 2 7, /
" | ) s
1f | 1} '
. -
0 1 1 —___‘r— 0 1 1 ‘——-_“'“l_’
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
(o} [4]
¢)i=0.06 d)i=0.08

Fig. 4. The amplitude-frequency curve of the system when current is varied
4.2. Chaotic vibration of the system

According to the previous analysis, the system shows obvious nonlinear characteristics.
Especially, when the system is in the chaotic parameter region, it will produce chaotic vibration.
Since the Lyapunov exponent is an important indicator to judge whether the system is in chaos.
The Lyapunov exponent spectrum of the system can be calculated according to different
parameters, thus providing the basis for chaotic identification.

When parameters u = 0.2, & =0.1,&, =02,6 =12, k, = 1, f = 12, the current i is 0.02,
0.04, 0.06 and 0.08, the Lyapunov exponent curve of the system is shown in Fig. 5. It can be seen
from the figures that when the current value is small, with the excitation frequency in the range of
0.1 to 10 changes, the interval of the positive maximum Lyapunov exponent curve is sparse, as
shown in Fig. 5(a), which indicating that the system is in periodic motion parameters. As the
current increases, the interval of the positive maximum Lyapunov exponent is gradually becoming
denser. Especially in Fig. 5(d), the maximum Lyapunov exponent of the system is greater than
zero in most parameter intervals, which indicates that the system moves from periodic motion to
chaotic vibration. This is consistent with the analysis in Fig. 4.

According to the result of Fig. 5, when parameters u = 0.2, §; = 0.1, &, =02, G = 1.2,
k, =1, f = 12, the current 1is 0.02, 0.08 and the excitation frequency is 3.3, the phase diagram
of the system is shown in Fig. 6. As can be seen from Fig. 6(a), (b), the system is in a periodic
vibration state and the phase diagram is a limit cycle. From Fig. 6(c), (d), it can be seen that the
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system is in chaotic vibration state, and the phase diagram is a strange attractor. Therefore, the
system under different control conditions will exhibit different nonlinear dynamic behaviors.

0.05 0.2

-0.15 -0.3

¢)i=0.06 d)i=0.08
Fig. 5. The Lyapunov exponent spectrum when current is varied
10 3
2
5
1
=0 50
-1
-5
2
-10 3
2 4 )*,5 8 10 5 55 6 6.5 7
1

a) The limit cycle when i = 0.02
[i]

8 10

6
N
¢) Chaotic response when i = 0.08 d) Chaotic response when i = 0.08
Fig. 6. The phase diagram of the system
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5. Conclusions

In this paper, a study of the two-degree-of-freedom nonlinear vibration system with a variable
stiffness magnetic isolator has been presented. The mathematical model of the
two-degree-of-freedom nonlinear vibration system is established. The approximate expression of
the amplitude-frequency characteristic of the system is deduced, and the amplitude-frequency
characteristic curve of the two-degree-of-freedom vibration system is obtained. The influence of
the control current on the amplitude frequency characteristic curve is studied. It is observed that
there are two pseudo-resonant peaks in the amplitude—frequency curve, and one is in the low
frequency band, the other exists in higher frequency band. However, the region of the high
frequency band has a tongue structure, which shows that there are nonlinear factors in the system.
The resonance frequency shift phenomenon and the multi-amplitude characteristics at the same
frequency are appeared. As the control current changes, the system's amplitude-frequency curve
also changes. The specific rule is that when the control current increases, the resonance peaks of
the system decrease, and the bending degree of the second resonance peak curve becomes larger.
The curve of the Lyapunov exponent spectrum of the nonlinear system is calculated, and the
chaotic parameter region of the system is obtained. The amplitude frequency characteristic curves
of the system under the condition of chaotic parameters are analyzed. The results showed that the
system can effectively be in the chaotic state under certain parameter conditions, and the linear
spectrum can be effectively controlled.
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