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Abstract. This paper describes the application of the coordinate transformation matrices into the 
multi-degree of freedom vibration control. An example with an aluminum beam supported by dual 
actuators is used to derive how to create both the input transformation matrix and the output 
transformation matrix. In order to achieve the synchronous movement of the dual actuators, the 
direct actuator control test and 2DOF control test have been performed. By comparing with the 
results of the direct actuator control test without using the transformation matrix, the 2DOF control 
test proves that the transformation matrix is a powerful tool for a significant improvement in test 
control accuracy. 
Keywords: multi-degree of freedom, vibration control, transformation matrix. 

1. Background 

In the field of the environmental vibration tests, Multi-Degree of Freedom vibration test system 
is able to simulate the dynamic environment more realistically and expose the defects of the large 
complicated structures more efficiently than by using the single axis excitation. The Multi-DOF 
vibration test technology has been greatly developed since the 1960s. In recent days, it has been 
widely used in many areas including the seismic simulation, automobile industry, aerospace,  
etc. [1-3]. 

2. The introduction of transformation matrices 

Often during the multiple actuator tests, the question arises as to how to arrange the actuators 
for driving the fixture and how to arrange the transducers for measuring the resulting motion. If 
more than just linear measurements are required, such as rotations and bending, then a matrix is 
needed to transform the linear measurements into Degrees of Freedom – the rotations and bending. 
This matrix is called The Coordinate Transformation Matrix which is determined by the geometry 
of transducers and actuators [4]. 

 
Fig. 1. Location of transformation matrices 

The transformation matrix is usually integrated within the MIMO controller software. 
However, the transformation matrix can also be located outside of a MIMO control system. 
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There are two transformation matrices needed. One is at the input to the MIMO Controller and 
the other is on the output from the MIMO Controller. It is shown in Fig. 1 where the two 
coordinate Transformation Matrices are located.  

The Input Transformation Matrix relates the Linear Input Transducer measurements, 
sometimes called system response, to the Input Degree of Freedom: 

൝݉݀݁݁ݎܨ݂ ݏ݁݁ݎ݃݁ܦݐݑ݊ܫ ൡ = ݔ݅ݎݐܽܯ݊݅ݐܽ݉ݎ݂ݏ݊ܽݎܶݐݑ݊ܫ ൩ ൝ݏݐ݊݁݉݁ݎݑݏܽ݁ܯ/ݏ݁ݏ݊ݏܴ݁ݐݑ݊ܫൡ. (1)

The Output Transformation Matrix relates the Linear Output Actuator commands to the Output 
Degrees of Freedom: 

൝ܱݏ݀݊ܽ݉݉ܥݎݐܽݑݐܿܣݐݑݐݑൡ = ܱݔ݅ݎݐܽܯ݊݅ݐܽ݉ݎ݂ݏ݊ܽݎܶݐݑݐݑ ൩ ൝ܱ݉݀݁݁ݎܨ݂ݏ݁݁ݎ݃݁ܦݐݑݐݑ ൡ. (2)

3. Creating transformation matrices 

It is shown in Fig. 2 that an example of symmetric pairs uses a beam with two accelerometer 
type transducers ܣଵ and ܣଶ located near the ends of the beam. The accelerometers are at a distance ݎ from the center of rotation. 

 
Fig. 2. Two-dimensional transducer geometry 

For translation of the beam, both accelerometers must move in the same direction and we take 
their arithmetic average: 

ܶ௧ = ଵܣ0.5 + .ଶܣ0.5 (3)

For rotation of the beam, both accelerometers must move in opposite directions. We still take 
the average but with opposite signs since the signals received from the accelerometers will have 
opposite signs if there is rotation. In addition, linear acceleration in units of g’s must be converted 
to angular acceleration in units of radian/sec2. Therefore, both the gravitational constant ܩ and the 
moment arm from the center of rotation are needed: 

ܴ௧ = ଵܣ − ݎଶ2ܣ .ܩ (4)

Converting both equations to matrix form: 

൜ ܶ௧ܴ௧ൠ =  0.5 ݎܩ0.50.5 − ݎܩ0.5 ൩ ൜ܣଵܣଶൠ. (5)

Then the input coordinate transformation matrix of this beam example is shown as following: 

 

r r
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ሾܶܯሿ௨௧ =  0.5 ݎܩ0.50.5 − ݎܩ0.5 ൩. (6)

The same inspection technique can be used to create the output transformation matrix. 
For example, suppose we had the same beam as above supported by two actuators. We have 

two DOF signals, namely translation ௗܶ௩ and rotation ܴௗ௩ from the MIMO Controller and 
we wish to convert them into actuator signals ܦଵ and ܦଶ.  

 
Fig. 3. Two-dimensional actuator geometry 

By using the method of creating input transformation matrix, the Linear Output Actuator 
commands and the Output Degrees of Freedom can be related with the following equation: 

൜ ௗܶ௩ܴௗ௩ൠ =  0.5 ݎ̃ܩ0.50.5 − ݎ̃ܩ0.5 ൩ ൜ܦଵܦଶൠ. (7)

But now, the matrix inverse must be used to solve for the actuator signal ܦଵ and ܦଶ: 

൜ܦଵܦଶൠ =  0.5 ݎ̃ܩ0.50.5 − ݎ̃ܩ0.5 ൩ିଵ ൜ ௗܶ௩ܴௗ௩ൠ. (8)

Finally, the Output Degrees of Freedom and the Linear Output Actuator Commands can be 
related with the following equation: 

൜ܦଵܦଶൠ = 1 ݎ̃ ൗ1ܩ − ݎ̃ ൗܩ ൩ ൜ ௗܶ௩ܴௗ௩ൠ. (9)

Then the output coordinate transformation matrix of this beam example is shown as following: 

ሾܶܯሿ௨௧௨௧ = 1 ݎ̃ ൗ1ܩ − ݎ̃ ൗܩ ൩. (10)

4. Test setup and validation 

4.1. Test system introduction 

It is shown in Fig. 4 that the actual dual excitation system consists of a beam and a pair of 
actuators. The beam is 0.5 meters long, which is made of aluminum. Two 20 N actuators support 
the beam near the end of it. Also, two accelerometers are located above the actuators. The test 
requires both of the two actuators move synchronously. 

The reference for the test shown in Table 1. 

 

r~ r~
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Fig. 4. Two-dimensional actuator test system 

Table 1. The reference for the dual actuator test 

Element of the reference Auto power density Cross power density 
Coherence Phase difference ݃ଵଵ 

[200-300] +15 dB/Oct 
[300-500] 1.0×10-3 g2/Hz 

[500-800] –20 dB/Oct 
– ݃ଵଶ – 0.99 0° ݃ଶଵ – [݃ଵଶ]* ݃ଶଶ 

[200-300] +15 dB/Oct 
[300-500] 1.0×10-3 g2/Hz 

[500-800] –20 dB/Oct 
/ 

4.2. Test and analysis 

In order to compare the synchronous control accuracy of this dual actuator system, both the 
direct square control test and 2DOF control test have been performed. The test results of the two 
group test will be analyzed in detail as following [5-8]. 

4.2.1. Direct actuator control 

The Direct Actuator Control method will directly control the response of the two 
accelerometers. Each of the 2 control PSD’s was specified to be the same. Control Phase was set 
to 0° and the Control Coherence specified as 0.99. Fig. 5 shows the typical control for the 2 vertical 
accelerometers mounted near the attachment points of the beam and actuators. It should be noted 
that the two PSD traces nearly overlay each other. Fig. 6 and Fig. 7 shows the coherence and phase 
difference between the two control points. Note that the coherence reaches about 0.774 at the 
frequency of 420 Hz, the first resonant frequency of the beam where the phase difference reaches 
64.8°, which is the largest one within the whole test frequency band. 

 
Fig. 5. Two control results for direct square control 

 
Fig. 6. Control coherence for direct square control 
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Fig. 7. Control phase difference for direct square MIMO control 

4.2.2. Two DOF Control 

In the second case the same two actuators and control accelerometers were used. However, in 
this case a Transformation Matrix was used to create virtual controls for translation and rotation 
motion. The input and output transformation matrices are shown as follows: 

ሾܶܯሿ௨௧ =  0.5 ݎܩ0.50.5 − ݎܩ0.5 ൩ = ቂ 0.5 0.519.6 −19.6ቃ, (11)

ሾܶܯሿ௨௧௨௧ = 1 ݎ̃ ൗ1ܩ − ݎ̃ ൗܩ ൩ = ቂ1 0.025511 −0.02551ቃ. (12)

The reference PSD for the translation was set the same as the Director Actuator Control 
Method. But the reference PSD for the rotation was set at a much lower level than the translation. 
The reason for defining a very low level of rotation is to encourage the translation while 
suppressing the rotation as much as possible. In this case, the shape of the rotation remains the 
same as translation but the level of the rotation PSD is at –40 dB of the translation, namely  
1.0×10-7 g2/Hz. Also for this test the Phase between the 2 Control vectors was set to 0° and the 
Coherence was set to 0. 

 
Fig. 8. Control of translation  

for 2 DOF control 

 
Fig. 9. Suppression of roll motion  

for 2 DOF control 

Fig. 8 and Fig. 9 shows the response of the translation degree of freedom and rotation degree 
of freedom respectively. Note that the translation response nearly overlay the reference of the 
translation while the rotation response is much higher than the reference. Fig. 10 and Fig. 11 
shows the coherence and phase difference between the 2 control points. By comparing this with 
the results of the Direct Square Control, we can see that at the resonant frequency, the coherence 
increases from 0.774 to 0.869 while the phase difference decreases from 64.8° to 31.3°. The 
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control effects were greatly improved over the whole test frequency range. It is obvious that by 
using the 2DOF Transformation matrix to control translation motion and reduce rotation motion, 
we actually achieve a pure translation of the beam. 

 
Fig. 10. Input coherence for 2 DOF control 

 
Fig. 11. Input phase difference for 2 DOF control 

5. Conclusions 

The transformation of signals from control transducers into control vectors is a very powerful 
technique. This newfound transformation flexibility has also created an opportunity to extend the 
concept to the control of tables, plates and fixtures that may normally exhibit severe torsional 
responses within the test frequency range. By using transformation matrices derived from the 
physical system geometry and control transducer placement, a significant improvement in test 
control accuracy can be perfectly achieved. 

References 

[1] Keller T., Underwood M. A. An application of MIMO techniques to satellite testing. Proceedings: 
Institute of Environmental Sciences and Technology, USA, 2001. 

[2] Underwood M. A. Multi-exciter testing applications: theory and practice. Proceedings – Institute of 
Environmental Sciences and Technology, Anaheim, CA, 2002, p. 1-10. 

[3] Norman Fitz-Coy, Hale Fitz-Coy, Michael T. On the use of linear accelerometers in 6-DOF 
laboratory motion replication: a unified time-domain analysis. Proceedings of the 76th Shock and 
Vibration Symposium, 2005. 

[4] Underwood Marcos A., Keller Tony Applying coordinate transformations to multi degree of freedom 
shaker control. Proceedings of the 74th Shock and Vibration Symposium, San Diego, CA, 2003. 

[5] Underwood M. A., Keller T. Understanding and using the spectral density matrix. Proceedings of the 
76th Shock and Vibration Symposium, Destin, Florida, 2005, p. 1-16. 

[6] Smallwood D. O. Random Vibration testing of a single test item with a multiple input control system. 
Proceedings of Institute of Environmental Sciences, USA, Dallas, 1982, p. 42-49. 

[7] Smallwood D. O. Multiple shaker random control with cross coupling. Proceedings of the IES, 1978, 
p. 341-347. 

[8] Peeters B., Debille J. MIMO random vibration qualification testing: algorithm and practical 
experiments. Proceedings of ESTECH 2002, Anaheim, CA, USA, 2002, p. 1-12. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /UseDeviceIndependentColor
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages true
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth 8
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [4000 4000]
  /PageSize [612.000 792.000]
>> setpagedevice


