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Abstract. Free vibration analysis of electric-magneto-elastic functionally graded plate with 
uncertain parameters is studied in this paper. The elastic, electric and magnetic parameters are 
regarded as interval variables. Interval analysis of electric-magneto-elastic functionally graded 
plate are carried out by introducing the interval algorithm into the dynamic equations. A simply 
supported electric-magneto-elastic functionally graded plate as a numerical example are provided 
to the validity of the method. 
Keywords: free vibration, electric-magneto-elastic functionally graded plate, uncertainty, interval 
algorithm. 

1. Introduction 

Electric-magneto material is a new intelligent material transforming energy from one to the 
other (among magnetic, electric and mechanical energy). Applied in ultrasonic imaging devices, 
sensors, actuators, transducers and many other emerging components, they have attracted wide 
and increasing attention to their static and dynamic behaviors in recent decades [1-7]. However, 
parameters of the studied electric-magneto-elastic structures used to consider as deterministic ones 
[8-10]. Indeed, it is very difficult to determine accurately the magnetic and electric parameters 
because errors will arise when they are manufactured or measured, specially the magneto-electric 
coefficient of mutual induction.  

There are a lot of researches on interval static and dynamic analysis of structure, Han and Jiang 
et al. [11] dealt with the wave propagation problems in composite-laminated plates subjected to 
uncertainty in load and material property combined the interval analysis method with the hybrid 
numerical method (HNM). Li, Luo and Sun [12] studied the reliability-based multiobjective 
optimization by using a new interval strategy to model uncertain parameters. Jiang and Han et.al 
[13] proposed a method to solve the nonlinear interval number programming problem with 
uncertain coefficients both in nonlinear objective function and nonlinear constraints. Based on an 
order relation of interval number, the uncertain objective function is transformed into two 
deterministic objective functions, in which the robustness of design is considered. Kang, Luo and 
Li [14] investigated the formulation and numerical solution of reliability-based optimization of 
structures exhibiting grouped uncertain-but-bounded variations. Wu, Zhao and Chen [15] 
proposed an improved interval analysis method for uncertain structures. 

2. Dynamic equations 

The coupling physic equations for anisotropic and linear electric-magneto-elastic solids are 
given by: 

ቐߪ = ߝܥ − ݁ܧ − ܦ,ܪݍ = ݁ߝ + ݃ܧ + ܤ,ܪߙ = ߝݍ + ܧߙ + ,ܪߤ ݅, ݆, ݉, ݊ = 1,2,3, (1)
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where ߪ denotes stress tensor, ߝ strain tensor, ܦ the electric displacement tensor and ܤ the 
magnetic induction tensor, ܥ , ݃  and ߤ  are the elastic, dielectric and magnetic 
permeability coefficient tensors. ݍ,  ݁  and ߙ  are piezoelectric, piezomagnetic and 
magneto-electric material coefficient tensors. 

Tenor forms of the generalized geometric equations are given by: 

۔ە
ߝۓ = 12 ൫ݑ, + ,,൯ݑ ݅, ݆ = 1, 2, ܧ,3 = −߮,,                 ݅ = 1, 2, ܪ,3 = −߰,,                 ݅ = 1, 2, 3, (2)

where ݑ is the elastic displacement, ߮ is the electric potential, ߰ is the magnetic potential. The 
comma in the subscript denotes partial derivative. 

The governing equations of electric-magneto-elastic functionally graded plate, absent of the 
body force, electric charge density, and electric current density, are given by: 

ቐߪ, = ሷݑߩ ,ܦ, = ,ܤ,0 = 0.  (3)

The functionally graded material parameters are assumed to obey exponential law across the 
thickness direction (ݖ axis): ܥ = ܥ ݁ఎ௭,     ݃ = ݃ ݁ఎ௭, ߤ = ߤ ݁ఎ௭,ݍ = ݍ ݁ఎ௭,     ݁ = ݁ ݁ఎ௭, ߙ = ߙ ݁ఎ௭, ߩ = ,݁ఎ௭ߩ (4)

where ߟ  is the exponential factor characterizing the degree of the material gradient in the ݖ-direction, and the superscript 0 is attached to indicate the material coefficients for ݖ = 0. It is 
obvious that ߟ = 0 corresponds to the homogeneous material case. 

For a special case, an orthotropic transverse isotropic solid, the material coefficients in Eq. (1) 
can be written as: 

ሾܥሿ =
ێێۏ
ێێێ
ଵଵଵଵܥۍ ଵଵଶଶܥ ଵଵଷଷܥ 0 0 ଶଶଶଶܥ0 ଶଶଷଷܥ 0 0 ݉ݕݏ0 ଷଷଷଷܥ 0 0 ଶଷଶଷܥ0 0 ଷଵଷଵܥ0 ۑۑےଵଶଵଶܥ0

ۑۑۑ
ሾ݁ሿ     ,ې =

ێێۏ
ۍێێ 0 0 ݁ଵଵଷ0 0 ݁ଶଶଷ0 0 ݁ଷଷଷ0 ݁ଶଷଶ 0݁ଷଵଵ 0 00 0 0 ۑۑے

 ,ېۑۑ

ሾݍሿ =
ێێۏ
ۍێێ 0 0 ଵଵଷ0ݍ 0 ଶଶଷ0ݍ 0 ଷଷଷ0ݍ ଶଷଶݍ ଷଵଵݍ0 0 00 0 0 ۑۑے

ሾ݃ሿ     ,ېۑۑ =  ଵ݃ଵ 0 00 ݃ଶଶ 00 0 ݃ଷଷ൩,      ሾߙሿ = ߙଵଵ 0 00 ଶଶߙ 00 0  ,ଷଷ൩ߙ
ሾߤሿ = ߤଵଵ 0 00 ଶଶߤ 00 0 .ଷଷ൩ߤ

(5)

For a simply supported and FGM rectangular plates (ܽ × ܾ), we adopt the solution of the 
generalized displacement in the form: 
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۔ۖەۖ
,ݔଵሺݑۓ ,ݕ ,ݖ ,ݔଶሺݑሻݐ ,ݕ ,ݖ ,ݔଷሺݑሻݐ ,ݕ ,ݖ ,ݔሻ߮ሺݐ ,ݕ ,ݖ ,ݔሻ߰ሺݐ ,ݕ ,ݖ ሻݐ ۙۘۖ

ۖۗ = ݁ିఎ௭ଶ ݁ఠ௧
۔ۖەۖ
ሻۙۘۖݕݍሻsinሺݔሻܽହsinሺݕݍሻsinሺݔሻܽସsinሺݕݍሻsinሺݔሻܽଷsinሺݕݍሻcosሺݔሻܽଶsinሺݕݍሻsinሺݔଵcosሺܽۓ

ۖۗ, (6)

where  = ݍ ,ܽ/ߨ݉ =  .with ݊ and ݉ are two positive integers ,ܾ/ߨ݊
Substitution of Eq. (6) into Eq. (2), the constitutive Eq. (1), and finally into the governing 

Eq. (3), yields the following eigenequation: ቂ−ટ + 2ߟ ቀ܀ + ்܀ + 2ߟ ۵ቁ − ߱ଶۻቃ ܃ = 0, (7)

where: ܃ = ሾܽଵ ܽଶ ܽଷ ܽସ ܽହሿ்,
܀ = ێێۏ

ۍێێ 0 0 ଵଵଷଷܥ ଷଵଷ݁ ଷଵଷ0ݍ 0 ଶଶଷଷܥݍ ଷଶଷ݁ݍ ଷଵଷଵܥ−ଷଶଷݍݍ ଶଷଶଷܥݍ− 0 0 ଷଵଵ݁−0 ଶଷଵ݁ݍ− 0 0 ଷଵଵݍ−0 ଶଷଵݍݍ− 0 0 0 ۑۑے
ېۑۑ ۻ     , = ێێۏ

ߩۍێ 0 0 0 00 ߩ 0 0 00 0 ߩ 0 00 0 0 0 00 0 0 0 ۑۑے0
 ,ېۑ

۵ = ێێۏ
ଷଵଷଵܥۍێێ 0 0 0 ଶଷଶଷܥ0 0 0 ݉ݕݏ0 ଷଷଷଷܥ ݁ଷଷଷ ଷଷଷ−݃ଷଷݍ ଷଷߤ−ଷଷߙ− ۑۑے

 ,ېۑۑ
ۯ =  ଵଵۯ ଶ×ଷଷ×ଶ ଶଶۯ ൨,     ۯଵଵ = −ሺܥଵଵଵଵ ଶ + ଵଶଵଶܥ ଶሻݍ ଵଵଶଶܥሺݍ− + ଵଶଵଶܥ ሻ−ݍሺܥଵଵଶଶ + ଵଶଵଶܥ ሻ −ሺܥଵଶଵଶ ଶ + ଶଶଶଶܥ  ,ଶሻ൨ݍ
ଶଶۯ = −ሺܥଷଵଷଵ ଶ + ଶଷଶଷܥ ଶሻݍ −ሺ݁ଷଵଵ ଶ + ݁ଶଷଶ ଶሻݍ −ሺݍଷଵଵ ଶ + ଶଷଶݍ ଶሻ−ሺ݁ଷଵଵݍ ଶ + ݁ଶଷଶ ଶሻݍ ଵ݃ଵ ଶ + ݃ଶଶ ଶݍ ଵଵߙ ଶ + ଶଶߙ ଷଵଵݍଶ−ሺݍ ଶ + ଶଷଶݍ ଶሻݍ ଵଵߙ ଶ + ଶଶߙ ଶݍ ଵଵߤ ଶ + ଶଶߤ ଶݍ .

(8)

3. Interval analysis of free vibration 

Let ܅ூ is an ݊-dimensional interval vector of uncertain material parameters or the load, if 
uncertainty of the density of the plate is not considered, namely, the matrix ۻ is independent of ܅ூ, and Eq. (7) can be rewritten as follows: 

ቈ−ટሺܹூሻ + 2ߟ ቆ܀ሺܹூሻ + ሺܹூሻ்܀ + 2ߟ ۵ሺܹூሻቇ − ߱ଶۻ ሺܹூሻ܃ = 0. (9)

Interval variable ܅ூ can also be expressed as: ܅ூ = ሼ܅|܅ = ܅ + ሾ−1, 1ሿ ,܅ ܅ ∈ ܴሽ, (10)

where ܅ is the interval midpoint value, ܅ the interval radius: 

܅ = ܅ + 2܅ , (11)
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܅ = ܅ − 2܅ , (12)

where ܅ denotes the lower bound, and ܅ the upper bound. 
The uncertainty level of the interval variable is defined as: 

ܹ௩ = ܹܹ × 100 %. (13)

The modal vector ܷூ can be expanded into the first-order Taylor series: 

ூ܃ = ܷሺ܅ ூሻ = ሻ ܅ሺ܃ +  ሻ߲܅ሺ܃߲ ܹ ൫ ܹூ − ܹ൯
ୀଵ . (14)

The midpoint and interval radius of ܃ூ can be obtained from Eq. (14): ܃ = ൫܃ ܹ൯, (15)܃ =  ቤ߲܃ሺ܅ሻ߲ ܹ ቤ ܹ
ୀଵ , (16)

where: 

܃ = ܃ + 2܃ ܃(17) , = ܃ − 2܃ , (18)

where ܃ denotes the lower bound, and ܃ the upper bound. 
Vibration natural frequencies of the plate can also be expanded into the first-order Taylor  

series: 

߱ூ = ߱ሺ܅ሻ +  ߲߱ሺ܅ሻ߲ ܹ


ୀଵ ൫ ܹூ − ܹ൯. (19)

The midpoint and interval radius of ߱ூ  can be obtained from Eq. (19): ߱ = ߱ሺ܅ሻ, (20)߱ =  ቤ߲߱ሺ܅ሻ߲ ܹ ቤ
ୀଵ ܹ. (21)

In order to obtain ߲߱ ߲ ܹ⁄ , Partial derivative both sides of Eq. (9) with respect to ܹ at the 
midpoint ܅, we have: 

ቈ− ߲ટሺܹሻ߲ ܹ + 2ߟ ቆ߲܀ሺܹሻ߲ ܹ + ሺܹሻ்߲܀߲ ܹ + 2ߟ ߲۵ሺܹሻ߲ ܹ ቇ − 2߱ ߲߲߱ ܹ ۻ +      ሺܹሻ܃ ቈ−ટሺܹሻ + 2ߟ ቆ܀ሺܹሻ + ሺܹሻ்܀ + 2ߟ ۵ሺܹሻቇ − ߱ଶۻ ሺܹሻ߲܃߲ ܹ = 0. (22)
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The two sides of Eq. (22) multiplied by ்܃ሺܹሻ has: 

ሺܹሻ்܃ ቈ− ߲ટሺܹሻ߲ ܹ + 2ߟ ቆ߲܀ሺܹሻ߲ ܹ + ሺܹሻ்߲܀߲ ܹ + 2ߟ ߲۵ሺܹሻ߲ ܹ ቇ − 2߱ ߲߲߱ ܹ ۻ ሺܹሻ்܃+       ሺܹሻ܃ ቈ−ટሺܹሻ + 2ߟ ቆ܀ሺܹሻ + ሺܹሻ்܀ + 2ߟ ۵ሺܹሻቇ − ߱ଶۻ ሺܹሻ߲܃߲ ܹ = 0. (23)

From Eq. (9), we have: 

ቈ−ટሺܹሻ + 2ߟ ቆ܀ሺܹሻ + ሺܹሻ்܀ + 2ߟ ۵ሺܹሻቇ − ߱ଶۻ ሺܹሻ܃ = 0. (24)

The transpose of Eq. (24) yields: 

ሺܹሻ்܃ ቈ−ટሺܹሻ + 2ߟ ቆ܀ሺܹሻ + ሺܹሻ்܀ + 2ߟ ۵ሺܹሻቇ − ߱ଶۻ்
       = ሺܹሻ்܃ ቈ−ટሺܹሻ + 2ߟ ቆ܀ሺܹሻ + ሺܹሻ்܀ + 2ߟ ۵ሺܹሻቇ − ߱ଶۻ = 0ଵ×ହ. (25)

Substitution of Eq. (25) into Eq. (23), yields the following equation: 

ሺܹሻ்܃ ቈ− ߲ટሺܹሻ߲ ܹ + 2ߟ ቆ߲൫܀ሺܹሻ + ሺܹሻ൯்߲܀ ܹ + 2ߟ ߲۵ሺܹሻ߲ ܹ ቇ − 2߱ ߲߲߱ ܹ ۻ =       ሺܹሻ܃ 0. (26)

߲߱ ߲ ܹ⁄  can be obtained from Eq. (26): 

߲߲߱ ܹ = ሺܹሻ்܃ − ∂ટሺܹሻ߲ ܹ + 2ߟ ൬߲܀ሺܹሻ߲ ܹ + ሺܹሻ்߲܀߲ ܹ + 2ߟ ߲۵ሺܹሻ߲ ܹ ൰൨ ሺܹሻ܃ۻሺܹሻ்܃ሺܹሻ2߱܃ . (27)

ሺܹሻ܃߲ ߲ ܹ⁄  can be obtained by substitution of Eq. (27) into Eq. (22) and then solution of 
Eq. (23). 

4. Numerical example and discussion 

For all the subsequent numerical examples, the interval midpoint values of the uncertain 
material parameters are given in Appendix A. The length of the plate is ܽ = 0.8 m, the width  ܾ = 0.5 m, and the thickness ℎ = 0.05 m. The exponential factor ߟ = –10, –5, 0.5, 10. 

In the paper, the following dimensionless parameters are employed: 

ݔ̅ = തݕ     ,ℎݔ = ̅ݖ     ,ℎݕ = ,ℎݖ തଵݑ = ଵ݂ℎݑଵଶଵଶܥ , തଶݑ = ଶ݂ℎݑଵଶଵଶܥ , തଷݑ = ଷ݂ℎݑଵଶଵଶܥ ,ത߮ = ଵଶଵଶ݃௦݂ℎ݁௦ܥ ߮,     ത߰ = ௦ݍ௦݂ℎߤଵଶଵଶܥ ߰, ഥ߱ = ߱ටℎܥଵଶଵଶߩ
, (28)

where ݃௦ =  10-10 As/Vm, ݁௦ = C/m2, ߤ௦ =  10-6 Vs/Am, ݁௦ = Vs/m2, ܥଵଶଵଶ =  14.4 GPa,  ߩ = 7454 Kg/m3, ݂ = 1 Pa, ℎ = 0.05 m. 
Case I. The elastic parameters are considered as uncertain, the uncertainty level ±1 % off from 
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the midpoints of the elastic parameters is investigated. The numerical results shows that the 
midpoint value and uncertainty level of the natural frequencies is symmetric about ߟ = 0 for  ߟ = –10, –5, 0.5, 10. 

Therefore, Uncertainty level of the natural frequencies (݉ = 1, ݊ = 1) is only shown in 
Table 1 for ߟ = 0.5, 10.  

Table 1. Uncertainty level of the dimensionless natural frequencies (݉ = 1, ݊ ߟ (1 = = 0 midpoint (Hz) (level) ߟ = 5 midpoint (Hz) (level) ߟ = 10 midpoint (Hz) (level) 
7.910 (0.50 %) 9.083 (1.19 %) 10.147 (3.41 %) 
8.805 (0.08 %) 9.489 (0.73 %) 12.752 (1.57 %) 

16.770 (0.07 %) 17.073 (0.33 %) 18.072 (1.31 %) 

It can be seen from Table 1 that no matter how much the exponential factor is, uncertainty 
level of the dimensionless natural frequencies will decrease with increase of the dimensionless 
natural frequencies. For the same order dimensionless natural frequency, uncertainty level of the 
dimensionless natural frequencies will increase with the exponential factor. 

Case II. The piezomagnetic coefficients are considered as uncertain, the uncertainty level ±1 % 
off from the midpoints of the piezomagnetic coefficients is investigated. The numerical results 
show that the midpoint value and uncertainty level of the dimensionless natural frequencies is 
symmetric about ߟ = 0 for ߟ = –10, –5, 0.5, 10. Therefore, Uncertainty level of the dimensionless 
natural frequencies (݉ = 1, ݊ = 1) is only shown in Table 2 for ߟ = 0.5, 10.  

Table 2. Uncertainty level of the dimensionless natural frequencies (݉ = 1, ݊ ߟ (1 = = 0 midpoint (Hz) (level) ߟ = 5 midpoint (Hz) (level) ߟ = 10 midpoint (Hz) (level) 
7.910 (1.32×10-7 %) 9.083 (1.90×10-7 %) 10.147 (8.89×10-8 %) 

8.805 (0.00 %) 9.489 (4.63×10-7 %) 12.752 (1.20×10-6 %) 
16.770 (0.00 %) 17.073 (2.89×10-8 %) 18.072 (8.13×10-8 %) 

It can be seen from Table 2 that no matter how much the exponential factor is, uncertainty 
level of the dimensionless natural frequencies is so small that it can be ignored. This can be 
explained that the piezomagnetic coefficients does not cause a change in the mass of the plate, and 
it has only a very small effect on the stiffness of the plate. Therefore, the dimensionless natural 
frequencies of the plate mainly determined by elastic parameters and mass of the plate. 

Case III. The piezoelectric coefficients are considered as uncertain, the uncertainty level ±1 % 
off from the midpoints of the piezoelectric coefficients is investigated. The numerical results show 
that the midpoint value and uncertainty level of the dimensionless natural frequencies is symmetric 
about ߟ = 0 for ߟ = –10, –5, 0.5, 10. Therefore, Uncertainty level of the dimensionless natural 
frequencies (݉ = 1, ݊ = 1) is only shown in Table 3 for ߟ = 0,5, 10.  

Table 3. Uncertainty level of the dimensionless natural frequencies (݉ = 1, ݊ ߟ (1 = = 0 midpoint (Hz) (level) ߟ = 5 midpoint (Hz) (level) ߟ = 10 midpoint (Hz) (level) 
7.910 (1.77×10-9 %) 9.083 (2.54×10-9 %) 10.147 (1.1.9×10-9 %) 

8.805 (0.00 %) 9.489 (6.18×10-9 %) 12.752 (1.60×10-8 %) 
16.770 (0.00 %) 17.073 (3.86×10-10 %) 18.072 (1.09×10-9 %) 

It can be seen from Table 3 that no matter how much the exponential factor is, uncertainty 
level of the dimensionless natural frequencies is so small that it can be ignored. There is the same 
explanation as the piezomagnetic coefficients.  

It can also be seen from comparison between table 2 and table 3 that for the same uncertainty 
level off from the midpoints, the piezomagnetic coefficients can cause much larger uncertainty 
level of the dimensionless natural frequencies than the piezoelectric coefficients. This is the cause 
that the piezomagnetic has a greater influence on the stiffness of the plate than the piezoelectric 
coefficient. 
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5. Conclusions 

The elastic, electric and magnetic parameters are regarded as interval variables. Interval 
analysis of electric-magneto-elastic functionally graded plate are carried out by introducing the 
interval algorithm into the dynamic equations. 

The numerical result shows: 
1) The elastic parameters are considered as uncertain, no matter how much the exponential 

factor is, uncertainty level of the dimensionless natural frequencies will decrease with increase of 
the dimensionless natural frequencies. For the same order, dimensionless natural frequency, 
uncertainty level of the dimensionless natural frequencies will increase with increase of the 
exponential factor.  

2) The piezomagnetic coefficients are considered as uncertain, no matter how much the 
exponential factor is, uncertainty level of the dimensionless natural frequencies is so small that it 
can be ignored. This can be explained that the piezomagnetic coefficients does not cause a change 
in the mass of the plate, and it has only a very small effect on the stiffness of the plate. 

3) The piezoelectric coefficients are considered as uncertain, no matter how much the 
exponential factor is, uncertainty level of the dimensionless natural frequencies is so small that it 
can be ignored.  
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Appendix 

The midpoint values of magnetic, electric and material parameters are given by: 

۱ = ێێۏ
79.7ۍێێ 35.8 35.8 0 0 035.8 79.7 35.8 0 0 035.8 35.8 66.8 0 0 00 0 0 17.2 0 00 0 0 0 14.4 00 0 0 0 0 ۑۑے14.4

ېۑۑ  GPa, 
ૄ = 5.4 0 00 5.4 00 0 5.4൩ × 10ିܸܵ/ܯܣ, 
 = 3.8 0 00 3.8 00 0 3.8൩ × 10ିଵݏܣ ܸ݉⁄ , 
݁ =  0 0 0 0 10.5 00 0 0 10.5 0 0−5.9 −5.9 15.2 0 0 0൩ ܿ/݉ଶ, 
ݍ =  0 0 0 0 108.3 00 0 0 108.3 0 0−60.9 −60.9 156.8 0 0 0൩ Vs mଶൗ , 
ߩ = 7454݇݃݉ଷ ߙ     , = 3.0 0 00 3.0 00 0 3.0൩ × 10ିଵଶܰݏ ܸ݉⁄ .
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