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Abstract. According to the meshing characteristics of spur gears and helical gears, calculation 
formulas of time varying friction stiffness and friction torque coefficient are derived. Based on the 
theory of the concentrated parameter, considering the influence of the time-varying coefficient of 
friction, time-varying meshing stiffness and the integrated error of the integrated, a 
three-dimensional dynamic model for a double power input transmission system with multi 
degrees of freedom and variable parameters was developed, including the flexional, torsional and 
axial motions. The Fourier series method is used to solve the equations by transforming the time 
varying system into a linear time invariant system, and the total system response of the system is 
obtained after the superposition of each order excitation response. The change law of friction 
torque coefficient and friction stiffness is obtained too. The results show that the friction stiffness 
curve of herringbone gear changes gently without mutations, and the direction is constant which 
what makes the resultant friction force direction be of the friction no unchanged. The tooth surface 
roughness has a certain influence on the dynamic transmission error. The first and second 
harmonic order frequencies of the split torque stage gears have an important influence on the 
dynamic transmission errors. 
Keywords: gear, friction, dynamic analysis, error. 

1. Introduction 

For a helicopter drive system with planetary gear transmission, the speed ratio of the planetary 
gear is restricted by its structure and strength. At the same time, the transmission efficiency of 
planetary gear is decreased with the increase of the speed ratio, what is not desirable to the 
helicopter transmission system. Therefore, in order to meet the power-weight ratio, transmission 
efficiency and reliability requirements, as far as possible to reduce the weight and volume of the 
helicopter transmission system, the ratio of planetary gear should not be too large. 

At present, single helicopter engine power has reached 2000-3000 kW with the speed from 
20000 to 30000 r/min or so. As the main rotor speed is generally around 200 rpm, the transmission 
ratio of the main reducer is larger, and the speed range is wider. For the sake of the design 
requirements of the total transmission ratio of the main reducer, if the planetary gear is still used, 
at least two stage planetary gears are required for the drive system due to the scope of control of 
the planetary gear. Hence, the structure of the main reducer will be more complex, and the weight 
will increase affecting the performance of the transmission system. 

Recently, several scholars proposed a novel gear train arrangement, known as a split torque or 
split-path arrangement. The final stage of the main gearbox with split torque transmission is 
expected to get the advantages of sharing the torque among multiple pinions, the same as it is done 
in a traditional planetary stage, while obtaining a larger reduction ratio than possible for a 
planetary design. Compared with the conventional transmission with a planetary gear stage, white 
[1-3] has advocated the benefits for a 3600 hp split torque transmission, stating that these designs 
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offered the following advantages over the traditional arrangements: 
(a) high speed reduction ratio at the final stage, and it is very beneficial for reducing the weight 

of the drive system,  
(b) fewer gears and bearings, and increased reliability of separate drive paths, 
(c) lower energy losses, and lower noise. 
Clearly, a split torque design can provide significant advantages over the commonly used 

planetary design, and contributes to the realization of the above requirements.  
Around this split torque transmission system, some significant theoretical and experimental 

studies regarding load sharing and dynamic characteristics have been made and proposed. In order 
to eliminate the special load-sharing devices and to achieve load sharing properties in the 
Comanche and future rotorcraft, Krantz [4, 5] proposed a new method. He defined a clocking 
angle as the design variable of the split path gearboxes. The clocking angle can be adjusted to split 
a design load equally between two power paths. The method has higher requirements to 
manufacturing and installation errors. Cocking [6] and Smirnov [7] described split-path designs, 
which featured quill shafts to minimize the torque loading differences between two parallel power 
pathways. At present, this method using an elastic shaft to realize uniform load was further applied 
to other transmission systems [8-10]. 

The dynamic characteristics of the transmission system were one of the research interests. 
Scholars also analyzed the dynamic response of split torque transmissions. Majid [11] and Krantz 
[12, 13] investigated the vibration and dynamic characteristics of a split path gearbox, and the 
results related to three variables, shaft angle, mesh stiffness and compound shaft stiffness were 
presented. The results show that most of the natural vibration frequencies are not significantly 
influenced by changes of the shaft angle, and the mesh phasing and the stiffness of shafts strongly 
influenced the level of vibration energy. Yang [14] and Du [15] studied the characteristics of 
torsional vibration of split torque transmissions. Zhang [16] obtained the law of error influence on 
the load sharing characteristics, and the functional relationship between the error and the mesh 
load factor. Based on the conditions of deflection compatibility of torsional angle, Dong [17, 18] 
analyzed the load-sharing coefficient of the system and the influences of the installation and 
manufacturing errors of each component on the power split. Zhao [19] presented a dynamics 
model for the parallel shaft torque transmission system, and the influence of the dynamic load 
characteristics, as well as the components of manufacturing and installation errors on the 
non-uniform coefficient of transmission system load were analyzed. The calculation results show 
that, when the effect of support stiffness is not considered, the load sharing property of parallel 
shaft torque transmission system is improved very obviously by floating of input shaft. Gui  
[20, 21] discussed the impact of torsional stiffness and backlash on dynamic and load sharing 
characteristics of the nonlinear cylindrical gear split-torque transmission system. A dynamic 
model of split torque transmission is established with the consideration of the time-varying friction 
coefficient and time-varying mesh stiffness. The experimental dynamic load sharing coefficients 
are obtained in a good agreement with the theoretical analysis [22]. 

As it can be seen from the above literatures, although a lot of researches related to the split 
torque transmission system were carried out, and many new models considering variable 
parameters were proposed as well, it should be noted that there was very few related studies on 
the tooth flank friction regarding friction stiffness and its conference on the dynamic transmission 
error, and most of them were limited to a single power input and two-stage transmission. The main 
purpose of this paper is to build a new model including the friction stiffness and friction torque 
coefficient, and to make a qualitative analysis of friction influence on the dynamic transmission 
error by solving differential equations using the Fourier series method. The primary concerns of 
the paper are (i) bending-torsional coupled dynamic equations with a double power input; 
(ii) friction stiffness and friction torque coefficient; (iii) influence on the transmission error of 
friction.  
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2. Dynamic model of split torque transmission system  

The schematic illustration of the split torque transmission in a helicopter main gearbox 
powered by two engines is shown in Fig. 1. It can be seen from the figure that the system has two 
power inputs, and is composed of three-stage drives. The structure and components of each 
transfer path are the same, and the components of two branch transmission subsystems are defined 
by subscripts 𝐿 and 𝑅, respectively. In the first stage gear drive, the input bevel gear 𝑍 meshes 
with 𝑍  (𝑖 = 𝐿, 𝑅). For the convenience of narration, the second stage is defined as the split 
torque stage. In this stage, the pinion 𝑍 meshes with two gears simultaneously, that is 𝑍ଵ௦ and 𝑍ଶ௦. The final stage is the torque confluence stage, and gears of 𝑍ଵ and 𝑍ଶ all mesh with output 
gear 𝑍 at the same time. 

Fig. 2 shows a lumped-parameter dynamic model of this drive system, in which the moment 
of inertia of input and output components is included. Because the gear train arrangement is 
symmetrical, only a half of the edges is drawn in order to express the graph clearly. The gear mesh 
interface and the shaft are modeled as a spring-damper system, and the bearing is simulated with 
a spring. 𝐾, 𝑐 and 𝑒 with appropriate subscript represent the stiffness, damping and transmission 
error respectively. The component of input shaft has five degrees of freedom: transverse motions 
in the 𝑥-axis and 𝑦-axis, axial motion in the 𝑧-axis, and torsional angle of 𝑍ோ and input torsional 
angle 𝜑ோ . The component of shaft where 𝑍ோ  mounts on also has five degrees of freedom: 
transverse motions in the 𝑥-axis and 𝑦-axis, axial motion in the 𝑧-axis, and torsional angles of 𝑍ோ 
and 𝑍ோ. The component of shaft where 𝑍ோ (𝑗 = 1, 2) mounts on has four degrees of freedom: 
transverse motions in the 𝑥-axis and 𝑦-axis, and torsional angle of 𝑍ோ and 𝑍ோ௦. The output shaft 
component also has four degrees of freedom: transverse motions in the 𝑥-axis and 𝑦-axis, and 
torsional angle of 𝑍 and output torsional angle 𝜑. In this model, we have ignored the effects of 
motors, housing, coupling, and other practical phenomena such as backlash. Therefore, the whole 
model can be described by the total of 40 freedom degrees, and generalized displacement vector 𝐘 is given by: 𝐘 = (𝜑ோ, 𝜑ோ, 𝜑ோ, 𝜑ோଵ௦, 𝜑ோଶ௦, 𝜑ோଵ, 𝜑ோଶ, 𝜑, 𝜑, 𝜑, 𝜑ଵ௦, 𝜑ଶ௦, 𝜑ଵ, 𝜑ଶ,𝜑ோ, 𝜑, 𝜑, 𝜑ை, 𝑋ோ, 𝑌ோ, 𝑍ோ, 𝑋ோ, 𝑌ோ, 𝑍ோ, 𝑋ோଵ, 𝑌ோଵ, 𝑋ோଶ,𝑌ோଶ, 𝑋, 𝑌, 𝑍, 𝑋, 𝑌, 𝑍, 𝑋ଵ, 𝑌ଵ, 𝑋ଶ, 𝑌ଶ, 𝑋, 𝑌),  (1)

where 𝜑, 𝜑, 𝜑, 𝜑௦, 𝜑 and 𝜑 represent the angular displacements of gears respectively. 
Displacements of the input shaft, split torque shaft, dual-gear shaft and output shaft are expressed 
by 𝑋 and 𝑌, 𝑋 and 𝑌, 𝑋 and 𝑌, 𝑋 and 𝑌, respectively. 𝑍 and 𝑍 are the axial 
displacements of the input shaft and the split torque shaft.  
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Fig. 1. Schematic illustration of split torque transmission system 
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In order to facilitate the analysis of the dynamic system characteristics, the generalized 
coordinate system and local coordinate system are used, as shown in Fig. 3. In this figure, 
reference coordinate frames with superscript (*) are local, and the direction of 𝑌∗  and 𝑌  is 
coincident with the line of action for each particular meshing gears. 𝜃, 𝜃ଵ, 𝜃ଶ, 𝜃 and 𝜃 are the 
angles between the center line of the gears. The pressure angle of gears is expressed by 𝛼 with the 
corresponding subscript. According to the geometric relations shown in the graph, the 
transformation relation between the generalized coordinates and local coordinates can be  
written as: 

⎩⎪⎪
⎪⎪⎨
⎪⎪⎪
⎪⎧𝑋 = 𝑋cos𝜃 + 𝑌sin𝜃,𝑌 = −𝑋sin𝜃 + 𝑌cos𝜃,𝑋∗ = 𝑋cos𝜃 + 𝑌sin𝜃,𝑌∗ = −𝑋sin𝜃 + 𝑌cos𝜃,𝑋∗ = 𝑋cos𝜃ᇱ + 𝑌sin𝜃ᇱ ,𝑌∗ = −𝑋sin𝜃ᇱ + 𝑌cos𝜃ᇱ ,𝑋∗ = 𝑋cos𝜃 + 𝑌sin𝜃,𝑌∗ = −𝑋sin𝜃 + 𝑌cos𝜃,𝑋ோ = 𝑋cos𝜃 + 𝑌sin𝜃,𝑌ோ = −𝑋sin𝜃 + 𝑌cos𝜃,

 (2)

where 𝜃ோ and 𝜃 can be expressed as (𝛼ோଵ௦ + 𝜃ோ 2⁄ − 𝜃 2⁄ − 𝜋 2)⁄  and (𝛼ଵ௦ + 𝜃 2⁄ −𝜃 2⁄ − 𝜋 2)⁄ . 𝜃ோଵᇱ , 𝜃ோଶᇱ , 𝜃ଵᇱ   and 𝜃ଶᇱ  can be expressed as (𝜃ோଵ − 𝛼ோଵ − 𝛼ோଵ௦) , (𝜃ோଶ −𝛼ோଶ − 𝛼ோଶ௦), (𝜃ଵ + 𝛼ோଵ − 𝛼ଵ௦) and (𝜃ଶ + 𝛼ோଵ + 𝛼ଵ௦). 
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Fig. 2. Dynamic model of transmission system 
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The displacements specified in these coordinate frames are described in only the global 
reference frame by transforming the local coordinate via rotational coordinate transformations, 
and will be used for a 𝑌 numerical calculation. For the unity of the symbols, let 𝑋 be used 
instead of 𝑋, and 𝑌 – instead of 𝑌. 
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Fig. 3. Relationship of local and generalized system coordinates 

3. Dynamic equations of split torque transmission system 
3.1. Relationship between angular displacement and linear displacement 

The relative displacement of the meshing gear pair in the direction of meshing line is defined 
as the dynamic transmission error. According to the geometrical relationships shown in Fig. 3, for 
split torque stages and torque confluence stages gears, the relationship displacement of the 
meshing line and the twist angle can be expressed as: 

⎩⎪⎨
⎪⎧𝑌ଵ௦ = (−𝑌 + 𝑟𝜑) − (𝑌ଵ∗ + 𝑟ଵ௦𝜑ଵ௦) − 𝑒ଵ௦,𝑌ଶ௦ = (−𝑌∗ + 𝑟𝜑) − (𝑌ଶ + 𝑟ଶ௦𝜑ଶ௦) − 𝑒ଶ௦,𝑌ଵ = (−𝑌ଵ + 𝑟ଵ𝜑ଵ) − (𝑌∗ + 𝑟𝜑) − 𝑒ଵ,𝑌ଶ = (−𝑌ଶ∗ + 𝑟ଶ𝜑ଶ) − (𝑌 + 𝑟𝜑) − 𝑒ଶ, (3)

where 𝑌ଵ௦ , 𝑌ଶ௦ , 𝑌ଵ  and 𝑌ଶ  respectively express the relative displacement of 𝑍  and 𝑍ଵ௦, 𝑍 and 𝑍ଶ௦, 𝑍 and 𝑍ଵ, 𝑍 and 𝑍ଶ along the direction of the meshing line. 𝑟, 𝑟ଵ௦, 𝑟ଶ௦, 𝑟ଵ, 𝑟ଶ and 𝑟 respectively express the base circle radius of 𝑍, 𝑍ଵ௦, 𝑍ଶ௦, 𝑍ଵ, 𝑍ଶ and 𝑍. 
According to the coordinates of the input stage bevel gears shown in Fig. 4, the relation 

between the dynamic relative displacement 𝑌ଶ along the meshing line and the rotation angle 
displacement of the bevel gears can be expressed as: 𝑌ଶ = (−𝑋 − 𝑋)𝑃 + (𝑍 + 𝑍)𝑃        +(𝑌 − 𝜑𝑟 + 𝑌 + 𝜑𝑟)𝑃 − 𝑒ଶ, (4)

where 𝑟   and 𝑟  express the radius of mesh points of bevel gears. Calculation parameters 𝑃, 𝑃 and 𝑃 can be expressed as: 

൝𝑃 = sin𝛿sin𝛽cos𝛼 + cos𝛿sin𝛼,𝑃 = cos𝛽cos𝛼,𝑃 = cos𝛿sin𝛽cos𝛼 − sin𝛿sin𝛼, (5)
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where 𝛼 is the normal pressure angle of 𝑍, 𝛽 is the helix angle, and 𝛿 is the pitch cone 
angle. 

 
Fig. 4. Input stage bevel gear coordinate system 

The relative angular shaft displacement is transformed into the torsion line displacement, and 
it can be represented as: 

⎩⎪⎨
⎪⎧𝑌 = 𝑟(𝜑 − 𝜑),𝑌 = 𝑟(𝜑 − 𝜑),𝑌ଵ௦ଵ = 𝑟ଵ௦ଵ(𝜑ଵ௦ − 𝜑ଵ),𝑌ଶ௦ଶ = 𝑟ଶ௦ଶ(𝜑ଶ௦ − 𝜑ଶ),𝑌 = 𝑟(𝜑 − 𝜑),  (6)

where 𝑌 , 𝑌 , 𝑌ଵ௦ଵ , 𝑌ଶ௦ଶ  and 𝑌  respectively express the torsion linear displacement of 
input shaft, split torque shaft, dual-gear shaft 1, dual-gear shaft 2 and output shaft. 𝑟, 𝑟, 𝑟ଵ௦ଵ, 𝑟ଶ௦ଶ and 𝑟 respectively express the equivalent radius of the shafts.  

3.2. Mechanical analysis of gear transmission 

Letting 𝐹ଶ , 𝐹௦  and 𝐹ଶ  be meshing forces of input stage, split torque stages and 
torque confluence stages gear pairs respectively, then they can be represented as: 

൞𝐹ଶ = 𝐾ଶ𝑌ଶ + 𝑐ଶ𝑌ሶଶ,𝐹௦ = 𝐾௦𝑌௦ + 𝑐௦𝑌ሶ௦,𝐹 = 𝐾𝑌 + 𝑐𝑌ሶ,  (7a)

where 𝑌ሶଶ , 𝑌ሶ௦  and 𝑌ሶ  are the derivative of the displacement, indicating the velocity. 𝐾ଶ, 𝐾௦ and 𝐾 represent the time-varying meshing stiffness.𝑐ଶ, 𝑐௦ and 𝑐 
denote the gear mesh damping. The expressions of the time-varying meshing stiffness are the same 
[23], which can be expressed as: 

𝐾(𝑡) = 𝑘 +  𝐴 cos(𝑙𝜔𝑡 + 𝜙)ேୀଵ , (7b)

where 𝑘 denotes the mean value of the time-varying meshing stiffness of the corresponding gear 
pairs, 𝐴 is the 𝑙th order harmonic amplitude of the time-varying meshing stiffness, 𝜔 represents 
the angular frequency of the gear, and 𝜙 is initial phase angle. The expressions of gear mesh 
damping are the same [24], which can be expressed as: 
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𝑐 = 2𝜁ඨ 𝑚ଵ𝑚ଶ𝑚ଵ + 𝑚ଶ 𝑘, (7c)

where 𝑚ଵ and 𝑚ଶ represent the mass of the pinion and the gear, respectively, and 𝜁 is gear mesh 
damping ratio. 

Letting 𝑓௦  and 𝑓  be the tooth surface frictions of split torque stages and torque 
confluence stages gear pairs, then they can be represented as: 

൜𝑓௦ = 𝜇௦𝐹௦,𝑓 = 𝜇𝐹, (8)

where 𝜇௦  and 𝜇  respectively express the time-varying friction coefficient of the tooth 
surface. The calculation model of friction coefficient used in this paper is based on the theory of 
elasto-hydrodynamic lubrication theory (EHL), because the research shows that the friction 
coefficient based on the elasto-hydrodynamic lubrication theory is close to that obtained by 
experiment [25]. According to the calculation model, the friction coefficient can be expressed as: 

ቊ𝜇 = 𝑒(ௌோ,,௩బ,ௌ)𝑃మ|𝑆𝑅|య𝑉ల𝑣ళ𝑅ఴ,𝑓(𝑆𝑅, 𝑃, 𝑣, 𝑆) = 𝑏ଵ + 𝑏ସ|𝑆𝑅|𝑃logଵ(𝑣) + 𝑏ହ𝑒ି|ௌோ|୪୭భబ(௩బ) + 𝑏ଽ𝑒ௌ, (9)

where 𝑣 expresses the dynamic viscosity of lubricating oil, 𝑃  is the largest Hertzian contact 
stress, and 𝑆  is the root mean square of tooth flank roughness. 𝑉 , 𝑆𝑅  and 𝑅  express the 
entrainment velocity, slip-roll ratios and comprehensive curvature radius at the point of meshing 
tooth flank, respectively. The parameter 𝑏ଵ to 𝑏ଽ is the test parameter shown in Table 1. 

Table 1. Empirical parameters of EHL 
Parameter 𝑏ଵ 𝑏ଶ 𝑏ଷ 𝑏ସ 𝑏ହ 𝑏 𝑏 𝑏଼ 𝑏ଽ 

Value –8.916 1.033 1.036 –0.354 2.812 –0.101 0.753 –0.391 0.620 

The meshing forces and friction can be decomposed into three components in the 𝑥, 𝑦 and 𝑧 
directions in the generalized coordinate system. Summing components in the same directions can 
obtain the resultant force on each shaft, which can be described respectively as follows: 

⎩⎪⎪
⎪⎪⎪
⎪⎨
⎪⎪⎪
⎪⎪⎪
⎧𝐹௫ = 𝐹ଶ𝑃,𝐹௬ = 𝐹ଶ𝑃,𝐹௭ = 𝐹ଶ𝑃,𝐹௭ = −𝐹ଶ𝑃,𝐹௫ = −𝐹ଶ௦sin𝜃 − 𝑓ଵ௦ − 𝑓ଶ௦cos𝜃,𝐹௬ = 𝐹ଶ௦cos𝜃 + 𝐹ଵ௦ + 𝑓ଶ௦sin𝜃,𝐹ଵ௫ = −𝐹ଵ௦sin𝜃′ଵ − 𝑓ଵ − 𝑓ଵ௦cos𝜃′ଵ,𝐹ଵ௬ = 𝐹ଵ௦cos𝜃′ଵ + 𝐹ଵ + 𝑓ଵ௦sin𝜃′ଵ,𝐹ଶ௫ = −𝐹ଶsin𝜃′ଶ − 𝑓ଶ௦ − 𝑓ଶcos𝜃′ଶ,𝐹ଶ௬ = 𝐹ଶcos𝜃′ଶ + 𝐹ଶ௦ + 𝑓ଶsin𝜃′ଶ,𝐹௫ = −𝐹ோଵsin(𝜃ோ + 𝜃) − 𝐹ோଶsin𝜃 − 𝐹ଵsin𝜃     −𝑓ଶ − 𝑓ோଵcos(𝜃ோ + 𝜃) − 𝑓ோଶcos𝜃 − 𝑓ଶcos,𝐹௬ = 𝐹ோଵcos(𝜃ோ + 𝜃) + 𝐹ோଶcos𝜃 + 𝐹ଶ + 𝐹ଵcos𝜃      + 𝑓ோଵsin(𝜃ோ + 𝜃) + 𝑓ோଶsin𝜃 + 𝑓ଶsin.

 (10)
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3.3. Differential equations of transmission system 

Utilizing the Lagrange equation, the vibration differential equations of the train system shown 
in Fig. 1 can be deduced. Under the action of input torques 𝑇ோ, 𝑇 and load 𝑇, the torsional 
vibration differential equations of the gears can expressed as follows: 

⎩⎪⎪
⎪⎪⎨
⎪⎪⎪⎪
⎧𝐼𝜑ሷ  = 𝑇 − 𝐾(𝜑 − 𝜑) − 𝑐(𝜑ሶ  − 𝜑ሶ ),𝐼𝜑ሷ  = 𝐾(𝜑 − 𝜑) + 𝑐(𝜑ሶ  − 𝜑ሶ ) − 𝐹௬𝑟,𝐼𝜑ሷ  = 𝐹௬𝑟 − 𝐾(𝜑 − 𝜑) − 𝑐(𝜑ሶ  − 𝜑ሶ ),𝐼𝜑ሷ  = 𝐾(𝜑 − 𝜑) + 𝑐(𝜑ሶ  − 𝜑ሶ ) − 𝐹ଵ௦𝑟 − 𝐹ଶ௦𝑟       +𝑓ଵ௦𝑟ଵ + 𝑓ଶ௦𝑟ଶ,𝐼௦𝜑ሷ ௦ = 𝐹௦𝑟௦ − 𝐾௦(𝜑௦ − 𝜑) − 𝑐௦(𝜑ሶ ௦ − 𝜑ሶ ) − 𝑓௦𝑟௦,𝐼𝜑ሷ  = 𝐾௦(𝜑௦ − 𝜑) + 𝑐௦(𝜑ሶ ௦ − 𝜑ሶ ) − 𝐹𝑟 + 𝑓𝑟,𝐼𝜑ሷ  = −𝐾(𝜑 − 𝜑) − 𝑐(𝜑ሶ  − 𝜑ሶ) + (𝐹ோଵ + 𝐹ோଶ + 𝐹ଵ + 𝐹ଶ)𝑟      −(𝑓ோଵ𝑟ோଵ + 𝑓ோଶ𝑟ோଶ + 𝑓ଵ𝑟ଵ + 𝑓ଶ𝑟ଶ),𝐼𝜑ሷ = −𝑇 + 𝐾(𝜑 − 𝜑) + 𝑐(𝜑ሶ  − 𝜑ሶ),

 (11)

where 𝑟 is the friction torque of friction 𝑓௦ on the gear 𝑍. Similarly, 𝑟௦ is the friction 𝑓௦  on the gear 𝑍, and 𝑟 is the friction 𝑓 on the gear 𝑍. The differential equations of 
transverse shaft vibration can expressed as follows: 

⎩⎪⎪
⎪⎪⎪
⎨⎪
⎪⎪⎪⎪
⎧𝑚௫𝑋ሷ = 𝐹௫ − 𝐾௫𝑋 − 𝑐௫𝑋ሶ,𝑚௬𝑌ሷ = 𝐹௬ − 𝐾௬𝑌 − 𝑐௬𝑌ሶ,𝑚௭𝑍ሷ = 𝐹௭ − 𝐾௭𝑍 − 𝑐௭𝑍ሶ,(𝑚 + 𝑚)𝑋ሷ = 𝐹௫ − 𝐾௫𝑋 − 𝑐௫𝑋ሶ,(𝑚 + 𝑚)𝑌ሷ = 𝐹௬ − 𝐾௬𝑌 − 𝑐௬𝑌ሶ,(𝑚 + 𝑚)𝑍ሷ = 𝐹௭ − 𝐾௭𝑍 − 𝑐௭𝑍ሶ,(𝑚 + 𝑚௦)𝑋ሷ = 𝐹௫ − 𝐾௫𝑋 − 𝑐௫𝑋ሶ,(𝑚 + 𝑚௦)𝑌ሷ = 𝐹௬ − 𝐾௬𝑌 − 𝑐௬𝑌ሶ,𝑚𝑋ሷ = 𝐹௫ − 𝐾௫𝑋 − 𝑐௫𝑋ሶ,𝑚𝑌ሷ = 𝐹௬ − 𝐾௬𝑌 − 𝑐௬𝑌ሶ.

 (12)

According to the Eq. (3), Eq. (6) and Eq. (11), the torsional angle displacement of gears can 
be transformed into the linear displacement of gear pair along the line of action. So, this linear 
displacement vibration differential equation 𝑌ሷோଵ௦ of split torque stages gear 𝑍ோ and 𝑍ோଵ௦ can be 
expressed as: 

𝑌ሷோଵ௦ = − 𝐹ோ௬ − 𝐾ோ௬𝑌ோ௬𝑀ோ + 𝐹ோଵ௫ − 𝐾ோଵ௫𝑋ோଵ𝑀ோଵ sin𝜃′ோଵ − 𝐹ோଵ௬ − 𝐾ோଵ௬𝑌ோଵ𝑀ோଵ cos𝜃′ோଵ        −𝐹ோଵ௦ 𝑟ோଵ௦ଶ𝐼ோଵ௦ + (𝐾ோଵ௦ଵ𝑌ோଵ௦ଵ + 𝑐ோଵ௦ଵ𝑌ሶோଵ௦ଵ) 𝑟ோ𝑟ோ𝐼ோ       −൫𝐾ோଵ௦ଵ𝑌ோଵ௦ଵ + 𝑐ோଵ௦ଵ𝑌ሶோଵ௦ଵ൯ 𝑟ோଵ௦𝑟ோଵ௦ଵ𝐼ோଵ௦ − (𝐹ோଵ௦ + 𝐹ோଶ௦) 𝑟ோଶ𝐼ோ  (13)

      + 𝑓ோଵ௦𝑟ோଵ௦𝑟ோଵ௦𝐼ோଵ௦ + (𝑓ோଶ௦𝑟ோଶ + 𝑓ோଵ௦𝑟ோଵ) 𝑟ோ𝐼ோ − 𝑒ሷோଵ௦, 
where 𝑀ோଵ = 𝑚ோଵ + 𝑚ோଵ௦. Similarly, others linear displacement vibration differential equations 
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can be obtained. 
According to the Eq. (6) and Eq. (11), the torsional angle displacement of shafts can be 

transformed into the linear displacement. So, this linear displacement vibration differential 
equation 𝑌ሷோଵ௦ଵ can be expressed as: 

𝑌ሷோଵ௦ଵ = 𝐹ோଵ௦𝑟ோଵ௦𝑟ோଵ௦ଵ − 𝐾ோଵ௦ଵ𝑌ோଵ௦ଵ + 𝑓ோଵ௦𝑟ோଵ௦𝑟ோଵ௦ଵ − 𝑐ோଵ௦ଵ𝑌ሶோଵ௦ଵ𝐼ோଵ௦       + 𝐹ோଵ𝑟ோଵ𝑟ோଵ௦ଵ − 𝐾ோଵ௦ଵ𝑌ோଵ௦ଵ + 𝑓ோଵ𝑟ோଵ𝑟ோଵ௦ଵ − 𝑐ோଵ௦ଵ𝑌ሶோଵ௦ଵ𝐼ோଵ . (14)

Similarly, other differential equations of linear shaft displacement vibration can be obtained. 
Based on the above analysis, the differential equations of dynamics of the transmission system, 
which only contains the linear displacement, are obtained by simplifying. 

4. Friction stiffness and friction torque coefficient  

From Eq. (7) and Eq. (11), it can be seen that the friction and friction torque of gear pair are 
related to the factors such as the friction coefficient, meshing stiffness, friction arm and so on. The 
friction coefficient, mesh stiffness and friction arm are periodic functions with respect to time. In 
order to facilitate the subsequent calculation and analysis, the product of time-varying friction 
coefficient and time-varying meshing stiffness of gear pair is defined as the friction stiffness 𝐾𝑓, 
and the product of time-varying friction stiffness and friction arm of gear pair is defined as the 
friction torque coefficient 𝐾𝑇𝑓. They can be described as: 

൜𝐾𝑓(𝑡) = 𝜆(𝑡)𝜇(𝑡)𝐾(𝑡),𝐾𝑇𝑓(𝑡) = 𝜆(𝑡)𝜇(𝑡)𝐾(𝑡)𝑟(𝑡), (15)

where 𝜆(𝑡) is friction direction parameter. It is positive when the friction is in the positive 
direction of the coordinate system, and it will change at the pitch point. 𝑟(𝑡) is the arm of friction. 

4.1. Calculation of friction stiffness and friction torque coefficient of spur gear 

Fig. 5(a) shows a schematic diagram of the spur gear meshing. The length of contact line 𝐾𝐾′ 
remains unchanged and parallel to the axis when tooth contact begins and ends along the line of 
action. In a meshing period of gear teeth, the time-varying friction stiffness 𝐾𝑓(𝑡) and friction 
torque coefficient, 𝐾𝑇𝑓ଵ(𝑡) and 𝐾𝑇𝑓ଶ(𝑡), can be expressed as: 

ቐ𝐾𝑓(𝑡) = 𝜆(𝑡)𝜇(𝑡)𝑘𝑙,𝐾𝑇𝑓ଵ(𝑡) = 𝜆ଵ(𝑡)𝜇(𝑡)𝑘𝑙𝑅ଵ(𝑡),𝐾𝑇𝑓ଶ(𝑡) = 𝜆ଶ(𝑡)𝜇(𝑡)𝑘𝑙𝑅ଶ(𝑡), (16a)

where 𝑘 is meshing stiffness of the unit contact line, 𝑙 the length of contact line. The total friction 
stiffness and friction torque coefficient of all engagement teeth are obtained by the superposition 
of the friction stiffness and the friction torque coefficient in a meshing period, which can be 
expressed as follows: 

⎩⎪⎨
⎪⎧𝐾𝑓(𝑡) = ∑ 𝐾𝑓(𝑡),𝐾𝑇𝑓ଵ(𝑡) = ∑ 𝐾𝑇𝑓ଵ(𝑡),𝐾𝑇𝑓ଶ(𝑡) = ∑ 𝐾𝑇𝑓ଶ(𝑡). (16b)
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a) Spur gear 

 
b) Helical gear 

Fig. 5. Engagement process of cylindrical gear 

4.2. Calculation of friction stiffness and friction torque coefficient of helical gear 

Fig. 5(b) shows a schematic diagram of the helical gear meshing. The initial contact of helical 
gear teeth starts as a point and changes into a line as the teeth come into closer engagement, and 
the contact line is diagonal across the tooth face. In order to calculate the total friction stiffness 
and friction torque coefficient of helical gear, the tooth can be cut into slices of unit length along 
the face width direction. Then each slice can be regarded as a spur gear. Based on the above 
analysis of spur gear, the time-varying friction stiffness and friction torque coefficient of the slice 𝑗 at a time can be obtained as follows: 

ቐ𝐾𝑓(𝑡, 𝑗) = 𝜆(𝑡, 𝑗)𝜇(𝑡, 𝑗)𝑘𝑑𝑙,𝐾𝑇𝑓ଵ(𝑡, 𝑗) = 𝜆ଵ(𝑡, 𝑗)𝜇(𝑡, 𝑗)𝑘𝑅ଵ(𝑡, 𝑗)𝑑𝑙,𝐾𝑇𝑓ଶ(𝑡, 𝑗) = 𝜆ଶ(𝑡, 𝑗)𝜇(𝑡, 𝑗)𝑘𝑅ଶ(𝑡, 𝑗)𝑑𝑙, (17a)

where 𝑑𝑙 is unit contact line. Then the friction stiffness and friction torque coefficient of the 
meshing gear𝑖 at a time can be describe as: 

⎩⎪⎪⎨
⎪⎪⎧𝐾𝑓(𝑡) = ∑ୀଵ 𝐾𝑓(𝑡, 𝑗),𝐾𝑇𝑓ଵ(𝑡) = ∑ୀଵ 𝐾𝑓ଵ(𝑡, 𝑗),𝐾𝑇𝑓ଶ(𝑡) = ∑ୀଵ 𝐾𝑓ଶ(𝑡, 𝑗), (17b)

where 𝑚 is the number of the slices that are engaged at the moment. Substituting Eq. (17b) into 
Eq. (16b), the total friction stiffness and friction torque coefficient of gear teeth of all engaged 
helical gears are obtained by the superposition of the friction stiffness and friction torque 
coefficient in a meshing period. 

5. Tooth surface friction and dynamic transmission error 

To avoid the interference of gear meshing, the tooth matching formula is derived. Based on 
the power transmission of a helicopter, taking the minimum volume or the least weight as the 
target, the main transmission parameters shown in Table 2 are obtained by optimized designing. 
There are not good theoretical methods for solving the differential equations, because of the 
characteristics of multifactor coupling, time-varying and many degrees of freedom. Thus, the 
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Fourier series method is used to solve the equations by transforming the time varying system into 
a linear time invariant system. Time-varying parameters are divided into a not-time-varying mean 
value part and time-varying volatility part with neglecting high-order quantities. After finishing, 
the equations are transformed into a linear constant system. With the gear frequency as the 
fundamental frequency, the excitation term of meshing stiffness fluctuation and the friction 
excitation are expanded into Fourier series by selecting the first few orders of frequency. Besides, 
error excitation is also expanded into Fourier series with the shaft frequency as the fundamental 
frequency. The total system response can be obtained after the superposition of the each order 
excitation response. When the Fourier method is used to solve the time history of vibration, the 
vibration spectrum is also obtained. 

Table 2. Main parameters of transmission system 
Parameters Values 

Input power / (kW) 2000 
Input speed / (r·min−1) 20900 
Normal module of input, split torque and torque confluence stage / (mm) 3.85, 3.5, 44 
Gear ratio of input, split torque and torque confluence stage 27/74, 31/98, 23/215 
Pressure angle of input, split torque and torque confluence stage / (°) 20, 22.5, 20 
Face width of input, split torque and torque confluence stage / (mm) 45, 48, 100 
Helical angle of input and torque confluence stage / (°) 30 
Installation angles of 𝜃, 𝜃 and 𝜃 / (°) 108, 104, 150 

5.1. Analysis of friction stiffness and coefficient of friction torque of spur gear 

The calculation results of friction stiffness of spur gear are shown in Fig. 6. In the meshing 
process, the friction stiffness decreases gradually from the entry to pitch point. However, the value 
gradually increases in the reverse direction when the meshing point passes through the pitch point. 
That is because the value of relative sliding velocity and friction coefficient become larger and 
larger when the meshing point is far away from the pitch point, and the direction of relative sliding 
velocity between contact tooth flanks is changed. The results show that the friction stiffness in the 
entering meshing area is larger than that of the exiting meshing area.  

 
Fig. 6. Friction stiffness of spur gear 

The change law of friction torque coefficient and friction stiffness is the same, as shown in 
Fig. 7. This result demonstrates that the friction torque of the driving gear is the same as the 
direction of driving torque, and the friction torque of the driven gear is the same as that of the load 
torque in the engaging process from the start point to the pitch point. However, the conclusion is 
opposite when the meshing point passes through the pitch point. In the whole meshing process, 
the absolute values of friction torque coefficient of the driving gear are maximal at the end point 
of engagement, and the largest values of that for the driven gear are located at the starting point 
of engagement. 
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a) Friction torque coefficient of driving gear 

 
b) Friction torque coefficient of driven gear 

Fig. 7. Friction torque coefficient of spur gear 

5.2. Analysis of friction stiffness and coefficient of friction torque of herringbone gear 

The calculation results of friction stiffness of herringbone gear (double helical gear) are shown 
in Fig. 8. Compared to a single helical gear, the friction stiffness curve changes gently, and the 
amplitude of the alternating component is small. Furthermore, compared with a spur gear, the 
stiffness curve is continuous without mutations, and the direction of friction stiffness is constant. 
Hence the resultant friction force direction is not changed for a herringbone gear train.  

 
Fig. 8. Friction stiffness of herringbone gear 

 
a) Friction torque coefficient of driving gear 

 
b) Friction torque coefficient of driven gear 

Fig. 9. Friction torque coefficient of herringbone gear 

The change law of friction torque coefficient and friction stiffness is the same, as shown in 
Fig. 8. In addition, the amplitude of driving gear is smaller than that of the driven gear, as shown 
in Fig. 9. Compared with spur gear, the amplitude is small, and the direction of friction torque 
coefficient is unchanged. 
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Fig. 10. Transmission error along 𝑌ோଵ௦ and contribution proportion of harmonic order 

 

  
Fig. 11. Transmission error along 𝑌ோଶ௦ and contribution proportion of harmonic order 

5.3. Analysis of dynamic transmission error 

In order to study the influence of tooth flank roughness on the dynamic transmission errors of 
the system, a few of root mean squares of the roughness is analyzed to have 0.3, 0.6 and 0.9, 
respectively.  

The time-frequency domain graphs of the dynamic transmission error along the line of action 
are shown in Figs. 10-17. After comparing the time domain diagram, we gain the results that the 

0.2 0.4 0.6 0.8 1

22

24

26

28

30

 D
yn

am
ic

 tr
an

sm
is

si
on

 e
rr

or
   [μ

m
]

 Dimensionless time

 

 0.3 0.6 0.9 a 1

1 2 3 4 5 6

1

2

3

4

 C
on

tri
bu

tio
n 

pr
op

or
tio

n 
to

 e
rr

or

 Harmonic order of  split torque stage

 

 
0.3
0.6
0.9

 b 1

1 2 3 4 5 6

0.1

0.2

0.3

Co
nt

rib
ut

io
n 

pr
op

or
tio

n 
to

 e
rr

or

 Harmonic order of torque confluence stage

 

0.3
0.6
0.9

 c 1

0.2 0.4 0.6 0.8 1

23

26

29

32

 D
yn

am
ic

 tr
an

sm
is

si
on

 e
rr

or
   

 [μ
m

]

 

 

 Dimensionless time

0.3 0.6 0.9
 a 1

1 2 3 4 5 6

1

2

3

4

Co
nt

rib
ut

io
n 

pr
op

or
tio

n 
to

 e
rr

or

 Harmonic order of split torque stage

 

 
0.3
0.6
0.9

 b 1

1 2 3 4 5 6

0.1

0.2

 C
on

tri
bu

tio
n 

pr
op

or
tio

n 
to

 e
rr

 Harmonic order of torque confluence stage

 

0.3
0.6
0.9

 c 1



2901. TOOTH SURFACE FRICTION AND ITS INFLUENCE ON DYNAMIC TRANSMISSION ERROR OF DOUBLE POWER INPUT TRANSMISSION SYSTEM.  
G. H. JIN, H. Y. YANG, R. P. ZHU 

1950 JOURNAL OF VIBROENGINEERING. AUGUST 2018, VOLUME 20, ISSUE 5  

amplitude of the dynamic transmission error decreases with the increase of tooth surface 
roughness, and the trend is more obvious for the spur gear. Moreover, research results show that 
the friction and friction torque of the tooth flank increase with the increase of roughness. Due to 
the difference of friction torque coefficient, the gear meshing force decreases when the direction 
of friction and friction torque is opposite to the meshing force. 

 

  
Fig. 12. Transmission error along 𝑌ோଵ and contribution proportion of harmonic order 

 

  
Fig. 13. Transmission error along 𝑌ோଶ and contribution proportion of harmonic order 
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Fig. 14. Transmission error along 𝑌ଵ௦ and contribution proportion of harmonic order 

 

  
Fig. 15. Transmission error along 𝑌ଶ௦ and contribution proportion of harmonic order 

It could be observed from the frequency domain diagram that the influence of harmonic order 
of spur gear on the dynamic transmission error of each branch is mainly concentrated in the first 
and second orders. Besides, the harmonic order of herringbone gears also has some influence. 
With the increase of tooth surface roughness, the amplitude has a reduction in a different degree. 
Furthermore, the effects of harmonic order of split torque stages are significantly greater than 
those of torque confluence stages, as it can be seen from the error-contribution ratio. In addition, 
although the geometry of the drive system is symmetrical, and the torsional stiffness and support 
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stiffness of the shaft are equal, the gear train force is asymmetric. Thus, the gear center will 
produce lateral micro-displacement, as a result the rotational deformations of the gears are 
different, and the power of two branches is out of balance. Due to large stiffness of torque 
confluence stages, the impact of tooth surface friction is mainly reflected in the split torque stages. 

 

Fig. 16. Transmission error along 𝑌ଵ and contribution proportion of harmonic order 

 

  
Fig. 17. Transmission error along 𝑌ଶ and contribution proportion of harmonic order 

6. Conclusions 

Based on the concentrated parameter theory, considering the influence of time-varying friction 
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coefficient, time-varying meshing stiffness and the integrated error, a three-dimensional dynamic 
model with 41 degrees of freedom is developed, including the flexional, torsional and axial 
motions. According to the meshing characteristics of spur gears and helical gears, the calculation 
formulas of time-varying friction stiffness and friction torque coefficient are derived. The dynamic 
equations are solved by the Fourier series method, and the dynamic characteristics and the change 
law of system friction characteristics are obtained. Compared to a single helical gear, the friction 
stiffness curve of herringbone gear changes gently without mutations, and the direction is constant 
what makes the resultant friction force direction to be unchanged. The tooth surface roughness 
has a certain influence on the dynamic transmission error. Due to the asymmetry of the force 
caused by the structure and its deformation, as well as larger stiffness of torque confluence stages, 
the impact trend is more obvious for split torque stages. The first and second harmonic order 
frequencies of the split torque stage gears have an important influence on the dynamic 
transmission errors.  
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