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Abstract. The article considers dynamic processes mathematical modeling in a mechanical
system, consisting of an elastic hollow cylinder, surrounded by an elastic medium and containing
viscous liquid and vibrating coaxial rigid cylinder. The amplitude frequency characteristic for
investigating bending cylinder oscillations as one-mass system is defined. It is shown, that the
constructed amplitude characteristic makes it possible to define the considered system resonance
frequencies oscillations. The calculations demonstrated the significance of taking into account
viscous liquid inertia and the surrounding elastic medium.
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1. Introduction

The problems of mathematical modeling of elastic construction elements interaction with
liquid are of theoretical and practical interest [1]. For example, [2-8] deal with hydroelasticity
problems of homogeneous plates, interacting with viscous liquid layer in various settings.
Reference [9] considers the bending oscillations of a flat channel wall, interacting with pulsating
viscous liquid. References [10-12] investigate the hydroelastic oscillations of three-layered plates,
interacting with viscous pulsating liquid, as well as under inertial excitation. References [13-18]
research in the axis-symmetric problem of geometrically regular and ribbed cylinder shells, as
well as the ones, forming an annular channel. The non-linear longitudinal deformation wave
propagation in cylinder shells, filled with viscous liquid and in axis-symmetric setting is presented
in [19, 20]. Reference [21] considers membrane oscillations on an elastic foundation on the pool
bottom, the pool being filled with an ideal incompressible liquid with a free surface. References
[22, 23] are devoted to the plate oscillation investigation, the plate standing on the elastic
foundation and interacting with viscous liquid layer.

However, mathematical modeling of hydroelastic oscillations of a hollow cylinder, surrounded
by an elastic medium and containing a viscous liquid and an oscillator, remained beyond the
framework of the sources, mentioned above. Therefore, the problem under consideration is of
undoubted interest for the research.

2. Mathematical formulation

Let us consider an elastic hollow cylinder, surrounded by an elastic medium (Fig. 1). The
cylinder length is [, its thickness hy is significantly less than inner radius R;. The elastic cylinder
is simply supported at its edges. The rigid cylinder with radius R is inside the elastic cylinder,
mentioned above. The inner and outer cylinders surfaces are parallel to each other. The radial
clearance between the cylinders is filled with viscous incompressible liquid. The seals, hindering
the liquid leakage out of radial clearance, are supposed to exist on the edges. The rigid cylinder
produces harmonic oscillations according to the set law in the plane, being normal to its axis. The
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hollow cylinder, surrounded by elastic medium, makes bending oscillations, caused by inner
cylinder vibrations. Cylinders oscillations amplitudes are considerably less, than liquid layer
thickness &. The elastic medium, surrounding the inner cylinder, can be considered as Winkler
foundation.

Fig. 1. A schematic diagram of an elastic hollow cylinder, surrounded by an elastic medium and
containing viscous liquid and vibrating coaxial rigid cylinder

Let us introduce Cartesian coordinate system xyz and cylindrical coordinate system r8y. We
place coordinate systems centers in inner cylinder geometric centre in unperturbed state.
The absolute rigid cylinder displacement law has the form of:

z =zpf(wt), f(wt) =sinwt, )

where z, is the rigid cylinder oscillations amplitude, w is the frequency, t is the time.

The damping at the expense of viscous incompressible liquid is present in the considered
oscillation system. As result, transient processes will go out in the course of time. That is why, we
will restrict to the consideration the stationary harmonic oscillations study [24].

In accordance with the approach, suggested in [18], we study the deflection of a hollow
cylinder, surrounded by an elastic medium, by means of one-mass system. In so doing we consider
it in the form of a hollow rigid cylinder with equivalent mass m* and an elastic connection with
equivalent stiffness coefficient n. We find the equivalent mass m* under the condition of
distributed and one-mass systems kinematic energy coincidence, the equivalent stiffness
coefficient n being defined by means of hollow cylinder maximal deflection wy,,, under uniform
loading, equivalent to one Newton force (i.e. F* = 1 N):

12
F*
m* = (wy) ™2 f mw3dy, n= : 2)
—l/2 Wmax

Here w is the hollow cylinder deflection form function, w, is the hollow cylinder deflection
function value at the mass concentration point of one-mass system, m,. is the distributed mass per
hollow cylinder length unit.

Let us choose the bending oscillations form to be sufficiently close to the expected one and
satisfying the boundary conditions at the edges. The deflection of an annular cross section beam,
based on Winkler foundation under the uniformly distributed load is chosen as such a form. To
define this deflection, we present it in the form of a trigonometric series by longitudinal coordinate,
limited by its first member. By taking into account that the equivalent mass is concentrated in the
centre (i.e. at the point y = 0), we obtain:
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. ho EJm® k 1* m((Ry + ho)* — Ry*)
m —poﬂlh0<R1+7), n= e 1 E_]F , I = 2 )

)

where p, is the hollow cylinder material density, / is the moment of inertia of hollow
cylinder-beam cross-section, E is the Young’s modulus of outer cylinder material, k is the elastic
coefficient of Winkler foundation.

The transition to one-mass system allows to write down the hollow cylinder motion equation
in the form of:

2 U2
m'Z;+nz; =N, N= f J- pcos(6)R,dOdy, (4)
0 -1/2

where N is the force, acting on the hollow cylinder from liquid; z; = z;,,f1(wt) is the
displacement law of hollow cylinder, surrounded by elastic medium (within the frameworks of
one-mass model); p is the liquid pressure.

Viscous incompressible liquid dynamic equations, presented by Navier-Stocks equations and
continuity equation, as well [25] have the form of:

v, oV, VyoV. VaVT 4

AT R TR i
10dp 0%V, 10V, 10%V 9%V, 20V, V.
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Here v is the kinematical coefficient of the liquid viscosity; p is the liquid density, V., V,,, Vg
is the liquid velocity vector projection on coordinate axis.

The boundary conditions of Eq. (5) are the no-slip conditions for viscous liquid and the ones
for the pressure in the absence of leakage at the edges [18, 25]:

af . af
V. = cosOz;, I Vo = —sinfz,,, I =0, r=R+ 9,

df . df
Zr = cosOz,, I Vg = —sinbz,, I V, =0, r=R, (6)
p
— =0, =+-
y VT2

3. Solutions and discussions

Let us introduce dimensionless variables and the small parameters:
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r—R 2y Zm é
&= 5 (=T, 0=60, T=uwt /1=?<<1,1p:§<<1, V. = zpoUs,

Zn @ Zmw 1 pViw [ ™
Vg = W Uy, V;;: » ﬁU{, p=p0+?P, O-:ﬁ'

Here 1, A are the small parameters.

As in the considered setting ¥ = 0(1), 1 = o(1) and z;,,/z,, = 0(1), the member at 1y and
A can be omitted in the liquid dynamics Eq. (5) and in the corresponding boundary conditions
Eq. (6), written down in variables Eq. (7). As a result, we obtain liquid dynamics problem:

P 82woly ap 92U, 52waug 1 9P aZUg

e 0; - 5. - + ] - 4 T35 ’

0¢ v T FIE v o1 a2 aq FIE ®)
oU; 09Uy 0U; _

& a9 a7

With boundary conditions:

d
Uf—(zlm)( fl)cose Ug=0, U;=0, =1,
Zym / \dT 9
U—(df) 0, Ug=0 U,=0 ¢=0 aP—O =+1 ®
¢=\gg)c0s0, Up=0, Ug= , §=0, a(—,(—_.

The solution of the problem Eq. (8) with boundary conditions Eq. (9) for the established
harmonic oscillations regime takes the form of:

1 0 1
) =535 aT(1+‘P(E))+P<I>(E)] U, =

26202 6( 6
1 [ad /2P 1 a%P a2P 1 9%P df
Ug = 2_52[5(692 = 652> CAGEEIR: <692 = a§2> 1(()] ——cosb, (10)

d? d d d
P= Zsza( f_Am fl) cosf + 12y (—f— Zl—mi) cosf.

dt? z, dt? dt  z, dt

P+ w@©) + pcp(g)]

Here we introduce the symbols:

£3(she — sineg)
6 ez(che + cose) — 2&(she + sing) + 2(che — cosg)’
e(e(che + cose) — (she + sine))
B €2(che + cose) — 2¢(she + sine) + 2(che — cose)’
V(&) = F,(e§)D; — F1(€§) — 2F4(§)D,, ®(§) = 2F3(e§) — F,(€§)D, — 2F, () Dy,

F;(g8) = chsfcose{, F,(&&) = 1 [chefsinsf + sheécoseé], F;(eé) = %shs{sinsf,

y(w) =

alw) =

she — sing sing + she
F,(e§) = [chefsmsf — sheécoseé], D, = oset che’ 22 = cose T ohe
(@) = 62w ¥ 1 [shsfsinsf(sine — she) — cheécoseé (sine + she)
sor= 16) = 2¢ che + cose

sin£+she+h§_ € + she 5]
——— + cheésine sheécossé |,
che + cose
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shefsmsf(sme + she) + cheécoseé (sine — she)

)

16 = che + cose
sine — shs hefsi +sh ]
he T cose cheésineé + sheécoseé|.

In special cases we have ¥;(0) = 0, ®,;(0) = 0, P(1) = -1, P(0) = -1, ®(0) = 0,
®(1) =0.

Let us note that in the case of strongly viscous liquid, we can omit inertia members in the
Eq. (8). In this case we must take @ = 0 and y = 1 at the pressure expression. As a result, the
expressions for vector velocity liquid movement component have the form:

_ Zimdfy §2 & 1)\ /[8?P 1 9%P
US—ZEC‘)S“(TK‘— 902 T 5792 )

10P 1 0P
9 269 (52 E)' 2 5.2 a( (52 E)

By substituting Eq. (10) into Eq. (7), we obtain the expression for dimensional pressure. With
taking into account the obtained expression for dimensional pressure, Eq. (4) will take the
form of:

(m* + M)z, + Kz, + nz, = Ms + Kz, (11)
where M = mvR; (w63) 12e2a, K = mvR, 6312y, m = nR?Ip.
We write down Eq. (11) solution for the stationary harmonic oscillations regime in the

form of:

7z, = zpA(w)sin(wt + @). (12)

Here A(w) = \/(Mza)‘L +K?w?)/(n — (M + m*)w?)? + K?w? is the amplitude frequency
characteristic of a hollow cylinder, surrounded by an elastic medium and containing viscous liquid,
as well as vibrating cylinder, ¢ = arctg(Kw/((M + m*)w? —n)) — arctg(K/Mw).

We introduce the result of the hollow cylinder amplitude frequency characteristics with the
following parameters, for example: R; = 5102m, l= 6:10'm, hy= 410°m
p =1.8410° kg/m?, v = 2.5-10* m?¥s, E = 1.96:10'! Pa, p, = 7.87-103 kg/m>. In the cases of
taking into account surrounding elastic medium we adopt elastic coefficient of Winkler foundation
k = 108 N/m®. While in the cases of elastic medium neglecting we adopt k = 0. In the course of
calculation, the cases of neglecting inertia members in liquid dynamics equations we take & = 0
and y = 1 consequently M = 0, K = 12mvR,53y. The calculation results are presented in
Fig. 2.

The solid blue line is the model for k = 108 N/m? with inertia of viscous liquid being taken
into account; the dash blue line is the model for k = 0 with inertia of viscous liquid being taken
into account; the solid black line is the model for k = 103 N/m? and without inertia of viscous
liquid being taken into account; the dash black line is the model for k = 0 and without inertia of
viscous liquid being taken into account.

4. Comparison with the experimental data

Reference [26] presents the data of experimental research of the amplitudes of oscillation rigid
cylinder interacting with viscous liquid. This cylinder has an elastic suspension and is inside the
elastic cylinder filled with a viscous fluid. In other words, the rigid cylinder forms an inner wall
of the annular channel, while an elastic one forms its outer wall. The annular channel formed by
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the cylinders is set on the foundation vibrating in the vertical plane. By using our approach, we
can work out the mathematical model and make the comparison of model calculation and
experimental data. To do this, we consider outer elastic cylinder in the form of a rigid one with
equivalent mass and an elastic connection with equivalent stiffness coefficient. The equivalent
mass and equivalent stiffness coefficient are defined by Egs. (2), (3). Then the scheme of
mechanical system which was investigated in [26] can be presented as in Fig. 3.

Afw)

T T T T T )
1000 2000 3000 4000 000 6000 7000 2000 [000 10000
, rad/sec

Fig. 2. The calculation results

Fig. 3. Scheme of mechanical system

Within this calculation scheme the equations of the annular channel walls movement take the
form of:

ml(ZO + Zl) + nz, = N, mz(zo + Zz) + nyz, = —N. (13)

Here %, is the vibrating foundation acceleration; z; is the outer cylinder movement law; z, is
the inner cylinder movement law; m, is equivalent mass of outer cylinder, calculated according
to Eq. (3); m, is the inner cylinder mass; n; is the equivalent stiffness coefficient of outer cylinder
suspension, calculated according to Eq. (3) where k = 0; n, is the stiffness coefficient of inner
cylinder suspension (electronic spring); N is the viscous liquid layer between cylinder reaction
defined by Eq. (4).

Taking into consideration foundation acceleration Z, we write down the expression for
pressure in Eq. (7) as p = py + pvAw 2P — pR,Z,cosH. Further, we find expression for N out
of the solutions of hydrodynamics Eq. (10) in the form of:

N =-mZy,— MZ, — Kz, + MZ, + KZ,. (14)
Here the expressions for m, M, K coincide with Eq. (11).
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By substituting Eq. (14) into Eq. (13) and solving them for stationary harmonic oscillations
regime under Z, = —z,,,w?sinwt, we find the inner cylinder movement law:

as + b?

a2 +p2 927 ar“g(

ab, — ba
2, = Zomw? Ay (W)sin(wt + @3), Ay(w) = 2 2),

aa, + bb,

2 2 2 2 (15)
a=mn —mow?)n, —(m, + Mw*) — (n, — myw*)Mw?,

b = K(l)(nl + nz - (ml + mz)wz),

az = (mz - m)(n1 - mla)z) - M(Uz(ml + mz); bz = Kw(mz + ml).

Here zy,,? is the acceleration amplitude of vibrating foundation.

Fig. 4 presents the amplitude oscillations of the inner cylinder under various frequencies of the
foundation vibrations; the latter being defined in experimentally in [26] and calculated by Eq. (15)
under the foundation vibroacceleration amplitude zy,,w? = 1 g. In the course of calculating the
following parameters we defined according to [26]: pp = 8.4:-10° kg/m?, p = 2-10° kg/m’,
v= 3.510%m%s, E= 9.81-10°Pa, = 0.08m, &,/l= 625103, hy/l= 125107,
R,/l =3.125-10"", R, /1 = 31.875-102, m, = 225-10° kg, n, = 1.75-10*kg/s*.

The comparison of experimental data with calculation ones by the mathematical model worked
out by authors presents a good coincidence. This fact proves that the suggested approach to the
consideration of the cylinder elastic properties on the basis of one-mass model with equivalent
mass and stiffness coefficient is quite legitimate.

pm

——Cuarvel 0 Curved

T T T T T T T T
100 200 200 a0 500 600 700 200 900 1000

@, rad/sec

Fig. 4. The curve 1 is calculation data by Eq. (15); the curve 2 is experimental data from [26]
5. Conclusions

Thus, mathematical model for investigating bending oscillations of a hollow cylinder,
surrounded by an elastic medium, filled with viscous liquid and containing vibrating rigid cylinder
is suggested. The calculations showed that taking into account only the surrounding elastic
medium leads to increasing oscillation resonance frequencies. The resonance frequencies reduce,
and amplitude oscillations increase at resonance frequencies are caused by taking into account
only liquid movement inertia. Taking into account medium elasticity and viscous incompressible
liquid movement inertia simultaneously, leads to further increase resonance frequencies values
and the corresponding oscillations amplitudes. Therefore, in the course of modeling real
mechanical systems it is necessary to take into consideration viscous incompressible liquid inertia
inside hollow cylinder, as well as surrounding elastic medium presence.
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