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Abstract. The motion of Lagrange’s top in the homogeneous gravity field is considered under the 
assumption that its suspension point accomplishes a specified high-frequency periodic motion 
with small amplitude (fast vibrations) in the three-dimensional space. The investigation is carried 
out in the framework of the approximate autonomous system of canonical equations of motion. 
Stationary rotations of Lagrange’s top around its dynamical symmetry axis for a number of 
particular cases of the suspension point motions are found as positions of equilibriums of the 
reduced two-degree-of-freedom system. The linear and nonlinear analysis for their stability is 
carried out. The problems discussed in the report are new and have no analogues in domestic and 
foreign literature. 
Keywords: Lagrange’s top, high-frequency vibrations, stationary rotation, stability. 

1. Statement of the problem 

consider the motion of Lagrange’s top (a dynamically symmetric body with the suspension 
point ܱ and the center of mass ܩ being located on the symmetry axis) in the homogeneous gravity 
field. Let the point ܱ  accomplishes a specified periodic (with frequency Ω ) motion. Its 
radius-vector relative to the fixed point ܱ∗ is given by projections ܱ∗ܱ = ,(ݐ)ݑ) ,(ݐ)ݒ  on ′((ݐ)ݓ
the axis of the fixed coordinate system ∗ܱݖݕݔ (with the axis ∗ܱݖ directed vertically upward), at 
that average time values of these projections are zero. Let ݉ be the mass of the body, ܣ and ܥ the 
equatorial and axial moments of inertia, and length of the radius-vector of the mass center  ܱܩ = ݈. 

Let the maximum removal ℎ of the suspension point from the point ∗ܱ is small in comparison 
with the reduced length ܮ = ,݈݉/ܣ  and the frequency Ω  great in comparison with the 
characteristic frequency ߱ = ඥ݃/ܮ. We introduce a small parameter and put: ߝ = ඥℎ/0)     ܮ < ߝ ≪ 1), ߱/Ω ,ଶߝ~ ℎΩ~1.

We will write the equations of motion of the top in the form of canonical Hamiltonian 
equations. Using the methods of the perturbation theory we can eliminate time explicitly contained 
in the Hamiltonian in terms up to the fourth order inclusively in [1] ߝ. Discarding terms of the fifth 
order in ߝ and above, we can write the approximate Hamiltonian in the form: 

ܪ = ఝܲଶ2ܥ + ఏܲଶ2ܣ + ൫ టܲ − ఝܲcosߠ൯ଶ2ܣsinଶߠ + Π(ߠ, ߰), Π(ߠ, ߰) = Π + Π௩, Π = ݈݉݃cosߠ, Π௩ = − ݉ଶ݈ଶ2ܣ ൫(ܽଵsinଶ߰ + ܽଶcosଶ߰)sinଶߠ +sin2ߠ൫ܽ௫௭sin߰ − ܽ௬௭cos߰൯ − ܽ௫௬sin2߰൯, (1)

here ߰, ߠ, ߮ are the Euler angles describing the orientation of the related to the body coordinate 
system with axes directed along the principal axes of inertia of the body for the point ܱ, and the 
coordinate system performing the translational motion with the origin at the point ܱ and axis 
parallel to ones of the fixed coordinate system. Also టܲ , ఏܲ , ఝܲ  are canonically conjugate 
momenta. The potential energy Π(ߠ, ߰) consists of the gravitational Π and the vibrational Π௩ 
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potentials, in the last one we have introduces the notations ܽଵ = ܽ௫ − ܽ௭ = ሶݑۦ ଶۧ − ሶݓۦ ଶۧ ,  ܽଶ = ܽ௬ − ܽ௭ = ሶݒۦ ଶۧ − ሶݓۦ ଶۧ , ܽ௭ = ሶݓۦ ଶۧ , ܽ௫௬ = ሶݑۦ ሶݒ  ۧ , ܽ௬௭ = ሶݒۦ ሶݓ  ۧ , ܽ௫௭ = ሶݓۦ ሶݑ  ۧ . The angle 
brackets denote the average value over time, and the point differentiation by time. The axes  ܱݔ and ܱݕ can be always chosen such as to satisfy the relation ܽ௫௬ = 0. 

Further investigation will be carried out in the framework of the approximate system with the 
Hamiltonian (Eq. (1)). In this system as well as in the initial full system the coordinate ߮ is cyclic 
and the corresponding momentum ఝܲ is constant.  

Consider the particular solutions (positions of equilibrium) of the reduced  
two-degree-of-freedom system of the form: 

ఝܲ = ܥ ሶ߮ = టܲ    ,ݐݏ݊ܿ = ఝܲcosߠ, ఏܲ = 0, ߰ = ߰, ߠ = ,ߠ
where constant values ߠ and ߰ are stationary points of the potential energy Π(ߠ, ߰) satisfying 
the relations Π′ఏ = 0, Π′ట = 0. 

These solutions correspond to the stationary rotation of the top around the axis of dynamical 
symmetry retaining a fixed position in the coordinate system moving translational with the 
suspension point. Angular velocity of rotation can be arbitrary; we assume it is positive. 

The aim of this work is to solve the problem of existence and bifurcation of these solutions at 
fixed values of ఝܲ, and to investigate their stability with respect to the variables ߰, ߠ, టܲ and ఏܲ. 
We will consider a number of particular cases of motion of the suspension point. 

2. Investigation scheme 

Let’s introduce perturbations by the formulas ݔଵ = ߠ − ,ߠ ଶݔ  = ߰ − ߰, ଵݕ  = ఏܲ ଶݕ  , = టܲ − ఝܲcosߠ. The quadratic part of the Hamiltonian of the perturbed motion has the form: 

ଶܪ = 12 ቆ ఝܲଶܣ + Π′′ఏఏቇ ଵଶݔ + Π′′టట2 ଶଶݔ + ܣ12 ଵଶݕ + ߠsinଶܣ12 ଶଶݕ + Π′′టఏݔଵݔଶ + ఝܲܣsinߠ   .ଶݕଵݔ

The conditions for sign-definiteness of the quadratic form ܪଶ are the sufficient conditions for 
stability. Using the Sylvester’s criterion we can find that these conditions are reduced to the system 
of inequalities of the form: Πటటᇱᇱ > 0,    Δ = Πఏఏᇱᇱ Πటటᇱᇱ − Πటఏᇱᇱ ଶ > 0.

Under these conditions the corresponding position of equilibrium of the reduced system is the 
point of minimum for the potential energy Π(ߠ, ߰), while the angular velocity of the rotation can 
be arbitrary. 

The characteristic equation of the linearized equations of motion has the form: 

ସߣ + ଶߣܽ + ܾ = 0,    ܽ = ൫Πటటᇱᇱܣ + Πఏఏᇱᇱ sinଶߠ൯ + ఝܲଶsinଶߠܣଶsinଶߠ , ܾ = Δܣଶsinଶߠ.
The necessary conditions for stability has the form: ܽ > 0,    ܾ > 0,    ݀ = ܽଶ − 4ܾ > 0.
If they satisfy the characteristic equation have only pure imaginary roots.  
The sufficient conditions described above are also necessary conditions, so we can search 

domains where only necessary conditions satisfy. The condition ܾ > 0  yields inequalities  
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Πటటᇱᇱ < 0, Δ > 0. This means that the position of equilibrium is the point of maximum for the 
potential energy. The condition ݀ > 0 is reduced to the biquadratic in ఝܲ  inequality. Studying this 
inequality together with the condition ܽ > 0 provides the lower boundary for the angular velocity 
of stationary rotation in the form: 

ఝܲଶ > ఝܲ∗ଶ = ൫−൫Πటటᇱᇱܣ + Πఏఏᇱᇱ sinଶߠ൯ + 2ඥΔsinଶߠ൯sinଶߠ . (2)

If the inequality sign is changed to the opposite or Δ < 0 (in the case of the saddle point of the 
function Π(ߠ, ߰)) the position of equilibrium under consideration is unstable for any angular 
velocity of the body. 

3. Case ࢟࢞ࢇ = ࢠ࢟ࢇ = ࢠ࢞ࢇ =  

Let us first consider the cases of the top suspension point motions allowing for the vertical 
position of the axis of the stationary rotation. The analysis shows that this is possible only if  ܽ௫௬ = ܽ௬௭ = ܽ௫௭ = 0.  

We introduce the dimensionless parameters, the momenta and time by the formulas: 

ଵߙ = ܽଵ݉ଶ݈ଶܣଶ߱ଶ ଶߙ    , = ܽଶ݉ଶ݈ଶܣଶ߱ଶ , ߛ = ఝܲ߱ܣ, టܲ = ߱ܣ ଵܲ, ఏܲ = ߱ܣ ଶܲ, ߬ =  ,ݐ߱
and rewrite Hamiltonian (Eq. (1)) in the form: 

෩ܪ = ଶܲଶ2 + ( ଵܲ − ߠଶ2sinଶ(ߠcosߛ + cosߠ − sinଶ2ߠ ଵsinଶ߰ߙ) + .(ଶcosଶ߰ߙ
Without loss of generality, we assume that ߙଵ >  .ଶߙ
For all values of the parameters ߙଵ ଶߙ ,  and ߛ , there exist positions of equilibrium of the 

reduced system when ߠ = 0 (the upper position where the rotation axis is vertical and the mass 
center of the top above the suspension point) and ߠ =  the lower position where the axis is) ߨ
vertical, the mass center below the suspension point). They correspond to the inverted and hanging 
“sleeping” Lagrange top. For these values ߠ the Hamiltonian of the system is not defined, so when 
studying the stability, the Hamiltonian obtained by a different choice of the related axes was used. 

In addition, if |ߙଵ| > 1  then there are solutions of the form cosߠ = ଵߙ/1 , ߰ =  2/ߨ
corresponding to the rotation of the top around the axis lying in the plane ܱܼܺ and being inclined 
to the vertical (the lateral position of the first type). If |ߙଶ| > 1 then there are solutions of the form cosߠ = ଶ, ߰ߙ/1 = 0 when the axis of rotation is located in the plane ܱܻܼ (the lateral position 
of the second type). 

It was found that for the upper position sufficient and only necessary conditions for stability 
are realized if ߙଶ < ଵߙ ,1− < −1 and ߙଶ > ଵߙ ,1− > ߛ ,1− > ଵߛ  respectively. For the lower 
position the same conditions are satisfied when ߙଶ < ଵߙ ,1 < 1 and ߙଶ > ଵߙ ,1 > ߛ ,1 >  ଶ. Theߛ
sufficient conditions for the stability of the lateral position of the first type are performed when ߙଵ > 1, while the only necessary conditions do not implement. For the lateral position of the 
second type, only necessary conditions are satisfied when ߙଶ < ߛ ,1− > ଵଶߛ :ଷ. Hereߛ = ଶߙ + ଵߙ + 2 + 2ඥ(ߙଵ + ଶߙ)(1 + 1), ଶଶߛ = ଶߙ + ଵߙ − 2 + 2ඥ(ߙଵ − ଶߙ)(1 − ଷଶߛ ,(1 = ଶߙ1 ቀ−2ߙଶଶ + ଵߙଶߙ + 1 − 2ඥߙଶ(ߙଶ − ଶߙ)(1 + ଶߙ)(1 − .ଵ)ቁߙ

In the particular case when vibrations are absent (and ߙଵ = ܽଶ = 0) the necessary stability 
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condition obtained for the upper position coincide with the classical Maievsky-Chetaev stability 
condition ߛଶ > 4  (in the dimensional parameters ఝܲଶ > ݈݃݉ܣ4 ) for the inverted “sleeping” 
Lagrange’s top with a fixed suspension point. Case ߙଵ = ଶߙ  (i.e. ܽ௫ = ܽ௬ ) is previously 
considered in [2]. The stability of the "sleeping” Lagrange’s top with vertical vibrations of the 
suspension point of arbitrary frequency and amplitude is investigated in [3].  

In the domains where only necessary stability conditions perform nonlinear stability analysis 
was carried out by means of the well-known methods for investigation of the autonomous two-
degree-of-freedom Hamiltonian systems [4]. 

4. A motion of the suspension point along the inclined straight line 

Let the suspension point moves along the straight line in the ܱܻܼ -plane at the angle  ߙ ∈ (0;  to the horizontal, with the average value ܸ of the square of the velocity. The axes of (2/ߨ
stationary rotations are located in the same plane, its position is described by the equations  ߰ = 0 and: sinߠ = ߠ)sin2ߚ− − ,(ߙ ߚ = ݈ܸ݉ ⁄(݃ܣ2) . (3)
 

Fig. 1. Bifurcation curve and graphs of the potential energy (ߠ)ߨ 

The analysis shows that Eq. (3) has two roots ߠଵ ∈ (0; ଶߠ ,(ߙ ∈ 2/ߨ) + ;ߙ (ߨ
 
in domain 2 

(Fig. 1(a)), and four roots ߠଵ ଶߠ , ଷ,ସߠ , ∈ ߨ) + ;ߙ 2/ߨ3 + ଷߠ)(ߙ <  ସ) in domain 4. Theߠ
curve that separates region 2 and 4, may be described in parametric form by the equations: sinߠ + ߠ)sin2ߚ − (ߙ = 0, cosߠ + ߠ)cos2ߚ2 − (ߙ = 0. (4)

The sufficient conditions for stability of the equilibrium positions indicated are reduced to the 
system of two inequalities of the form: cosߠ + ߠ)cos2ߚ2 − (ߙ < 0, sinߠsin(ߠ − (ߙ > 0. (5)

The first of them coincides with the condition of minimum of the potential energy (ߠ)ߨ being 
obtained from the function Π(ߠ, ߰) after substitution ߰ = 0. The graphs of the function (ߠ)ߨ in 
domains 2 and 4 are presented in Fig. 1(b, c). Signs of sinߠ and sin(ߠ −  for the equilibrium (ߙ
positions investigated change only when crossing the boundaries ߙ = 0  and ߙ = 2/ߨ  of the 
domain of parameters, and for each position of equilibrium they are fixed. The second condition 
in Eq. (5) is satisfied for the second and fourth roots.  

Thus, the roots ߠଶ and ߠସ correspond to points of minimum of the potential energy Π(ߠ, ߰), 
and that is the sufficient condition for the stationary rotation stability. The root ߠଵ corresponds 
to the point of maximum, and the necessary condition is defined by the inequality of the form: ߛଶ > ସଶߛ = ݈݉൫ ଵ݂ + ݈ܸ݉ ଶ݂cosܽ /2 + ඥ2݈ܸ݉ ଵ݂ ଶ݂cosܽ ൯,
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ଵ݂ = ܸ݈݉cos2(ߙ − (ߠ + ,ߠcosܣ݃ ଶ݂ = (cos(ߙ − (ߠ2 − cosߙ)sinଶߠ . 
The root ߠଷ corresponds to the saddle point of the potential energy and the unstable stationary 

rotation. 

5. Case ࢟࢞ࢇ = ࢠ࢞ࢇ =  

Let now two of three average values of mixed products of the vibration velocity components 
are equal to zero. For example, this condition is realized in the case of arbitrary motion (within 
the assumptions made) of the top suspension point in the vertical plane.  

We assume that ܽ௫௬ = ܽ௫௭ = 0 and, without limiting the generality, that ܽ௬௭ > 0. Let: 

ߚ = ݈݉ටܽଶଶ + 4ܽ௬௭ଶ2݃ܣ , cos2ߙ = ܽଶටܽଶଶ + 4ܽ௬௭ଶ , sin2ߙ = 2ܽ௬௭ටܽଶଶ + 4ܽ௬௭ଶcosߜ = ܽଶ − ܽଵඥ(ܽଶ − ܽଵ)ଶ + ܽ௬௭ଶ , sinߜ = ܽ௬௭ඥ(ܽଶ − ܽଵ)ଶ + ܽ௬௭ଶ , 
where  ߚ > ߙ ,0 ∈ (0; ߜ ,(2/ߨ ∈ (0;  .(ߨ

For this case there exist the top stationary rotations of two types.  For the first type, the axis of 
rotation lies in the plane ܱܻܼ (߰ = 0), and the angle of nutation is the root of Eq. (3). The number 
and location of roots of this equation are described in section 4.  

 
a) b) c) 

 
d) 

Fig. 2. Bifurcation diagrams 

The sufficient conditions for stability are written in form Eq. (5) where ߙ is replaced by ߜ in 
the second inequality. The analysis of the first inequality is fulfilled in section 4. Within the 
domain considered the left part of the second inequality vanishes if sin(ߠ − (ߜ = 0, that in the 
light of Eq. (3) leads to the equation: 

ߚ = േ sinߜsin2(ߜ − .(ߙ
Defining the surface in the three-dimensional space of parameters ߜ ,ߚ ,ߙ. In the sections  ߜ = const there are the curves ߚ =  shown in Fig. 2 as thin dashed lines. For each fixed (ߙ)ߚ

value of ߜ one of the branches of this curve has a point of tangency with the bifurcation curve 
Eq. (4) (shown as bold lines), the other branch has two or none points of intersection with the 
curve Eq. (4). The possible cases of locations of these curves are shown in Fig. 2(a-d) for cases ߜ ∈ (0; ߜ ,Fig. 2(a) (4/ߨ ∈ ;4/ߨ) ߜ ,Fig. 2(b) (2/ߨ ∈ ;2/ߨ) ߜ Fig. 2(c) and (4/ߨ3 ∈ ;4/ߨ3)  (ߨ
Fig. 2(d). The curves are divided the domain of the parameters into subdomains marked with 
numbers 1-10. 
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The results of the stability investigation of the stationary rotations are presented in Table 1. 
Symbols “Suff.” and “Nec.” denote that for corresponding domain and root sufficient and only 
necessary conditions satisfy, to the last one should add restriction Eq. (2) for the angular velocity 
of the stationary rotation. Symbols “Unst.” denote instability for any angular velocity, and ∃ 
means absence of the root in the domain.  

Table 1. The results of the stability analysis of solutions of the first type 

Root Domain 
∃ ∃ ଷߠ .ଶ Suff. Suff. Unst. Suff. Suff. Suff. Suff. Suff. Suff. Unstߠ .ଵ Nec. Unst. Nec. Unst. Nec. Nec. Nec. Unst. Nec. Necߠ 10 9 8 7 6 5 4 3 2 1 ∃ Unst. Unst. Nec. Nec. Unst. Nec. Nec. ߠସ ∃ ∃ ∃ Unst. Suff. Unst. Unst. Suff. Suff. Unst. 

For stationary rotations of the second type the quantities ߠ and ߰ are given by equations: 

cosߠ = − ଵܽ)ܣ݃ − ܽଶ)݈݉൫ܽଵଶ − ܽଵܽଶ − ܽ௬௭ଶ ൯ , cos߰ = − ܽ௬௭cosߠ(ܽଵ − ܽଶ)sinߠ. (6)

Defining two positions of the rotation axis being symmetric relative to the plane ܱܻܼ. These 
rotations exist if ݃ܣ/݈݉ ≤ หܽଵଶ − ܽଵܽଶ − ܽ௬௭ଶ ห/ඥܽ௬௭ଶ + (ܽଵ − ܽଶ)ଶ. The analysis based on results 
of section 2 shows that the sufficient stability conditions has the form ܽଵଶ − ܽଵܽଶ − ܽ௬௭ଶ > 0,  ܽଵ − ܽଶ > 0, while only necessary conditions are ܽଵଶ − ܽଵܽଶ − ܽ௬௭ଶ > 0, ܽଵ − ܽଶ < 0 and Eq. (2). 

6. Conclusions 

A Lagrange’s top with a suspension point performing fast periodic vibrations in the 
three-dimensional space was considered. In the framework of the approximate autonomous 
canonical equations of motion stationary rotations of the top were found for several cases of 
suspension point motion. Linear and nonlinear analysis of their stability was carried out. 
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