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Abstract. The generalized S transform (GST) can flexibly adjust the change trend of the 
fundamental window function according to the frequency distribution characteristics and the 
time-frequency emphasis of vibration signal. Also, this transform can accelerate or slow down the 
time-band width change along with the frequency, in order to make the amplitude of the 
fundamental window function present the various nonlinear changes. These features are very 
constructive significance for signal analysis and processing. A time-frequency analysis method 
based on the generalized S transformation is introduced to the fault diagnosis of bearing. And the 
application principle and the steps of method applied in fault diagnosis are given. Simulated 
signals and the actual bearing fault signals from inner race, outer race and rolling body are 
processed to verify the validity of the proposed method. Results show that the method can 
effectively enhance the resolution of vibration signal not only in time domain but also in frequency 
domain. The fault characteristic frequency can be extracted from the reconstructed signal, and the 
status of bearing and the fault type of bearing can be obviously distinguished. The presented 
time-frequency method effectively improves the accuracy of the fault diagnosis of bearings. 
Keywords: generalized S transform, time-frequency analysis, high resolution processing, bearing 
fault diagnosis. 

1. Introduction 

Rolling bearing is an important part of the rotating machinery and the working condition of 
bearing directly affects the operation and the function of equipment. So, it is great significant to 
detect and diagnose the running state of bearing [1, 2]. Vibration signature analysis has been 
recognized as more frequent and reliable method of analysis [3]. High frequency resonance 
technique, localized current method, sound measurement technique and acoustic emission 
technique are some of important methods used for failure analysis of the bearing [3, 4]. Some of 
the parameters such as overall RMS, power, crest factor, spectrum, kurtosis etc. are important 
parameters to identify the health of bearing [5]. Kulkarni finished the comparison of some of 
vibration parameters such RMS amplitude, peak amplitude and kurtosis with simulated defects on 
inner and outer race of bearing [3-5].  

The common faults of rolling bearing include outer ring fault, inner ring fault, rolling body 
fault, cage fault, etc. The frequency band of fault signal is usually wide, and it has the 
characteristics of modulation, nonlinear and non-Gauss [6]. The traditional diagnosis technology 
often aims at the time domain or the frequency domain feature of vibration signal and extracts the 
feature to carry on fault recognition. While environmental noise greatly affects the accuracy of 
fault diagnosis [7, 8]. How to improve the resolution and extract the characteristic frequency is 
the key to realize the fault diagnosis of bearing. Because Fourier transform cannot reflect the 
details of the signal at the same time in the time domain and frequency domain, Fourier method 
has been gradually replaced by the wavelet transform and other processing methods in the field of  
non-stationary vibration signal processing [9]. Wavelet transform has a good application effect, 
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but it is complex to find the suitable wavelet basis function [9-11]. The ܵ  transform, as an 
alternative proposed by Stockwell at 1996, is a time-frequency spectral localization method and 
similar to the short-time Fourier transform (STFT). Meanwhile the multi-resolution analysis of 
wavelet transform is applied in S transform with a Gaussian window [12]. These years, the S 
transform is widely used and the S transform is popularized to the generalized S transform. S 
transform has the advantages of lossless transformation, no cross terms and no basic wavelet  
[13-15]. In this paper, the generalized S transform was applied in fault diagnosis of bearings. 
According to the basic principle, firstly the time-frequency spectrum of vibration signal is 
obtained, then the energy distribution coefficient is recomputed and the time-frequency spectrum 
is reset to get a high-resolution spectrum. Finally, the vibration signal is reconstructed based on 
the new spectrum and the power spectrum of reconstructed signal is calculated for fault diagnosis 
of rolling bearing. 

2. Generalized ܁ transform 

Generally, the time-frequency analysis of non-stationary signal (ݐ)ݔ is indicated as [12, 14]: 

ܨ ௫ܶ(߬, ݂) = න ஶ(ݐ)ݔ
ିஶ ߱(߬ − (1) .ݐଶగఛ݀ି݁(ݐ

Here, ߱(ݐ) is window function. When the Gauss window function ߱(ݐ) = ଵଶ√గఈ ݁షమరഀ  is chosen 
as the window function, the Eq. (1) become a special case of Gabor transform for short time 
Fourier transform. While the Gauss window width becomes narrow with the increasing of 

frequency ߙ = ଵଶమ  and ߱(ݐ, ݂) = ||√ଶగ ݁షమమమ , the Eq. (1) becomes as following, called S  
transform: 

,ݐ)ܵ ݂) = න ℎ(߬)ஶ
ିஶ ߨ2√|݂| ݁ି(ఛି௧)మమଶ ݁ିଶగఛ݀߬. (2)

In S transform, two adjustable parameters are introduced to improve the accuracy of Gauss 
window. They are ߣ and ߩ, which are used to adjust the time width and the attenuation trend of 

wavelet basis functions. At this time, window function becomes ߱(ݐ, ݂) = ఒ||√ଶగఈ ݁షഊమమమమ , and the 
Eq. (2) is called generalized S transform. The generalized S transform formula for the signal  (ݐ)ݔ is: 

ܵܩ ௫ܶ(߬, ݂) = න ାஶ(ݐ)ݔ
ିஶ ߨ√2|݂|ߣ ݁ିఒమమఛమ௧మଶ (3) .ݐ݀

In order to achieve this operation, this formula is transformed to a convolution operation of 
two functions in this paper as [15]: 

ܵܩ ௫ܶ(߬, ݂) = ሼݔ(߬)݁ିଶగఛሽ ∗ ቊන ߨ√2|݂|ߣ ݁ିఒమమఛమ௧మଶ ାஶݐ݀
ିஶ ቋ. (4)

Window function was applied energy normalization  ଶஶିஶ|(ݐ)߱| ݐ݀ = 1, then the generalized 
S transform is nondestructive reversible [16]. In order to direct link, the inverse transform of 
generalized S transform to the inverse transform of Fourier transform, inverse transform of the 
generalized S transform can be finished directly by using Fourier inverse transform [16, 17]: 
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(ݐ)ݔ = ܵܩܫ ௫ܶ(ݐ, ݂) = ܶܨܨܫ  ܵܩ ௫ܶ(ݐ, ݂)
ୀଵ ൩. (5)

The integral of time-frequency spectrum in ܵ domain is carried out along the time axis, then 
Fourier spectrum is obtained as: 

ܻ(݂) = න ܵܩ ௫ܶ(݂߬)݀߬ାஶ
ିஶ . (6)

Lastly, Fourier inverse transform is directly executed to Eq. (6), and the signal (ݐ)ݔ can be 
reconstructed as: 

(ݐ)ݔ = න ܻ(݂)ାஶ
ିஶ ݁ଶగ௧݂݀. (7)

3. Reconstruction characteristic 

A simulated signal is processed to verify the reconstruction characteristic of the generalized S 
transform: (ݐ)ݔ = ൫1 + 0.3sin(2ݐ15ߨ)൯cos൫2ݐ50ߨ + 0.5sin(2ݐ15ߨ)൯ + sin(2ݐ150ߨ). (8)

Simulated signal is composed of a sine wave with 150 Hz and a FM modulation component. 
The modulation frequency is 15 Hz and the fundamental frequency is 50 Hz in the FM signal.  
Fig. 1(a) shows the time-frequency spectrum of the simulated signal coming from the generalized 
S transform. From the figure, it can be seen that the energy distribution of signal can be expressed 
correctly in the S domain time-frequency spectrum. In the frequency band of 150 Hz and 50 Hz, 
the frequency and amplitude modulation rule of signal is presented very clearly. Fig. 1(b) shows 
the original simulated signal. Through the inverse S transform, the signal is reconstructed from 
the time-frequency spectrum shown in Fig. 1(a) according to the Eq. (5)-(7). Fig. 1(c) presents the 
reconstructed signal. Fig. 1(d) displays the difference between the reconstructed signal and the 
original signal. From Fig. 1, it can be seen that the reconstructed signal is consistent with the 
original signal and the error and the original signal differ by 15 orders of magnitude. Error can be 
ignored, as it is the computational error. There is almost no energy loss between the positive 
generalized ܵ transform to the negative generalized S transforms, which show that the generalized 
S transform is reversible. The precise time-frequency analysis ability and the reconstruction 
property of the generalized S transform provide the conditions for its further application in  
time-frequency domain. 

  
Fig. 1. Procession of a frequency modulated and amplitude modulated signal 
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4. Method to improve resolution 

After signal (݊ sampling points) is applied the generalized S transform, the time-frequency 
spectrum in every sampling point is obtained as ܵܩ ௫ܶ(ݐ, ݂) (݅ = 1, … , ݊). The time-frequency 
spectrum has good ability of time and frequency localization, and the complex problem about time 
window in Fourier transform is avoided. The energy of signal is redistributed, and energy 
distribution coefficient can be calculated as following [17-19]: 

,ݐ)ܪ ݂) =  ܵܩܯ ௫ܶ(ݐ, ݂) + ൨. (9)ܯߝ

Among them, ܯ is the maximum amplitude of time-frequency spectrum on ݐ time series. ߝ 
is a scalar which is used to compromise choosing signal-to-noise ratio (SNR) and resolution. 
Bigger is ߝ, lower is the resolution and higher SNR. On the other hand, smaller ߝ value represents 
higher resolution and lower SNR. Usually, the value of ߝ is decided depending on the actual signal 
noise level. ݍ  is used to adjust the degree of smooth. For all time point ݐ  (݅ = 1, … , ݊), the 
time-frequency spectrum is processed, a new time-frequency spectrum with high resolution can 
be obtained as: ܵܩ ௫ܶ(ݐ, ݂) = ܵܩ ௫ܶ(ݐ, ݂) • ,ݐ)ܪ ݂). (10)

According to the Eqs. (5)-(7), the signal is reconstructed based on the time-frequency spectrum 
after energy refactoring, and the signal with high resolution can be obtained. The steps to improve 
processing can be described as followings. 

1) The time-frequency spectrum of vibration signal is obtained based on the generalized S. 
Then the energy distribution coefficient is calculated and the energy of vibration signal is 
redistributed according to the Eqs. (9)-(10). 

2) The energy distribution coefficient is recalculated. Then by applying inversion S transform 
according to the Eqs. (5)-(7), the signal with high resolution is reconstructed from the processed 
time-frequency spectrum. 

3) The power spectrum of reconstructed signal is calculated to extract the fault features. 

5. Simulation 

To prove the validity of the method presented in this paper, the simulated fault signal provided 
in literature [20] is analyzed as an example: 

(ݐ)ݔ =  ܺு
ୀଵ ሾ1 + ݀(ݐ)ሿcosሾ2ݖ݇ߨ ௭݂ݐ + ߶ + ܾ(ݐ)ሿ,   ݇ = 1,2, . . . , (11) .ܪ

In Eq. (11), ܪ = ଵݔ ,2  = ଶݔ ,1.0  =  0.4, ݀ଵ(ݐ) = 0.2sin(2ݐݖ݂ߨ) , ݀ଶ(ݐ) = 0.2sin(4ݐݖ݂ߨ) ,  ܾଵ(ݐ) = 0.2sin(2ݐݖ݂ߨ),  ܾଶ(ݐ) = 0.2sin(4ݐݖ݂ߨ) , ߮ଵ = ߮ଶ = ߨ ݖ ,6/ =  18, ௭݂ =  20. So, the 
simulated signal is a frequency and amplitude modulation signal. Its main frequency is 360 Hz 
and 720 Hz. Sampling frequency is 4096 Hz, sampling points are 1000. Fig. 2 shows the time 
domain waveform of the simulated vibration signal. Fig. 3 displays the time-frequency spectrum 
in ܵ domain and the power spectrum of simulated signal before and after resolution-improvement 
processing. Fig. 3(a) expresses the time-frequency spectrum in ܵ  domain before procession.  
Fig. 3(b) shows the time-frequency spectrum in ܵ domain after procession. Fig. 3(c) demonstrates 
the power spectrum of original signal. Fig. 3(d) displays the power spectrum of the reconstructed 
signal after resolution-improvement processing. Compared Fig. 3(a) with Fig. 3(b), in the  
time-frequency spectrum, it can be seen that the time-frequency resolution and the time-frequency 
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concentration of every sampling point is improved significantly after resolution-improvement 
processing. Also, it can be drawn that the burr in the power spectrum of reconstructed signal is 
reduced. The amplitude of main frequency component (360 Hz and 720 Hz) is more outstanding 
and they energy are more concentrated. Obviously, after resolution-improvement processing, the 
much clearer time-frequency characteristics and power spectrum distribution can be obtained. 
Resolution improvement procession highlights the main frequency component and improves the 
resolution of the vibration signal, so as to provide the convenience to improve the accuracy of 
fault diagnosis. 

 
Fig. 2. The time domain waveform of simulated vibration signal 

 
a) b) 

c) 
 

d) 
Fig. 3. Time-frequency spectrum in ܵ domain and the power spectrum  
of simulated signal before and after resolution-improvement processing 

6. Experiment 

The high-resolution time-frequency analysis ability and the reconfigurable feature of the 
generalized S transform provide the conditions for its further application in time frequency 
analysis and time-frequency de-noising. Based on the generalized S transform, the time-frequency 
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resolution and time-frequency concentration are obviously improved after  
resolution-improvement processing. In the power spectrum of reconstructed signal, energy is more 
concentrated and main frequency component stand out. These features of generalized S transform 
can be used to analyze the bearing fault signals and improve the accuracy of fault diagnosis. 

The proposed principles and methods is used to analyze the measured fault signal from the 
outer ring, inner ring and rolling element of actual bearing. Data comes from the Electrical 
Engineering Laboratory of Case Western Reserve University. Fig. 4 show the time domain 
waveform of the measured fault signal. JEM SKF 6205-2RS type bearing is used. Inner diameter 
of bearing is 25.0012 mm. Outer diameter of bearing is 51.9989 mm. Thickness is 0.5906 mm and 
the diameter of joint is 39.0398 mm. Rolling body diameter is 15.0012 mm. Damage diameter of 
outer ring is 0.1778 mm. The number of the rolling element is 9, and the contact angle is 0, the 
sampling frequency is 12k Hz, the sampling points are 2048. 

 
Fig. 4. The time domain waveform of the measured fault signal:  

a) from inner race, b) from outer race, c) from rolling body 

According to the theory, the vibration failure frequency can be calculated by the following 
equations [21]. 

Fault frequency on inner race:  

݂ = 2ݖ ൬1 + ܦ݀ cosߙ൰ ݂. (12)

Fault frequency on outer race: 

݂ = 2ݖ ൬1 − ܦ݀ cosߙ൰ ݂. (13)

Fault frequency on rolling ball: 

݂ = ܦ݀ ቆ1 − ൬݀ܦ൰ଶ cosଶߙቇ ݂, (14)

where, ݂ is bearing speed, ݖ is ball number, ݀ is rolling diameter, ܦ is bearing pitch diameter, ߙ is 
rolling contact angle. So, it can be calculated that the inner race fault frequency is  ݂ ≈  158 Hz, outer race fault frequency is ݂ ≈  104 Hz, rolling body fault frequency is  ݂ ≈ 137 Hz.  

We respectively deal with the fault signal coming from inner race, outer race and rolling body. 
Analysis results of the inner ring fault signal are revealed firstly. Fig. 5 shows the time-frequency 
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spectrum in ܵ domain and the power spectrum of the inner ring fault signal before and after 
resolution-improvement processing. Fig. 5(a) shows the time-frequency spectrum in ܵ domain 
before processing. Fig. 5(a) displays the time-frequency spectrum in ܵ domain after processing. 
Fig. 5(b) illustrates the time-frequency spectrum in ܵ domain after processing. Fig. 5(c) presents 
the power spectrum of the original inner ring fault signal. Fig. 5(d) demonstrates the power 
spectrum of the reconstructed signal after resolution-improvement processing. It can be seen from 
these figures, the time-frequency resolution and the time-frequency concentration of Fig. 5(b) is 
much higher than that of Fig. 5(a). In Fig. 5(b), the energy distribution region of the signal and its 
boundary are very clear. Using the time-frequency spectrum shown in Fig. 5(b) to reconstruct 
inner ring fault signal, the power spectrum of reconstructed signal is presented in Fig. 5(d). There 
is some obvious peak near 158 Hz, 316 Hz and 374 Hz in Fig. 5(d). 158 Hz is consistent with the 
fault characteristic frequency of inner ring calculated from theory. 316 Hz and 374 Hz are 
consistent with its second harmonic and third harmonic respectively. Compared with Fig. 5(c) 
which shows the power spectrum without resolution-improvement processing, Fig. 5(d) can 
identify the characteristic frequency of fault signal more effectively. 

 
a) 

 
b) 

 
c) 

 
d) 

Fig. 5. Time-frequency spectrum in ܵ domain and the power spectrum  
of the inner ring fault signal before and after resolution-improvement processing 

Fig. 6(a), (b), (c) and (d) show the time-frequency spectrum in ܵ  domain and the power 
spectrum of outer ring fault signal after resolution-improvement processing. Similar to the analysis 
of Fig. 5, it can be seen from Fig. 6(d) that there is a significant peak in the vicinity of the frequency 
104 Hz which is consistent with the theoretical fault characteristic frequency of the outer ring. 
There is a fault in the outer ring. The analytical results are consistent with the theoretical results. 
The second harmonic and the third harmonic are clearer than that in Fig. 6(c). Their side frequency 
information is more abundant than that in Fig. 6(c). Same conclusion can be obtained from the 
analysis of Fig. 7(a), (b), (c) and (d), no repeating here. 

Obviously, the reconstructed signal after resolution-improvement processing fully utilizes the 
advantage of the generalized ܵ  transform. After reallocating the energy of obtained  
time-frequency spectrum, the reconstructed vibration signal has higher resolution not only in time 
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domain and but also in frequency domain. From the power spectrum of reconstructed signal, 
bearing condition and fault type can be clearly distinguished and the efficiency of fault diagnosis 
of bearing is effectively improved. 

 
a) 

 
b) 

 
c) 

 
d) 

Fig. 6. Time-frequency spectrum in ܵ domain and the power spectrum  
of the outer ring fault signal before and after resolution-improvement processing 

 
a) 

 
b) 

 
c) 

 
d) 

Fig. 7. Time-frequency spectrum in ܵ domain and the power spectrum  
of the rolling body fault signal before and after resolution-improvement processing 
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7. Conclusions 

The ܵ domain time-frequency analysis has advantages in the bearing fault diagnosis. The  
time-frequency spectrum in ܵ domain has a strong ability to characterize the dynamically change 
of energy distribution of bearing fault signal. The nonlinear dynamic characteristics of vibration 
signal are well portrayed using the S transform. These characteristics suggest that ܵ  domain  
time-frequency analysis method has the ability to completely illustrate the local time-frequency 
characteristics of vibration signal and provide a new way to improve analysis accuracy. The 
proposed method to redistribute the energy of vibration signal is effective. The energy distribution 
coefficient is recalculated and the signal with high resolution can be reconstructed from the 
processed time-frequency spectrum. The processed result of the actual fault signal from the rolling 
element, inner ring and outer ring affirmatively verify the effectiveness of this method in bearing 
fault diagnosis. Time-frequency analysis method based on generalized S transformation improves 
the detection accuracy for bearing fault diagnosis. 
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