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Abstract. The problem of straight-line path following for asymmetric unmanned platform 
exposed to unknown disturbances was addressed in this paper. The mathematical model of 
asymmetric unmanned platform was established and the inputs in sway and yaw directions were 
decoupled, which facilitated the establishment of control strategy of path following. The guidance 
law and the cross-track error were derived from the classical line-of-sight (LOS) guidance 
principle. And the equilibrium point of the cross-track error was proven to be uniformly 
semiglobally exponentially stable (USGES), which guaranteed the exponential convergence to 
zero. A new disturbance estimation law was developed by adding a linear item of the estimation 
error into the classical one, which improved the principle’s precision and sensitivity dramatically. 
The control strategy was developed based on the integrator backstepping technique and the new 
disturbance estimation law, which made the equilibrium system to be uniformly globally 
asymptotically stable (UGAS). Computer simulations were conducted to verify the effectiveness 
of the estimation and control laws during straight-line path following for asymmetric unmanned 
platform in the presence of unknown disturbances. 
Keywords: asymmetric unmanned platform, disturbance estimation, integrator backstepping 
technique, line-of-sight guidance, path following. 

1. Introduction 

Unmanned platforms, as a kind of surface vessels, rely heavily on the guidance systems to 
accomplish path following scenarios [1], especially for asymmetric ones exposed to 
environmental disturbances such as wind, waves and currents. An overview of path following 
methods for unmanned surface vessels has been developed in [2, 3]. The path following methods 
for underactuated vehicles in the presence of large modeling parametric uncertainty using adaptive 
supervisory control that combines logic-based switching with Lyapunov-based techniques are 
discussed in [4]. An alternative model-based approach for robust adaptive path following is 
proposed in [5] and [6] on the basis of adaptive sliding mode control. The same problem was 
investigated in [7-9]. In [7, 9], the problem was formulated by a global diffeomorphism combined 
with backstepping technique, while in [8] was formulated by applying Serret-Frenet frame and 
model predictive control method. All the aforementioned references propose strategies under the 
assumption that the vessel is completely symmetric, which doesn’t really hold in practice. The 
path following for asymmetric vessels has also been discussed in [10-13]. [10, 11] decoupled the 
asymmetric system into two cascaded subsystems after two times diffeomorphism, and achieved 
the convergence of the tracking errors at the cost of the computation speed. [12, 13] proposed a 
simple-structure controller on the basis of line-of-sight (LOS) guidance principle and managed to 
steer an asymmetric vessel to follow the predefined path. But LOS is susceptible to environmental 
disturbances, and [12, 13] simply discussed the path following problem in the presence of constant 
ocean currents, it is necessary to continue studying methodologies that are robust to disturbances 
such as wind, waves and currents. 

Motivated by [12, 13], based on an asymmetric unmanned platform this paper proposes a new 
simpler disturbance estimation law by adding a linear item of the estimation error into the classical 
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one, then an adaptive path following controller is established based on the integrator backstepping 
technique, which makes the equilibrium system to be uniformly globally asymptotically stable 
(UGAS). 

2. Mathematical model and problem statement 

In this section, we will present the control objective and mathematical model of the platform 
considered in this paper. 

2.1. Mathematical model 

The unmanned platform is an approximately cubic port-starboard symmetric tank [14] with 
two nozzle-fixed but opening-adjustable waterjets located on both sides at a distance of 2݈ଵ, as is 
illustrated in Fig. 1, and a differential thrust steering scheme is therefore used. While there’s a 
difference in the openings of the left and right nozzle, i.e. ߚ ≠  ., the yaw moment would produceߚ
There are two reversing tunnels connected with the nozzles, where the extra water could squirt 
out to lateral anterior at an angle ߜ  when the outlet of the nozzle is closing. ݈  denotes the 
longitudinal distance from the center of the reversing tunnel outlet to point ܱ, where ܱ represents 
the center of gravity of the platform. For simplicity, we assume that the thrust force ܶ produced 
by a single waterjet has a linear relationship with its nozzle opening [15], which is reasonable in 
practice. Consequently, applying the geometry yields: 

ቐܺ = (1 − ߚ)ܶ(௪ݐ + (ߚ − ሾ2ߜcosܶܥ − ߚ) + ܻ,)ሿߚ = (1 + ݀)ܶܥsinߚ)ߜ − ܰ,(ߚ = (1 + ݀ே)(݈ଵ + ߚ)ܶ(′ܮܥ − ,(ߚ  (1)

where ܮ′ = ݈sinߜ +  ܺ ;denote the overall length and beam of the platform ܤ and ܮ ,2/(ߜcosܤ)
and ܻ denote the surge and sway thrust forces, respectively, ܰ denotes the yaw moment. ܥ and ݐ௪ denote the reversing thrust factor and the thrust deduction fraction, respectively; ݀ and ݀ே 
denote the effect coefficients imposed on sway and yaw directions by the propellers. 

 
Fig. 1. The structure sketch of unmanned amphibious platform 

Obviously, it follows Eq. (1) that: ܰ = ݈ఛܻ, (2)
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where ݈ఛ = (1 + ݀ே)(݈ଵ + (′ܮܥ (1 + ݀)ܥsinߜ⁄ . 
Remark 1: Eq. (2) is nontrivial since the decreasement of control inputs would simplify the 

structure of path following controller. 
In most cases, it is sufficient to consider a 3 degree-of-freedom (DOF) horizontal non-linear 

maneuvering model [16-18] which is shown that: ߟሶ = ۻ     ,்߭(߰)܀ ሶ߭ + ۱(߭)߭ + ۲߭ = ߬ + ߬௪, (3)

where િ = ሾݔ, ,ݕ ߰ሿ் ∈ ℝଷ  denotes earth-fixed position coordinates and heading angle,  ્ = ሾݑ, ,ݒ ሿ்ݎ ∈ ℝଷ denotes the body-fixed velocities. 
The matrices in Eq. (3) can be expressed as: 

(߰)܀ =  cos߰ sin߰ 0−sin߰ cos߰ 00 0 1൩ , ۻ = ்ۻ = ݉ଵଵ 0 00 ݉ଶଶ ݉ଶଷ0 ݉ଷଶ ݉ଷଷ൩,
۱(υ) =  0 0 −݉ଶଶݒ − ݉ଶଷ0ݎ 0 ݉ଵଵ݉ݑଶଶݒ + ݉ଶଷݎ −݉ଵଵݑ 0 ൩ , ۲ = ۲் = ݀ଵଵ 0 00 ݀ଶଶ ݀ଶଷ0 ݀ଷଶ ݀ଷଷ൩, 
where ۱ ,ۻ ,(߰)܀(߭) and ۲ are the rotation, inertia, Coriolis/centripetal and damping matrices, 
respectively. 

The control inputs are: ૌ = ሾ߬௨, ߬௩, ߬ሿ் and all the forces and moments caused by wind, ocean 
current, second order wave loads, are collected in the vector: ૌ௪  = ሾ߬௪௨, ߬௪௩, ߬௪ሿ் . Since these 
disturbances are bounded and so slowly varying compared to the platform dynamics, it is 
reasonable to assume that ሶ߬௪ = 0 and ૌ௪ ∈ ℒஶ in the controller synthesis. 

2.2. Problem statement 

The primary objective of this paper is to design a guidance and control system to steer the 
platform to converge to the predefined path ࣝଵ with the desired speed ݑௗ from any initial positions 
and orientations despite of the environmental disturbances. 

3. LOS guidance system design 

The LOS guidance law is a three-point guidance scheme for it involves a stationary reference 
point on the path in addition to the vessel and the desired position, mimicking a helmsman that 
commonly makes the vessel pursue the desired path through steering it towards a point located at 
a constant distance ahead of the vessel on the path [17, 18]. 

3.1. The desired heading angle 

A ࣝଵ parameterized path (ݔ(ߠ), ݕ(ߠ)), where ߠ ≥ 0 denotes the path variable, is assumed 
to go through a set of successive waypoints (ݔ, ݅ ) forݕ = 1, 2, …, ܰ, as illustrated in Fig. 2. 
For any point (ݔ(ߠ), ݕ(ߠ)) along the path, the path-tangential reference frame is rotated by an 
angle: ߛ(ߠ) = arctan൫ݕᇱ (ߠ) ᇱݔ ⁄(ߠ) ൯, (4)

with respect to the North-East reference frame. Note that for a straight line  ߛ(ߠ) = arctan((ݕାଵ − ାଵݔ)/(ݕ − ((ݔ  is constant between the waypoints. For a platform 
located at the position (ݕ ,ݔ) the LOS vector starts from (ݕ ,ݔ) and ends up with the point (ݔ௦, ݕ௦), located on the path tangential at a distance ∆> 0 ahead of the orthogonal projection of point 
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 :And the orientation of the LOS vector is donated as ߰௦ .(ݕ ,ݔ)

߰௦ = (ߠ)ߛ − arctan ൬Δ݀൰, (5)

where ݀ is the cross-track error, and ∆ is the lookahead distance. 

 
Fig. 2. LOS guidance geometry 

In LOS guidance system, the moving point (ݔ௦, ݕ௦) and the orientation angle ߰௦ are the 
desired point and angle that the platform is chasing for at each time instant. Consequently, the 
corresponding LOS guidance law is given by: ߯ௗ = ߰௦. 

Commonly, a vehicle exposed to disturbances (such as wind, waves and ocean currents, etc.) 
exhibits variations in the velocities ݑ ݒ ,  and ݎ . The response can be observed as a non-zero 
sideslip angle ߚ during path following. This is also observed as a difference in heading angle ߰ 
and course angle ߯ according to: ߯ = ߰ + (6) ,ߚ

where ߚ = arctan(ݑ/ݒ). 
This suggests that the LOS guidance law is chosen as: 

߰ௗ = (ߠ)ߛ − arctan ൬Δ݀൰ − ,ߚ (7)

where 0 ≤ ∆≤ ∆≤ ∆௫. 

3.2. The cross-track error 

The cross-track error is computed as the orthogonal distance to the path-tangential reference 
frame defined by the point (ݔ(ߠ), ݕ(ߠ)). Hence: 

ቂ0݀ቃ =  cos ቀߛ(ߠ)ቁ sin ቀߛ(ߠ)ቁ−sin ቀߛ(ߠ)ቁ cos ቀߛ(ߠ)ቁᇣᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇥ܀ቀఊ(ఏ)ቁ
ቈݔ − ݕ(ߠ)ݔ − ,(ߠ)ݕ

(8)
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where ܀ ቀߛ(ߠ)ቁ ∈ ܱܵ(2). 
Expanding Eq. (8) gives the cross-track error: ݀ = − ቀݔ − ቁ(ߠ)ݔ sin ቀߛ(ߠ)ቁ + ቀݕ − ቁ(ߠ)ݕ cos ቀߛ(ߠ)ቁ, (9)

where ߠ propagates [13] according to Eq. (10): ߠሶ = ܷඥݔᇱ ଶ(ߠ) + ᇱݕ ଶ(ߠ) > 0. (10)

Differentiating Eq. (9) yields: ሶ݀ = ቂ−sin ቀߛ(ߠ)ቁ ሶݔ + cos ቀߛ(ߠ)ቁ ሶݕ ቃ + ቂsin ቀߛ(ߠ)ቁ (ߠ)ሶݔ − cos ቀߛ(ߠ)ቁ −       ቃ(ߠ)ሶݕ ቂcos ቀߛ(ߠ)ቁ ቀݔ − ቁ(ߠ)ݔ + sin ቀߛ(ߠ)ቁ ቀݕ − ቁቃ(ߠ)ݕ .ሶߛ (11)

The last bracket in Eq. (11) is zero because of the first line of Eq. (8). From Eq. (4) it follows 
that ݔሶ(ߠ)sin ቀߛ(ߠ)ቁ − cos(ߠ)ሶݕ ቀߛ(ߠ)ቁ = 0. Consequently, Combine Eq. (3) and (11) yield: ሶ݀ = sinݑ ቀ߰ − ቁ(ߠ)ߛ + cosݒ ቀ߰ − ቁ(ߠ)ߛ = ܷsin൫߰ − (ߠ)ߛ + ,൯ߚ (12)

where ܷ = ଶݑ√ +  .ଶݒ
In this paper we consider the special case where ߛ(ߠ) =   is constant, that is straight-lineߛ

paths such that: ሶ݀ = ܷsin൫߰ − ߛ + .൯ߚ (13)

Theorem 1: The LOS guidance law Eq. (7) applied to the cross-track error dynamics Eq. (13) 
renders the equilibrium point ݀ =  0 USGES if the lookahead distance and speed satisfy  0 ≤ ∆ ≤ ∆ ≤ ∆௫ and 0 ≤ ܷ ≤ ܷ ≤ ܷ௫, respectively. 

Proof. Inserting Eq. (7) into Eq. (13) gives: ሶ݀ = − ܷ√Δଶ + ݀ଶ ݀. (14)

Since ܷ and ∆ is time varying the system Eq. (14) is nonautonomous. Consider the Lyapunov 
function candidate: ܸ(ݐ, ݀) = ݀ଶ 2⁄ > 0 when ݀ ≠ 0. Hence: ሶܸ ,ݐ) ݀) = − ܷ√Δଶ + ݀ଶ ݀ଶ ≤ 0.

Since ܸ(ݐ, ݀) > 0 and ሶܸ ,ݐ) ݀) ≤ 0 it follows that: |݀(ݐ)| ≤ ݐ∀    ,|(ݐ)݀| ≥ .ݐ (15)

Therefore, according to [19, 20] the origin ݀ = 0 is uniformly stable.  
Next, we define: ߶(ݐ, ݀) ≜ ܷ√Δଶ + ݀ଶ.
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For each ݎ > 0 and all |݀(ݐ)| ≤  :we have ,ݎ

,ݐ)߶ ݀) ≥ ܷ୫୧୬ඥΔ୫ୟ୶ଶ + ଶݎ ≜ .(ݎ)ܿ
Consequently: ሶܸ ,ݐ) ݀) = ,ݐ)߶2− ,ݐ)ܸ(݀ ݀) ≤ ,ݐ)ܸ(ݎ)2ܿ− ݀), |(ݐ)݀|∀ ≤ .ݎ
In view of Eq. (15), the above holds for all trajectories generated by the initial conditions d(t0). 

Consequently, we have: ݀(ݐ) ≤ ݁ି()(௧ି௧బ)݀(ݐ),
for all ݐ ≥ |(ݐ)݀| ,ݐ ≤ ݎ and ݎ > 0.  

Hence, we can conclude that the equilibrium point ݀ = 0 is USGES. 

4. Control system design 

In this section, a model-based control method is performed by utilizing the integrator 
backstepping technique for the nonlinear maneuvering system Eq. (3) to design a uniformly 
globally asymptotically stable (UGAS) controller. And the design is divided into two coherent 
steps. 

The overall design is conducted under the assumptions that all the reference signals are 
bounded and high order differentiable. 

The heading angle and the velocity error dynamics are defined as: ෨߰ ≜ ߰ − ߰ௗ = ߟ்ܐ − ߰ௗ, ܢ(16) ≜ ሾݖଵ, ,ଶݖ ଷሿ்ݖ = ߭ − ,ߙ (17)

where ܐ ≜ ሾ0,0,1ሿ், and ߙ ≜ ሾߙଵ, ,ଶߙ ଷሿ்ߙ ∈ ℝଷ is a vector of stabilizing functions to be specified 
later. 

Step 1. Define the first Lyapunov function candidate as: ଵܸ൫ݐ, ෨߰൯ = ෨߰ଶ 2⁄ > 0 when ෨߰ ≠ 0. 
Hence: ሶܸଵ൫ݐ, ෨߰൯ = ൫்߭ܐ − ሶ߰ ୢ൯ ෨߰ = ෨߰ܢ்ܐ + ෨߰൫ߙଷ − ሶ߰ ௗ൯.

Choosing: ߙଷ൫ ෨߰൯ = −݇ ෨߰ + ሶ߰ ௗ, (18)

where ݇ > 0, gives: ሶܸଵ = −݇ ෨߰ଶ + ෨߰ܢ்ܐ. 
This concludes Step 1. 
Step 2. Combine Eq. (3) and differentiate Eq. (17) yields: ܢۻሶ = )ۻ ሶ߭ − ሶߙ ) = ߬ + ߬௪ − ۱(߭)߭ − ۲߭ − ሶߙۻ . (19)

Next, we need to expand the first Lyapunov function ଵܸ as: 
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ଶܸ = ଵܸ + 12 ܢۻ்ܢ + 12 ߬̃௪்Γିଵ߬̃௪,
where ߬̃௪ = ߬௪ − ߬̂௪ and Γ = Γ் > 0 is the estimation error and gain matrices, respectively. ߬̂௪ 
is the estimation of the environmental disturbance vector ߬௪. It should be noted that ߬௪ is slow 
varying and bounded, therefore, ߬̃ሶ௪ = −߬̂ሶ௪. Differentiating ଶܸ along the trajectories of ෨߰, ܢ, ߬̃௪ 
gives: ሶܸଶ = −݇ ෨߰ଶ + ෨߰ܢ்ܐ + ሶܢۻ்ܢ + ߬̃௪்Γିଵ߬̃ሶ௪      = −݇ ෨߰ଶ + ߬̃௪்Γିଵ൫Γܢ − ߬̂ሶ௪൯ + ൣ்ܢ ෨߰ܐ + ߬ + ߬̂௪ − (۱ + ߙ)(۲ + (ܢ − ሶߙۻ ൧.

Choosing the control input ߬ and the disturbance estimation law: ߬ = ሶߙۻ + (۱ + ߙ(۲ − ߬̂௪ − ෨߰ܐ − ,ܢ۹ (20)߬̂ሶ௪ = Γܢ + ௪, (21)̃߬ۿ

where ۹ = diagሼ݇ଵ, ݇ଶ, ݇ଷሽ and ۿ = diagሼݍଵ, ,ଶݍ ଷሽ are positive matrices to be specified, gives: ሶܸଶݍ = −݇ ෨߰ଶ − ۱)்ܢ + ۲ + ܢ(۹ − ߬̃௪்Γିଵ̃߬ۿ௪ ≤ 0.
It follows from the theorems proposed by [17, 20] that ൫ ෨߰, ,ܢ ߬̃௪൯ is uniformly stable. 
Remark 2: Compared with the law developed by [17], Eq. (21) contains an additional item ̃߬ۿ௪ , which realizes the negative feedback regulation of ߬̃௪ , and when ܢ  approaches to its 

equilibrium point the estimation error ߬̃௪ will converge to zero exponentially. 
Because of the uniform stability of ܢ we have lim௧→ஶݑ =  ଵ. Considering the control objective isߙ

to steer the platform travelling at the desired speed ݑௗ, it is reasonable to choose ߙଵ =   .ௗݑ
Combining Eq. (2) and (20) gives: ഥ݉ଶଶߙሶଶ = ݀̅ଶଶߙଶ + ݃൫ߙଵ, ,ଷߙ ,ሶଷߙ ߬̂௪, ෨߰, ,൯ܢ (22)

where: ഥ݉ଶଶ = ݈ఛ݉ଶଶ − ݉ଶଷ, ഥ݉ଷଷ = ݉ଷଷ − ݈ఛ݉ଶଷ, ݀̅ଶଶ = ݀ଷଶ + ܿଷଶ − ݈ఛ݀ଶଶ, ݀̅ଷଷ = ݀ଷଷ − ݈ఛ݀ଶଷ − ݈ఛܿଶଷ,݃൫ߙ, ,ሶଷߙ ߬̂௪, ෨߰, ൯ܢ = ഥ݉ଷଷߙሶଷ + ܿଷଵߙଵ + ݀̅ଷଷߙଷ − ߬̂௪ + ݈ఛ߬̂௪௩ − ෨߰ + ݈ఛ݇ଶݖଶ − ݇ଷݖଷ. 
Theorem 2: The platform dynamics Eq. (3) with guidance, control and estimation laws  

Eqs. (7, 20, 21) renders the origin of the error system Eqs. (13), (16), (17) UGAS. 
Proof. We can prove the Theorem 2 based on the control design and stability analysis above.  

5. Simulations 

In this section results from numerical simulations are presented. The developed control 
strategy is applied to an asymmetric unmanned platform. The vehicle has a 10 kN of maximum 
thrust for every waterjet, and other parameters are shown as follows [14]: 

ۻ = 28019 0 00 28020 30000 3000 387330൩ , ۲ = 447 0 00 13121 40000 1600 42632൩.
The objective is to make the platform follow the predefined path ࣝଵ with a desired surge speed ݑௗ = 3 m/s. The path ࣝଵ is chosen as a straight-line passing through point (5 m, 12 m) with a 
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slope angle ߛ  The environmental disturbances presenting on the platform is bounded and .6/ߨ =
slow variable, without loss of any generality, we here assume that the disturbances are generated 
as in Eq. (23). 

߬௪ = 1000 −541 ൩ + 100  sin(0.2ݐ)cos(0.1ݐ)0.1cos(0.1ݐ). (23)

To make the controllers Eq. (20-21) follow the desired references smoothly and estimate the 
disturbances precisely, the following gains are implemented: ݇ =  5, ∆ =  30,  ۹ = diag{3000, 1.5, 0.5}, ડ = diag{1, 1, 2}, ۿ = diag{0.8, 0.5, 0.3}, ݈ఛ = 14.94. The platform is 
given an initial state of (20 m, 0 m, 0 rad/s, 1 m/s, 0 m/s, 0 rad/s).  

 
Fig. 3. Straight-line path following of the platform 

 
a) State of ݒ 

 
b) State of ݖ 

Fig. 4. Time evolution of the platform’s states 

Fig. 3 shows how the path following is successfully achieved under control and estimation 
laws Eqs. (20-21). Fig. 4 shows all the platform’s states converge to equilibriums smoothly, and 
Fig. 5 shows a graceful time evolution of control inputs without saturation. Fig. 6 is a comparison 
between the estimation law Eq. (21) and that of [17] (denote the estimation law Eq. (21) as ܯଵ 
and that proposed in [17] as ܯଶ  for simplicity). Fig. 6 is the time evolution of disturbance 
estimation errors, and Fig. 6(a) is the result of ܯଵ  and Fig. 6(b) of ܯଶ  with  ડ = diag{200, 200, 400}. As is shown in Fig. 6(a), the disturbance estimation error converges 
exponentially to zero and stays at that equilibrium point afterthen, which coinsides well with our 
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previous analysis. On the contrary, Fig. 6(b) shows the maximum of estimation error is nearly 
20 kN, which might lead to saturation for control inputs. As a result, it is obvious to conclude the 
better performance of ܯଵthan that of ܯଶ. 

 
Fig. 5. Time evolution of control inputs 

 
a) ܯଵ 

  
b) ܯଶ 

Fig. 6. Time evolution of the disturbance estimation errors 

6. Conclusions 

A nonlinear adaptive path following strategy for estimation and compensation of the 
disturbances has been presented on the basis of integrator backstepping technique. The guidance 
law is derived from the classical LOS principle and the equilibrium points of the cross-track error 
is shown to be USGES, which guarantees the exponential convergence to zero. A new estimation 
law for disturbances is developed by adding a linear item of the estimation error into the classical 
one, which improves the estimation precision and sensitivity dramatically. The control strategy is 
developed based on the integrator back- stepping technique and the new disturbance estimation 
law, which makes the equilibrium system to be UGAS. In the end, computer simulations are 
conducted to verify the effectiveness of the control and estimation laws during straight-line path 
following for asymmetric unmanned platform in the presence of unknown disturbances. 
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