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Abstract. Lamb wave-based structural health monitoring is one of the most widely used damage
detection techniques. For quantitatively identifying the damage, damage features that Lamb waves
carry may need to be carefully studied by numerical simulation. In this paper, spectral element
method (SEM) is used to simulate Lamb wave interaction with open and closed crack. Cracked
spectral element models are established for open and closed cracks, respectively. Results
calculated by SEM are compared with the conventional finite element method to verify the
proposed model. Some simulations are conducted to study different damage features between open
and closed crack models. Wave reflection and transmission ratios with different crack depths are
also quantitatively analyzed. Damage features obtained are used to conduct a simple experiment
to identify the location and size of the crack.

Keywords: Lamb wave propagation, open and closed crack, reflection and transmission, damage
feature.

1. Introduction

On-line structural health monitoring (SHM) techniques, based on Lamb waves, has been an
affordable technology. Plenty of experimental works have been carried out to identify the damage
[1-3]. Generally, for identifying quantitative damage characteristics, e.g. the crack size, depth, etc.,
theoretical and numerical studies on the damaged structures must be developed.

In theory, Shkerdin et al. [4] have analytically studied the mode conversion of Lamb wave
from each other at the tip of delamination in a composite plate. Wang et al. [5] and Yuan et al. [6]
have investigated reflection and transmission of wave mode in metal and composite beams
containing delamination and inhomogeneity. In addition, power reflection and transmission at the
damage location have been carried out and demonstrated to meet energy conservation law [5-7].
Lee et al. [8] used the local interaction simulation approach to analyze Lamb wave interaction
with fatigue cracks in an aluminum plate, and the study shows that Lamb wave amplitude and
arrival time are different for fully open and closed fatigue cracks. Peng et al. [9] investigated the
interaction between waves and fully open delamination in a composite laminate by 2D
pseudo-spectral element method, and some unique mechanisms are obtained.

Spectral element method (SEM), a finite element method in frequency domain introduced by
Beskos et al. [10] and developed by Doyle [11], attracts wide attention for its high performance
and little memory in simulating wave propagation. Ostachowicz [12] used SEM to model wave
scattering at the location of embedded open delamination in composite beams.

The objective of this paper is to look for some damage features by using SEM to model Lamb
wave propagation in an isotropic beam containing a horizontal fully open or closed crack. The
paper is organized as follows. Spectral element formulas in a contact beam are given in Section 2.
Damaged spectral element formulas, under fully and open crack condition separately, are derived
in Section 3. In Section 4, comparison of SEM results and conventional FEM results is made, and
some damaged features are obtained by simulations under open and closed crack condition,
separately. Damaged features obtained are conducted a concise experiment to identify the location
and size of the crack in Section 5. Finally, some conclusions are drawn in Section 6.
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2. Spectral element formulation in a beam
Based on first shear deformation theory, the displacement of a beam can be written as:
Ulx,y,zt) =ulx,t) —zp(x,t), W(x,vy,zt)=w(x,t), )

where u(x, t), ¢(x,t) and w(x, t) are the axial displacement, the rotation of the cross section and
the transverse displacement of the beam, respectively. x-axis is the centroidal axis.
The force including axis force N, bending moment M, and shear force V can be expressed as:

N = EAu,,, V=k2GA(w,,—¢), M =—-Elgp,,, )

where E and G are Young’s modulus and shear modulus, respectively; A and [ is the area and the
rotational inertia of the cross section; x? is shear correction factor [13].
Hamilton theory is employed to derive wave motion equations as:

Eu,v = pil, KZG(W'xx_ i) = pw, El,y+ KZGA(W'X_ b)) = p1<}'5, 3

where p is the mass density of the beam.

Substituting u = Ue i0*=08) = We~ikx=0h) and ¢ = Pe~ikx=@1) into Eq. (3), there
exists 6 roots of k (wavenumber), which denote six wave modes. The extensional wave
wavenumbers can be obtained as:

k1,2 = i p/Ea) (4)

The wavenumbers of flexural waves can be obtained as:

1 cf ¢ 1 2\ w
kyo =+ |=(1+ + 51— =, )
347 = 2( K2C52> q*w? 4 K%cz/) ¢

1 cf cf
Kse =% 2 1+K2C52 - Jq?0?

+1 . 2\
4 k2cz) ¢’

(6)

where ¢, = /G /p and c¢; = |/ E /p are shear and longitudinal wave velocities respectively. These

wave velocities are independent of the beam thickness. g = h/vV12.

There exists a cut-off frequency, w, = kcs/q. When w < w,, ks and kg are purely imaginary,

which represent non-propagating flexural waves but two evanescent (near-field) waves.
For a beam with length L, the spectral displacement can be written as:

u= ﬁle'iklx + ﬁzeikZ(L_x),

w = ﬁ3e—ik3x + ﬁ4eik4([4—x) + ﬁﬁse_iksx —_ Bﬁ6eik6(L_X)’
¢ — aﬁ3e—1k3x _ aﬁ4etk4(L—x) + ﬁse—Lka + ﬁéel’%(l‘_x),

O]

where there is a time dependence term e ~“¢ which has been suppressed here; ii;, il5 and iis are
spectral amplitudes of incident wave, and ii,, i, and fi4 are reflected amplitudes; a and § are

given by:
_ K*GkE — pw? _iK*Ghg ®
T ik%Gk; U k2GkE - pw?
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Thus, Eq. (7) can be expressed as:
u(x, w) = RA i = T, (x, w), )
where i = {fi; @i, i3 1, fs )7, and
1 1.0 0 O0 O

=0 01 1 B -=B| (10)
0 0 a —a 1 1

Ay is a diagonal (6x6) matrix with asymptotic entries in characteristic wavenumbers
(kj,j =1,2, ..., 6), which can be expressed as:

{e“kix, k; is + vereal,

+ikj(L-x) kj is — vereal,

+ikj(L—x) ; ; ; (1)

Ay, =
Tj k; is + ve imaginary,

e

e
—ikix . . .

e "%, k; is —veimaginary.

By evaluating Eq. (9) at the element nodes at x = 0, L, the element nodal displacement vector
can be expressed as:

T, (%, wy)| x=0] ~ 5
uez[l nox ]uzTu. 12
Tl (xr wn)l x=L 2 ( )

The non-singular (6x6) complex matrix T, represents the local wave characteristics of
displacement field. Eliminating the unknown wave coefficient vector & from Eq. (9) using
Eq. (12), the generic displacement field can be written in terms of the nodal displacements as:

u(x, w) = Ty (x, )Ty, *u® = R(x, w)°us, (13)

where X(x, w)¢ is the exact spectral element shape function matrix. Next, the force boundary
conditions can be evaluated for particular beam model at x = 0, L, which yield the element nodal
force vector as:

RA,| Q1RA,| ]
0 0l x=0 1 11 x=0

Ty 'u® = K°us®, 14
[QORAOxL+QlRA1xL 2 (19
where K° is the (6%6) exact spectral element stiffness matrix. From Eq. (2), @, and Q, are both
(3%3) real matrix as follows:

0 0 0 EA 0 0
Q=10 0 —k2GA| Q.= K’GA 0
0 0 0 0 0 —EI

A, is a (6x6) diagonal matrix obtained as:

d .
A1”=aA011, ]=1,,6
3. Cracked spectral element formulation

As in Fig. 1, a breathing fatigue crack in a beam usually have two typical conditions, open
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crack in Fig. 1 and closed crack in Fig. 2. In the SEM, the crack divides the beam into three regions,
two uncracked regions and one open- or closed-crack region. Each region can be considered as a
spectral beam element, whose stiffness matrix needs to be derived as K¢ for uncracked beam
element in Eq. (14). In the following sections, spectral element formulations for open and
closed-crack beam elements will be drawn.

Open crack

Fig. 1. A beam containing open crack

Closed crack

—

p(x,t? %

Fig. 2. A beam containing closed crack

3.1. Formulations for open-crack beam element

Taking the crack as boundary, an open-crack beam element can be separated into upper and
lower elements in Fig. 3. In Fig. 4.

v
M, §3 Upper element ﬂ/i NiwM,

N3 AN, YV,
== - Upperelement . —.— . _f_ . VoM M,
h V N Vl N, Vg
AV N > L, M,
h M, »n
I A yl_ .. Lowerelement _. _._. o N. Vs Lower element Ve Ng
Y &M o> Ms
N 5 N6
. . V5 M5 M6 6
Fig. 3. Open-crack beam element Fig. 4. Force equilibrium at tip of the open-crack

The upper and lower elements are both considered as individual elements, whose stiffness can
be obtained by Eq. (14) as follows:

Cl= S0 (=] e -

At the two tips of crack, displacement continuity and force equilibrium conditions can be

written as:

Uz 1 0 —h](t Us 1 0 h,](" Uy 1 0 —h](U

6 5 260 B 5 SR B S IR

¢3) lo o 11\¢) (@s) Lo o 11l (@) [0 0 1 1le,

U [1 0 hu U; N1 1 0 0 N3 1 0 0 N5

WG}Z 0 1 0HW2}, {V1}=[0 10 {V3}+ 0 1 0 [VS }, (16)
$s) lo 0o 11l¢) WM h, 0 1im;) 1-h, 0 1](Mm;

N, 1 0 O07(N, 1 0 O07(Ng

V2}=0 1 0{V4}+ 0 1 O{Vsl.

M, lh;, 0 11\M, —h, 0 1]{M,

Eq. (16) can be labeled as:

Uz = Sully, Us = Silly, Uy = Syllp, Ug = Sy, f1 = Sufs +Sifs, fo = Sufa + sife. (17
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Substituting Eq. (15) into Eq. (17), it yields:

{f1} _ |SuKiisu + siKirs;  suKihsy + siKias) {ul} -k {u1} (18)
f2) |siK¥sy + s Kis,  suKihs, + s KLys, | W2 open (uyJ*
3.2. Formulations for closed-crack beam element

As shown in Fig. 5, assuming the contacted pressure between the upper and lower elements as
p(x,t).

| S

T

Fig. 5. Closed-crack beam element

The transverse displacement is identical, i.e., w = w,, = w,, and the governing equations of
flexural waves can be derived as:

KZGAu(w:xx_ d_)wx) = p/TuW +p, . (19)
El_ud_)_wxx—l' KZG_Au(W,x __d_)u) = pI_u(»Eut (20)
K2GA (W B = AT — D, e
ELduaxt 1K2GA (W, — 1) = plihy. (22)

Combining Egs. (19) and (21) may eliminate the contact pressure p:

K2(GAW = G A= GAP1 ) = pAi. (23)
Assume the displacements as:

W = Wellkx-w 0 d;u — 5uei(kx—m 0, d;l — E)lei(kx—w ). (24)

By substituting Eq. (24) into Egs. (23), (20) and (22), the dispersion relation can be
obtained as:

K2GAk? — pAw? —ik?GAk —ik?GAk
det iK’GAk Elk? + k*GA, — pl,w? 0 =0. (25)
iK’GAk 0 ELk? + k*GA, — pl,w?

The roots of Eq. (25) denote three flexural wave modes, which are related to the un-cracked
fundamental flexural mode, A(()O)d, and the A; mode of the upper and lower beam elements, Ai”)“
and Agl)d, respectively.

The general displacement of in the cracked region can be derived as:

= —iKké =~ —iké(L- — = _iké =  —iké(l-
= ;e ikyx + fie iky (L x)’ U, = lize ikyx + fi e iky (L x)’ (26)
— ﬁse_lkox + ﬁ()e—zko(L—x) + ﬁ7e—lk1x + ﬁge_lkl(l‘_x) + ﬁge—lkzx + ﬁloe_lkZ(L_x), (27)
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(l_)u — Géu)ase—ikox _ Géu)ﬁﬁe—iko(Z—x) + Gl(u)ﬁ7e—iE1x _ Gl(u)ﬁge—ikl(i—x)

+ Gz(u)ﬁge—iﬁzx _ Gz(u)ﬁloe—iﬁz(l_,—x)’ (28)
¢_>z — Gél)ﬁse—u’cox _ Gél)ﬁee—mo(i—x) + Gl(l).ﬁ7e—iklx _ Gl(l)ﬁse—ikl(i—x) + Gz(l)ﬁge—ikzx -
— GOF, e 2l 29
where:
©) i k; .
G =——= — , n=u,l, =0,1,2.
j ET I /i2GA, + 1 J
Egs. (26)-(29) can be labeled as:
ﬁ(5><1) = §(5x10)K(10x10)ﬁ(10x1) = T(3><10)1:1(10><1)’ (30

where:

Usxy = Uy U W ¢_>u_ <5L}T, m=wDd,
7}(10x1):{ﬁ1 U, Uz Uy Us TUg U; Ug T aw}T:

A(loxlo)
:diag{[e—ikﬁx e—ikﬁ(i—x) e—ikfx e—ikf(Z—x) e~ ikox e—iko(Z—x) e~ikix e—ikl(Z—x) e—ikax e—ikz(i—x)]}_

1100 0 O0 0 0 0 0
[o 11 0 0 0 0 0 0 ]
§(5x10)=|0 000 1 1 1 1 1 1|
000 0 6¥ -6 ¢ -¢* ¢ -6
lo 000 6 -6 ¥ -6 ¥ —GZ(”J

Similarly, as derivations from Eq. (9) to Eq. (14), the relations between the nodal forces and
displacements of the upper and lower beam elements can be written as:

f_(e12><1) = R(e12x1o)ﬁf10x1)' (€2))

where:

fe={io fa fis A}

Z{Nﬁo _150 _50 o Vi MS.L Nz% Vz% Mleo NleL Vli MleL}T'

And:
ue={ug u} ={ag, uf, ws éL L UL UL W di i}

(L denotes the length of crack, and subscripts ‘0’ and ‘L’ represent the left and right end of the
crack).

At the two tips of crack, displacement continuity and force equilibrium conditions can be
written as:

{ﬁS} _ [5(5><3) 0(5><3)] {ﬁf} —g {ﬁf}
) [0z Ssxny ) T ag)

Fe S 0 _ _
(3%6 3x6)

{?e} = [ x® e ]fe = 5f(6x1z)fe,

2

(32)

0(3><6) 5’(3><6)
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where:
{ui us}' ={uf wi ¢f us ws @5}

And {f¢ f£3T ={N¢ V¢ M{ N V§ Mg} represent the nodal displacements and
forces of closed-crack beam element as in Fig. 5. §(Sx3) and S ' (3x6) can be written as follows:

[1 0 —h]

i |1 0o R | _ 1 00 1 00

Sex =10 1 0 ,5'(3xs)=[9 1o 0 1 0]- (33)
l001J R, 0 1 —h, 0 1
00 1

Substituting Eq. (31) to Eq. (32), the relation between the nodal forces and displacements, for
a closed-crack beam element in Fig. 5, can be obtained as:

fif e 0 _ (W
e = Srex12)K(12x10)Suoxe) ,° = Kciosea 0, (34)
2

4. Numerical results

Considering a cantilever beam containing a horizontal crack, wave propagation is studied by
spectral element method (SEM). The material of beam is aluminum, and the dimensions are
500 mm (length) x 10 mm (width) x 2 mm (thickness) as in Fig. 6. The crack is at the
middle-length of the beam. L. and H, represent the length and depth of the crack, respectively. A
bending moment M is loaded at the left end of the beam, and the right end is fixed. The
displacements of sensor points A and B are calculated to analyze wave reflection and transmission
due to crack. In SEM, FFT sampling points is set as 65536 and frequency resolution is 24.414 Hz.

Unit: mm

| 125 | | L. | 125

o 2 E— ]

! 500

Fig. 6. Schematics of the beam for numerical simulation

4.1. Modal analysis

Model analysis performed by SEM is compared with that by the finite element method (FEM)
to validate the proposed model. Three conditions, i.e., intact beam, the beam containing open crack
and closed crack, respectively, are considered. The length of the crack, L., is 100 mm and the
depth of the crack H, is 0.75 mm. In the SEM, it is conveniently calculated to look for the resonant
region of the displacement when the force is set to always white noise. However, in the FEM,
4-node plane stain element (with dimension 0.5 mmx0.5 mm) is employed to model the beam,
and open crack is modeled as duplicate nodes, while closed crack is modeled by setting the
transverse displacements of duplicate nodes equaling to each other. Table 1 shows frequency
comparison calculated by SEM and FEM in three conditions. Under open crack condition, there
are two additional local bending mode as the transverse displacement of sub-beams above and
below open crack is independent with each other. It can be seen that natural frequencies of each
mode calculated by SEM and FEM reach a good consistency, which verifies the proposed model.

4.2. Wave propagation in an intact beam

When there is no crack in the beam, i.e. L, = 0, the bending moment, a five-peaked and
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Hanning-windowed sinusoidal toneburst, is loaded at the left end of beam to generate A0 wave.
Fig. 7 is the displacement of point A under excitation with central frequency 200 kHz. The first
wave is incident AO wave, and the second wave is reflected A0 wave from the right end of the
beam. The second wave packet in Fig. 7 denotes that A0 wave is dispersive when it propagates
along the beam. The time and distance of flight between two packets in Fig. 7 are 278.4 us and
750 mm, respectively. Group velocity of A0 wave can be calculated as 2.694 km/s.

As the central frequency of the bending moment varies from 50 kHz to 400 kHz with a step of
50 kHz, similarly, group velocities can be calculated in comparison with analytical results as seen
in Fig. 8. It can be observed that results calculated by SEM achieve a good agreement with
analytical results, demonstrating the effectiveness of the proposed SEM model.

Table 1. Comparison of natural frequencies by FEM and SEM in three conditions

FEM SEM
Intact |Open crack|Closed crack| Intact |Open crack|Closed crack
Ist bending (Hz) 6.581 6.553 6.553 6.556 6.533 6.533
2nd bending (Hz) 41.239 | 41.181 41.192 41.222 | 41.151 41.151
3rd bending (Hz) 115.460| 106.223 106.240 [115.418| 106.287 106.287
4th bending (Hz) 226.222| 221.573 223.171 226.163| 221.562 223.135
5th bending (Hz) 373.891| 315.484 | 315.935 |373.792| 315.761 | 316.095
Local 1st bending of sub-beam
above the o rga ok (Hr) 417.952 422.930
6th bending (Hz) 558.401| 547.711 | 522.030 [558.232| 550.126 | 522.302
7th bending (Hz) 779.705| 660.741 665.982 [779.412] 660.990 | 655.782
8th bending (Hz) 1037.745] 915.468 | 904.859 [1037.261| 917.146 | 905.297
9th bending (Hz) 1332455/ 1081.893 | 1179.345 [1331.707| 1088.450 | 1178.762
Local 2nd bending of sub-beam|
above the crack (Hz) 1286.341 1293.704

5

# Simulation results | |
— Analytical results

Displacement (um )
o
—
Group velocity ( km/s )
)

5 L L L . .
0 100 200 300 400 0'50 100 200 300 400
Time (ps ) Frequency ( kHz )

Fig. 7. The transverse displacement in an intact beam Fig. 8. Group velocity of A0 wave
4.3. Wave propagation under open and closed crack condition
4.3.1. Wave interaction with the crack

Wave propagation in the cracked beam is studied under fully open or fully closed crack
condition. The length of the crack L. is 100 mm, and the depth of the crack H, is 0.75 mm. A
five-peaked and Hanning-windowed sinusoidal toneburst with central frequency 200 kHz is
selected the time history of the bending moment.

When the crack is fully open, Fig. 9(a) shows the transverse displacement of the sensor point
A. The first wave packet is an incident A0 wave. According to Fig. 8, the group velocity of A0
wave at 200 kHz is 2.694 km/s. Thus, it is recognized that the second wave packet is A0 wave
reflected from the left end of the crack, and relevant A0 waves reflected from the right end of the
crack and the fixed end of the beam are noted in Fig. 9. Wave packets, between reflected waves

4972 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. NOV 2017, VOL. 19, ISSUE 7. ISSN 1392-8716



2649. SPECTRAL ELEMENT METHOD FOR MODELING LAMB WAVE INTERACTION WITH OPEN AND CLOSED CRACK.
Hu SuN, AJIA ZHANG, XINLIN QING, YISHOU WANG

from the left and right ends of the crack, can be illustrated as follows: the incident A0 wave
transmits into the damaged region and converts to SO wave at the left end of the crack; this
transmitted SO wave is reflected at the right end of the crack and then transmitted into the left side
of the crack as AQ0 wave. Wave packets, between reflected waves from the right end of the crack
and fixed end of the beam, are related that the waves that reflected from the crack are reflected
from the left end of the beam and form multiple reflection and conversion between the crack and
left end of the beam. Amplitudes of reflected waves from the left and right ends of the crack is
0.239 um and 1.730 um, which indicate that reflection from the right end of the crack is the
dominant reflection compared with the left end of the crack.

Fig. 9(b) gives the transverse displacement of sensor point A under closed crack condition. It
is the same as the open crack that reflection from the left end of the crack is much less than that
from the right end of the crack. Amplitudes of reflected waves from the left and right ends of the
crack is 0.221 pm and 0.771 pm, which indicates that reflection at the crack under closed crack
condition is smaller than that under open crack condition. Hence, reflection from the fixed end of
the beam under closed crack condition, i.e. transmission from the crack, is larger than that under
open crack condition.

When the length of the crack becomes shorter as 5 mm, which is smaller than the wavelength
of A0 wave with central frequency 200 kHz, Fig. 10 gives the displacements of sensor point A
under open and closed crack conditions. It can be seen that waves reflected from the left end and
the right end are emerged into one wave packet.

4

T Vo Reflected T .
E E Incident wave . w:vchreom ! Incident wave . 5:‘\}:2211
) : { right end of i right end of
2 N (I - - -~ crack i cxack C
o T ] i
I
S : - . \ : {: = i ¢, il
g Vi g
LS Mu | o
< |
& .‘ R '___ £ : !
1 [a]
5 : :Reﬂected LI L} Reﬂec!ed b : Reﬂecled Reflected : !
i || rwave from wave from 1wave from wave from =~~~
i Iiegci“d of fixed end of H left ind of fixed end of
! rack « beam « CIAcKs beam.
i |
“o 100 200 300 “100 200 300
Time ( ps ) Time (ps )
a) b)

Fig. 9. The transverse displacement at sensor point A:
a) under open crack condition; b) under closed crack condition

)

Reflected
wave from

4

[

/o

| Incident wave . Reflected

wave from

l— 1

1 1

| |

1 1

' |

1 1
—_~ ' ' -~ L |
CRUIRY | RE P g | it s T
= | | |
= 1 LA 3 | i = ol | I ‘ |
g P 1 — i ' 5] H ! . ! 1 i
f ot s I ot — w\ﬂh{w Ll
S TR 0 Y R L
g By

2 |1 - Reflected 2 || Reflected X

| wave from i ! wave from

s fixed end of & fixed end of

Lol beam . P beam .

o 100 200 300  SEEE—T 200 300
Time (ps ) Time (ps )
a) b)

Fig. 10. The transverse displacement at sensor point A when the length of the crack is short:
a) under open crack condition; b) under closed crack condition

4.3.2. The effect of the crack depth

The reflection and transmission coefficients can convey information about the crack depth. As
in Fig. 6, the excitation frequency 200 kHz is used in the analysis, the length of the crack is

4973
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100 mm, and the crack depth ratio (compared with the thickness of the beam) varies from 0 % to
50 % with a step of 5 %. The reflection and transmission coefficients, calculated from the
displacement at sensor points A and B (Fig. 6), respectively, are defined as the ratio of the
magnitude of reflected and transmitted waves from the right end of the crack to the magnitude of
the incident wave at sensor point A. The reflection and transmission coefficients with crack depth
ratio from 50 % to 100 % are symmetric as those from 0 to 50 %.

Seen in Fig. 11(a), when the crack is fully open, the reflection coefficient starts from zero, first
increases with the crack depth ratio from 0 to 45 % and then decreases with that from 45 % to
50 %; whereas the transmission coefficient starts from 1 and changes with an opposite direction
as the reflection coefficient. It can be seen in Fig. 11(b), when the crack is fully closed, that the
reflection coefficient increases monotonically and the transmission coefficient decreases
monotonically. This difference may be illustrated as, under the open crack condition, incident
wave travels above and below crack at different group velocities and results in a time delay. Hence,
when arrival waves at the right end of the crack are in phase, a maximum in magnitude for the
reflection will occur. Otherwise, when they are out of phase, a minimum in magnitude will occur.
However, under the closed crack condition, the displacements above and below the crack are all
the same, and waves travels at the same velocity in Egs. (26)-(29).

1
1
N .
AN —a—Reflection coefficient e —e&—Reflection coefficient
\‘*u —¢ - Transmission coefficient el —# - Transmission coefficient
- =~oen_

08 e -

1

=
%

Tl
T .

~e
~—~ s
®, /

0.6 \ ¢

=
o

04 \,

=
=

=
>

Refletion/transmission coefficient
:
1
Reflection/transmission coefficient

10% 20% 30% 40% 50% 10% 20% 30% 40% 50%
Crack depth ratio Crack depth ratio

a) b)
Fig. 11. Reflection and transmission coefficients versus the crack depth:
a) under open crack condition; b) under closed crack condition

5. Experiment to identify the crack

An experiment is designed to identify the length of the crack. As in Fig. 12, a through cutting
crack, 160 mm length, is made at the middle of an aluminum beam (with dimensions 500 mm
(length) x 20 mm (width) x 2 mm (thickness)). Two piezoelectric actuators and two piezoelectric
sensors (each with dimensions 5 mm (radius) x 1 mm (thickness)), made of PbZrTiO; (PZT), are
mounted on the surface of the beam. From Section 4.3, wave reflection from the second end of
the crack is much larger than that from the first end. Wave excited by PZT A is mainly reflected
by the right end of the crack, thus, the signal received by PZT B may be used to calculate the
location of the right end of the crack. Similarly, signals excited by PZT C and received by PZT D
may locate the left end of the crack.

The excitation signal is also selected as a five-peaked and Hanning-windowed sinusoidal
toneburst. The central frequency of the excitation is 20 kHz, for there is no SO wave but only A0
wave in this frequency [14]. Fig. 13 shows signals received by PZT B at both uncracked and
cracked conditions. By comparing two figures, it is obviously seen that there is a wave packet
reflected from the crack. The first two wave packets in Fig. 13(a) represent incident A0 wave and
reflection AO wave from the right end of the beam, respectively. Flight time is extracted by wavelet
decomposition. Group velocity of A0 wave can be calculated as 1540 m/s. By analyzing the first
two wave packets in Fig. 13(b), the distance between PZT B and the right end of the crack can be
known as 208 mm. Identified right end of the crack have an error 3 mm from the real end.
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Similarly, when the signal is excited by PZT C and received by PZT D, the left end of the crack
is located with a left offset of 4 mm from the left end of the crack. Thus, the length of the crack is
identified as 167 mm, whose error may be due to the size of PZT and change of group velocity.
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Fig. 12. Schematics of experiment
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Fig. 13. Signal received by PZT B at: a) uncracked condition; b) cracked condition
6. Conclusions

This paper has the following contributions:

1) Spectral element formulas in an open or closed-cracked beam are derived separately, which
have been verified by the conventional FEM and are used to study wave propagation in the cracked
beam and look for damage feature.

2) Wave reflection when wave propagated into the crack is much smaller than that propagating
out of the crack, which can be used to identify the end of the crack and an example has been given
in the paper.

3) Wave reflection and transmission at the crack have also been studied.
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