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Abstract. Taken a gas turbine rotor system as the research object, this paper has established
dynamical model based on transfer matrix method. Natural vibration characteristics are solved
with different transfer matrix models, and are compared with that gotten by finite element method.
Then unbalanced response is researched. The effects of eccentric factors are discussed on
unbalanced vibration. Furthermore, the application is explored in rotor dynamic balancing. The
results show there is much minor deviation between natural frequencies of transfer matrix method
and finite element method, and vibration modes of two methods coincide quite well. It illustrates
the model established in the research is reliable. For input side of blade-disk rotor, unbalanced
vibration occurs more easily in lower frequency. While unbalanced vibration of output side is
more sensitive at higher frequency. With the increase of eccentric mass, unbalanced vibration of
blade-disk rotor is more heavily, and the displacement rotates around a fixed node. The application
of opposite unbalanced mass can decrease the amplitude of vibration in lower frequency. Hence,
it can be used to achieve the balance of rotor dynamics. This research provides the theoretical
basis and technological fundament for gas turbine rotor dynamics design.

Keywords: blade-disk rotor, transfer matrix analysis, dynamic characteristic, eccentric factor,
unbalanced response.

1. Introduction

As one of the key basic industry equipment, gas turbine is widely applied in many fields
including aeronautical engineering, shipping transport, electric power and so on. With the
development of gas turbine technology, work efficiency and reliability are improved further. This
makes rotational speed and load of blade-disk rotor system increase highly. Because of the higher
rotational speed and load, the phenomena of vibration and instability are caused in gas turbine
operation. Additionally, modern gas turbine rotor is generally working in a state of supercritical
speed. Heavy vibration caused by unbalance factors would make rotor system in the fatigue
damage. It has a serious effect on the stability and lifetime of rotor working. Hence, more and
more scholars begin to pay close attention to vibration characteristics of gas turbine blade-disk
rotor system.

For the rotor of gas turbine, related dynamic problems have been analyzed in previous studies.
Taplak et al. [1] modeled a gas turbine rotor with certain geometrical and mechanical properties,
and dynamic analysis was made by finite element method (FEM). Yuan et al. [2] developed the
improved 2-D FEM by considering the contact effects and pre-tightening forces. Dynamic
characteristics of gas turbine rotors were calculated with satisfying accuracy and less time. Chung
et al. [3] developed the dynamic analysis method using commercial S/W, and identified the
limitations in application of rotor dynamics module. Campbell diagram, Lee diagram, mode
shapes and critical speeds were computed for the small-size gas turbine engine rotor. Pirogova [4],
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Gong [5] and Gao [6] et al. investigated the rotor mode and critical speed of a gas turbine with
FEM calculation. The effects of bearing stiffness and contact stiffness were studied on natural
vibration of rotor system. Mei [7] and Guan [8] et al. adopted SAMCEEF software to analyze the
rotor dynamics of gas turbine. The stability and reliability of rotor system were proved in operation
process. Lu et al. [9] established the finite element model of a disk rotor in FEM software, natural
frequencies were analyzed under contact effects and rod preloads. Ogbonnaya [10] carried out the
modeling and simulation of gas turbines rotor shaft faults, artificial neural networks were
integrated into the monitoring of essential performance parameters in gas turbine operations.
Applying balancing theory with low speed and multiple planes, Deng et al. [11] achieved the
balancing experiment of high-speed gas turbine rotor system.

In addition, some scholars developed the research on blade-disk vibration of gas turbine
[12-15]. Zhao et al. [16] made the modal analysis of a certain gas turbine blade-disk based on
introduced FEA method. Vibration characteristics of each natural mode and corresponding
influence were discussed in detail. Zhou et al. [17] studied the vibration characteristics of
following elements and components, including a single blade, a turbine disk, a blade-disk coupled
system and shrouded blades. Thomas [18] and Zhang [19] et al. applied the basic finite element
model of periodic blade-disk structure to eliminate internal degrees of freedom. A vibration
analysis for the coupled system was processed by wave transmittal technique. Fu et al. [20]
presented the computing method of cyclic symmetric structures, and calculated the natural
vibration characteristics of a gas turbine blade-disk. Petrov et al. [21] performed the numerical
investigations to demonstrate the capabilities of new blade-disk damper models, and analyzed the
influence of damper parameters on the forced response.

Summing up the related literatures, it is found more scholars use FEM to analyze the natural
vibration characteristics of gas turbine rotor system and blade-disk system respectively. While
there is less research on the unbalance response and dynamic balancing of integrated blade-disk
rotor system. In addition, due to the complexity of gas turbine blade-disk rotor, the number of
elements and nodes is extremely large for FEM calculation. This causes that numerical analysis
requires a lot of computer resources, and it is even difficult to calculate in some cases. Hence, the
efficiency and accuracy of numerical analysis can’t be guaranteed. For the problem of rotor
dynamics, transfer matrix method is one of quick and effective approach. In the process of transfer
matrix calculation, the dimension of matrix does not increase with the increase of system degree
of freedom. Meanwhile the program is convenient to realize, and the small storage unit is required.
So, transfer matrix method is widely used in the dynamic analysis of complex rotating machinery.

A gas turbine rotor system is taken as the research object, this research establishes dynamical
model of integrated blade-disk rotor based on transfer matrix method. Natural vibration
characteristics are solved with different transfer matrix models. The results are compared with that
gotten by finite element method to verify the reliability of analysis model. Then unbalanced
response characteristics are analyzed. The effects of eccentric factors are discussed on unbalanced
vibration. Furthermore, the application is explored in rotor dynamic balancing.

2. The establishment of dynamic model

According to engineering drawings and technical parameters of gas turbine YLII-12000/32A,
two dimensional model of blade-disk rotor system is obtained by simplifying part of the structure.
Specific sizes are as shown in Fig. 1, the unit of length is millimeter.

Based on two dimensional sizes of gas turbine rotor system, three dimensional model is
established with SolidWorks software. In the process of modeling, the integration of blade-disk
rotor is achieved to make the model closer to engineering practice. Three dimensional model of
blade-disk rotor system is as shown in Fig. 2.

In blade-disk rotor of gas turbine, rotor material is alloy steel 40CrNiMoA, elasticity modulus
E; is 113 GPa, the density p; is 4370 kg/m?, Poisson’s ratio y; is 0.3. The material of blade and
disk is high-temperature alloy GH864, elasticity modulus E, is 112 GPa, the density p, is
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4680 kg/m?, Poisson’s ratio u, is 0.27.
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Fig. 1. Two dimensional model of blade-disk rotor system
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Fig. 2. Three dimensional model of blade-disk rotor system
2.1. Equivalent modeling of blade-disk rotor system

The structure of gas turbine blade-disk rotor is complicated. If transfer matrix method is
adopted to calculate it, further simplification of the model is required. Based on three dimensional
model of blade-disk rotor and the equal principle of rotational inertia, parts of blade-disk rotor are
simplified into disks and shafts. Now taking the blades as an example, the process of simplification
is illustrated.

According to the parameters of blade-disk rotor, it is consisted of 57 blades. Applying the
equal principle of rotational inertia, blades are simplified into hollow cylinder as shown in Fig. 3.

¥

— —

——

R
Fig. 3. Parameter diagram of hollow cylinder

In Fig. 3, R is outer diameter of designed hollow cylinder, r is inner diameter of designed
hollow cylinder, [ is the length of designed hollow cylinder. The steps of equivalent calculation
are as follows:

a,? m
n><m1><<ﬁ+d12>=72x(R2+r2). (1)
where n is the number of blades, a, is the length of blade, m; is the mass of blade, d, is the
distance between gravity center of blade and the axis of rotor, m, is total mass of designed hollow
cylinder, R, r and [ are shape parameters of designed hollow cylinder.

Based on the above process, related hubs and shafts are simplified. The final equivalent blade-
disk rotor is obtained as shown in Fig. 4, the unit of length is millimeter.

1 678 JOURNAL OF VIBROENGINEERING. JUNE 2018, VOLUME 20, ISSUE 4



2883. RESEARCH ON UNBALANCE RESPONSE CHARACTERISTICS OF GAS TURBINE BLADE-DISK ROTOR SYSTEM.
WENJUN YANG, MINGXUAN LIANG, LEI WANG, HUIQUN YUAN

2.2. The establishment of transfer matrix model

Transfer matrix model can be divided into two types: lumped mass model and distributed mass
model. Lumped mass model is the model with limited degree of freedom. Without changing the
original elasticity of rotor system, the mass and rotational inertia are concentrated on several
nodes. While in distributed mass model, blade-disk rotor is simplified as the combination of
distributed mass shafts, and is linked by several nodes along the axis.
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Fig. 4. Two dimensional model of simplified blade-disk rotor

2.3. Lumped mass model

For establishing the model of lumped mass, blade-disk rotor is simplified further. Related
equivalent parameters of disks and shafts are obtained including the equivalent of mass m,
equatorial rotational inertia Jd, polar rotational inertia /p and shaft stiffness EI, elastic support
stiffness k; and k,. Lumped mass model of blade-disk rotor is shown in Fig. 5.
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Fig. 5. Lumped mass model of blade-disk rotor system

2.4. Distributed mass model

Based on physical structure size of gas turbine blade-disk rotor, it can be simplified as 2 elastic
supports and 15 shafts to construct the model of distributed mass. Each part has been marked with
number symbols, as are shown in Fig. 6.
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Fig. 6. Distributed mass model of blade-disk rotor system
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3. Natural vibration characteristics of blade-disk rotor
3.1. Calculation of natural frequencies

Assuming that support stiffness is isotropic, state vectors of gas turbine blade-disk rotor are
simplified as:

Zg={y 6 M Q}, 2

where vy is the linear displacement, 8 is the angular displacement, M is the bending moment, Q is

the shearing force. According to lumped mass model and distributed mass model, the boundary

conditions are as follows:

Q:=0, M, =0. 3)
So, the initial state vector can be expressed:

zt=( 6 0 OF. @
Transfer relationship from the left end to the right end of blade-disk rotor system is:

Zy =TTy 1Tny - T, T Z1 )
Defining transfer matrix A = T,,T,_1T,,_, --- T, Ty, Eq. (5) is simplified as:

ZR = Azl (6)

So, there are:

R

y a1 Q12 Q13 Qua] sy ai;; Qg2

0 |az1 az a3 ax|[6) _|q2n ax ()’)L )
M| " las az; asz as|\0)  |az1 asx|\6/;

Q/, lan asz a3 ] N0/ 7 [G41 ag

According to transfer matrix model of gas turbine blade-disk rotor, boundary conditions at the
end section are:

0.=0, M,=0. ®)
The end section state vector is:

ZR=(@ 6 0 O, ©)
Hence, it is obtained:

R R

y y i1 Qg2

6\ [0\ _[az1 ax|y\t

M 1o T laz; asp (9)1' (10)
Q/, 0/ n Qg1 Q42

It is further simplified as:

i a21G). = () (1)
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When homogeneous algebraic equation set has a nonzero solution, its coefficient determinant
is equal to zero. So, frequency equation of rotor system is:

(12)

Aw?) = |a31 a32| _

Ay Qg2

Solving the above frequency equation, rotor critical frequency of gas turbine can be obtained.
Critical frequencies of each order and differences between lumped mass model and distributed
mass model are exhibited in Table 1 and Fig. 7.

Table 1. Difference analysis of two models

Lumped mass model | Distributed mass model | Absolute | Relative differences
Order o -1 ;
w1 / rad.s W, /rad.s differences We1 — Wea/Weq
1 115.09 115.02 0.07 0.06%
2 228.91 227.88 1.03 0.45%
3 286.38 280.65 5.73 2.00%
4 878.07 835.04 43.03 4.90%
5 1606.99 1528.97 78.02 4.86%

By comparison, it can be found that relative differences of natural frequencies in the former
five orders are all within 5 %. Lumped mass model is consist of several massless elastic shafts
and lumped mass nodes. While in distributed mass model, blade-disk rotor is discretized into a
few of homogeneous shafts with equal cross sections. Comparing with two models, lumped mass
model is convenient to solve, and has much higher efficiency. So lumped mass model is adopted
in further analysis.
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6371 [—— Lumped mass
4,77 { |—©—Distributed mass

_.
v o
[ —— |

.

Relative difference/%
Natural frequency/Hz

0 . — 3.18
1.59 .
0 a_‘:——o’_ﬁ"/‘ /
-5 }
1 2 3 4 5 012 3 456 738
The order of natural frequency The order of natural frequency
a) Difference trend of 1st-5th order b) The comparison of natural frequencies

Fig. 7. Natural frequencies comparison of two models
3.2. Comparison of blade-disk rotor modes

Vibration mode can be solved when obtaining critical frequency of blade-disk rotor. Boundary
conditions are as follows:

Qn = (a41)n-1Y1 + (A42)n-161 = 0. (13)
From the Eq. (13), relationship between initial parameters 8, and y; can be obtained:

Asq
0;=— (—) Y1 = ayy. (14)
Ay N

In Bq. (14), @ = —(a41/as2)n-
Substituting critical frequency of rotor system, the Eq. (10) is transferred as:

@) =lan e, @), =[on taau] e (=123.m) 13
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By the Eq. (15), proportional relation of line displacement y and angular displacement 0 is
calculated in each section. This is mode shape corresponding to the critical frequency. Assuming
vy, = 1, the normalized vibration mode can be obtained.

Mode shapes obtained by two models are compared, typical order vibration curves are shown
in Fig. 8.

Fig. 8 shows that vibration curves of two modes coincide quite well, especially in the low
order. It proves the results of two models are reliable.

g 01 0L, g 3 :\‘:‘.
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Fig. 8. Vibration curves in typical orders
3.3. Verification of finite element method

Based on finite element method, natural frequencies of blade-disk rotor are calculated. Critical
frequencies in the former five orders are compared between transfer matrix method and finite
element method, as are shown in Table 2 and Fig. 9.

Table 2. Comparison with finite element results

Order | Transfer matrix method / Hz | Finite element method / Hz | Relative differences
1 115.09 118.26 2.68 %
2 228.91 232.17 3.26 %
3 286.38 288.63 0.78 %
4 878.07 895.68 1.97 %
5 1606.99 1688.00 4.80 %

As can be seen from Table 2, the calculated natural frequencies have a minor deviation. It is
mainly because of the model difference between transfer matrix method and finite element
method. While relative difference of each order frequency is within 5 %.

In order to further verify the accuracy of two methods, mode shapes of typical orders are
extracted for comparison, as shown in Fig. 9.

In Fig. 9, displacement nephograms are obtained by the analysis of finite element method.
Vibration curves are plotted by the calculation of transfer matrix method. By the comparison of
vibration modes, it can be found that the peak and valley of mode shapes are basically consistent
between transfer matrix method and finite element method. This further verifies the reliability of
transfer matrix model established in the research.
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Fig. 9. Modal shape comparison of transfer matrix method and finite element method
4. Analysis and discussion of unbalanced response
4.1. Solution of unbalanced response

Assuming that there are eccentric mass m; and eccentric distance r; on blade-disk rotor of gas
turbine. It can be equivalent to an unbalanced force F; acting on the disk. Centrifugal stress caused
by mass eccentricity is:

Fi = mma)z. (16)
If U; = m;r;, Eq. (17) can be simplified as:
Fi = Ui(l)z. (17)

where U; is the moment of unbalanced mass, w is rotational speed of blade-disk rotor.
State vector transfer relationship between two sides of the disk is expressed as:

L

. 1 0 0 0
Y [ 0 1 0 0] Y 0
0\ _ ) 2 I R (18)
M| =| o —(]d—],,z)wz 1 ofl m 0] @
Ui mw? —k 0 0 1]\ U/

If adding a shaft segment on its right side, the state vector relationship between two sides is:

1+l 2 k) 1 w2[2< Q) Ly
. eg1 (L~ V)(ma” = k) 251 Ve~ vg) om0 e Y
p L e ko) . wzl( n) ! 12
vl = 2k T Ve hvg) E 2E1
Q
Q/ i I(mw? — k;) _<]d_]P$>‘”2 1 I
mw? — k; 0 0 1 ] (19)
3
o 2
X{y!| + l_ w?.
2EI
Q/; U
U i
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According to transfer matrix model, the recursion of state vectors starts from the leftmost
section of balde-disk rotor system. The process is similar to the calculation of critical speed. State
vector of the section i is:

y a1 Q12 Q13 Qua sy b,
0| |21 G2 Q3 Qx| 6 + b,
M| ~|azy asz; aszz asz|l|0 bs
Q/, lau a4z a3 asa] N0/ b/, 20
;1 Qg b, (20)
_ Q21 Az (Y) b,
T [as as ), T bs
Qa1 Q42]; 4 b,/ ;_,

The elements of matrix a, b are obtained by the multiplying of transfer matrixes in each
component. For the cross section N + 1 at the right end, boundary conditions are considered. So,
it is obtained:

b
(@), =lan anl, @), * (), = ) e
It is further simplified as:
b
o al, G, == (52) 22)

Based on Eq. (23), y, and 6, are solved at the left end of starting section. Then substituting
into Eq. (21), state vector is obtained at each section, it is the unbalanced response of blade-disk
rotor.

4.2. Effects of eccentric factor on unbalance response

Assuming that eccentric mass is 0.2 kg, eccentric distance is 0.5 m, rotational speed is
5800 r/min on blade-disk rotor of gas turbine. For the following cases, effects of eccentric factor
on the unbalanced response are discussed.

4.2.1. The position of eccentric mass

1) Assuming that eccentric mass is on node 4, response results are discussed at different
working frequencies, as are shown in Fig. 10.

From Fig. 10(a)-(d), it is found node 2 and node 4 vibrate most heavily at the first order
frequency. With the increasing of frequency, resonant amplitude does not appear higher peak
value. It illustrates that input side vibrates more easily at low frequencies. The amplitude of node
11 is highest near the frequency of 1000 Hz, and is relatively small in the low and high order
frequencies. It indicates shaft section between bearing supports vibrates mainly in the middle
frequencies. The amplitude of node 18 is much smaller in the low frequencies. With the increasing
of frequency, vibration amplitude increases gradually. It denotes output side is more sensitive in
the high frequencies.

2) Assuming that eccentric mass is respectively on node 2, node 4, node 11 and node 18,
response results are discussed at different working frequencies, as is shown in Fig. 11.

Figs. 11(a)-(d) show response amplitude is minimum when eccentric mass is on node 4 near
bearing supports. Output side vibrates most heavily on node 18 at the higher frequencies. It
denotes rotor supports take an important effect on unbalance response.
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Fig. 10. Vibration curves at different working frequencies
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Fig. 11. Vibration curves at different eccentric positions

4.2.2. The size of eccentric mass

1) Assuming that eccentric mass is on node 2, node 4, node 11 and node 18, working speed is
5800 r/min. Unbalance response of each node is solved when the size of eccentric mass is
respectively 0.05 kg, 0.2 kg, 0.5 kg and 1 kg, as are shown in Fig. 12.

From Fig. 12(a)-(d), it is exhibited that each node of blade-disk rotor rotates around a fixed
node with the increasing of eccentric mass size, and the displacement of each node gradually
increases. While the position of eccentric mass is different, the fixed rotating node will change. In
addition, node displacement is much larger when eccentric mass is on node 4. It illustrates the part
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of node 4 has a high sensitivity to eccentric mass.

2) Assuming that eccentric mass is on node 4, unbalance response of each node is solved at
different working frequencies, when the size of eccentric mass is respectively 0.05 kg, 0.2 kg,
0.5 kg and 1 kg. As are shown in Fig. 13.

g 03 £ 2.0
£ £is
=02 =
ks 2 1.0
é 0.1 éo) 0.5
O [
Ao A0
0 4 8 12 16 20 0 4 8 12 16 20
Node number Node number
a) Eccentric mass on node 2 b) Eccentric mass on node 4
é 0.15 : 1.2
g‘O.IO 5 08
.S =1
£ 0.5 g 04
= S 01 e
A 0 [5) >
| Q041 77
0 4 8 12 16 20 0 4 8 12 16 20
Node number Node number
¢) Eccentric mass on node 11 d) Eccentric mass on node 18

Fig. 12. The effect of eccentric mass size at working speed

£02y

B

o 0.1¢%

2

g 0

% -0.

a

g . g e

E2y £

SRR =

k3] a °©

%1 ke R g2 b

2 20 o e 2000 220 5 p—

Nodenu S0 50010006“@;!\"7‘ Nodenu 5
Wbe,. FreaW Mbe,.
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Fig. 13. The effect of eccentric mass size at different working speed

Fig. 13(a)-(d) show resonance peak of blade-disk rotor increases with the increasing of
eccentric mass size. It indicates that the greater eccentric mass is, the more serious unbalanced
response will be.
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4.2.3. Comparison with finite element results

Transfer matrix method and finite element method are respectively applied to solve the
unbalanced response of blade-disk rotor system, and the results of two methods are analyzed and
compared as shown in Fig. 14(a)-(b).

Figs. 14 and 15 show peak value and peak frequency of unbalanced response obtained by
transfer matrix method are well consistent with the results obtained by finite element method. It
verifies the reliability of calculation method in this research.
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Fig. 14. Comparison of unbalanced response on node 2
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Fig. 15. Comparison of unbalanced response on node 4
4.3. Effects of eccentric factor on unbalance response

For providing a theoretical basis to determine the way of weighting, judge the unbalanced
position and select the weighted surface in the actual dynamic balancing, response analysis of
blade-disk rotor is carried out with multiple unbalance. Assuming that eccentric mass is 0.2 kg,
eccentric distance is 0.5 m, rotational speed is 5800 r/min, the following four cases are analyzed:

(1) Only blade-disk 1 with eccentric mass;

(2) Only blade-disk 2 with eccentric mass;

(3) Blade-disk 1 and 2 with eccentric masses in same direction;

(4) Blade-disk 1 and 2 with eccentric masses in opposite direction.

By analysis, unbalanced responses of blade-disk rotor on node 4 are obtained in four cases.
The comparison of response curves is shown in Fig. 16.

It can be found from Fig. 16 that response amplitude of the lower order frequency is obviously
increased, and response amplitude of the higher order frequency is reduced when there are
eccentric masses on blade-disk 1 and 2 in same direction. However, response amplitude of the
lower order frequency is obviously controlled, and response amplitude of the higher order
frequency is increased if there are eccentric masses on blade-disk 1 and 2 in opposite direction.

For the blade-disk rotor of gas turbine in this research, rotational speed is 5800 r/min, working
frequency is 96.67 Hz in the range of low frequency. Hence, in order to reduce the impact of
unbalance on the stability of blade-disk rotor, the same size of reverse unbalance mass should be
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imposed in the corresponding position. This can decrease the amplitude of vibration, and achieve
the purpose of rotor dynamic balancing.
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Fig. 16. Unbalanced responses of bade-disk rotor in each case

5. Conclusions

This research has established dynamical model based on transfer matrix method. Natural
vibration characteristics are solved with different transfer matrix models, and are compared with
that gotten by finite element method. Then unbalanced response is researched. The effects of
eccentric factors are discussed on unbalanced vibration. Furthermore, the application is explored
in rotor dynamic balancing. The results show:

1) The deviation is much minor between natural frequencies of transfer matrix method and
finite element method. Relative differences of natural frequencies in the former five orders are all
within 5 %. And vibration modes of two methods coincide quite well. It illustrates the model
established in this research is reliable.

2) For input side of blade-disk rotor, unbalanced vibration occurs more easily in lower
frequency. While unbalanced vibration of output side is more sensitive at higher frequency. With
the increase of eccentric mass, unbalanced vibration of blade-disk rotor is more heavily, and the
displacement rotates around a fixed node.

3) The application of opposite unbalanced mass can effectively suppress the amplitude of
vibration in lower frequency. While the application of same unbalanced mass can decrease
vibration amplitude in higher frequency. Working speed of gas turbine blade-disk rotor is in the
range of lower frequency, so opposite unbalanced mass can be taken to achieve the balancing of
rotor dynamics.
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