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Abstract. The vibration response of a structural member changes due to the presence of crack
because crack introduced local flexibility in it. Depending upon the vibration amplitude the crack
may be of open or close type. Crack gives catastrophic failure to the structure hence it is very
crucial to understand the dynamic of the structure. In the inverse problem, vibrating properties
like natural frequency, resonance amplitude can be used as a basic criterion in crack detection or
in design of structures. Previously, a mathematical model was developed by W. M. Ostachowicz
and M. Krawczuk for the cantilever beam which has two open double-sided v-shape cracks. This
model is used to find the natural frequency and characteristics roots in bending mode. The aim of
this study is to prove whether the developed mathematical model can be used for rectangular shape
cracks because in various applications existence of v shape and rectangular shape cracks are very
general. For this reason, results of v-shape cracked cases are used as a reference model. Modal
analysis is done by using ANSYS software to get the pure bending natural frequencies of the
various cracked cases. Then the same mathematical model is used for rectangular shape cracked
cases to calculate the characteristics roots. The value of characteristics roots obtained for a v-shape
crack by W. M. Ostachowicz and M. Krawczuk and a rectangular shape crack cases studied are in
good agreement. Hence it proves the flexibility of the model developed with v-shape cracks. In
addition to this, the effect of two double-sided cracks on the characteristics roots is studied for all
the cracked cases given in the reference model. It is found that as crack depth increases at any
unique location then natural frequency decreases. At last location even though crack depth
increases value of natural frequency almost remains constant.

Keywords: mathematical model, cantilever beam, v-shape crack, bending natural frequency,
Ansys, characteristics roots, rectangular shape crack.

Nomenclature

B Breadth of beam, m

E Young’s modulus of beam, N/m?

F Cross sectional area of beam, m>

2H Total depth of the beam, m

] Moment of inertia of beam, m*

L Length of beam, m

a, First crack depth, m

a, Second crack depth, m

fn Natural Frequency, Hz

Ly Location of the first crack from the fixed end, m
L, Location of the second crack from the fixed end, m

L;/L  Ratio between the locations of the first crack from fixed end and the length of the beam
L,/L  Ratio between the location of the second crack from fixed end and the length of the

beam
£ Damping factor
A Frequency parameters
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u Poisson’s ratio
p Material density of the beam, Kg/m?

1. Introduction

In order to identify the damage in structures by vibration monitoring, the study of the changes
of the structural dynamic behavior due to cracks is required for developing the detection criterion.
Some earlier research based on the open crack model, which assumes cracks always remain open
during the vibrating instance, has been proposed. For example, the effect of discontinuities in
stiffness on the natural frequencies of slender bars was investigated by Thomson [1]. The
discontinuity of the bending stiffness was caused by a slot not a crack, hence the stress
concentration was not considered in Thomson’s model. Gudmundson [2] used the perturbation
method to compute the frequency changes of cantilever beams due to cracks. The natural
frequencies were in good agreement with the experimental results from Wendtland [3] for the
beams with small crack size. Later, Gudmundson [4], Yuen [5], Gounaris and Dimarogonas [6]
and several other researchers proposed a more precise method based on the ‘line spring” model
[7, 8] in fracture mechanics. The idea was to model the crack by using ‘flexibility scalars’ or a
local flexibility matrix, which could be a 2x2, or 4x4, or 6x6 matrix, connecting longitudinal,
bending and shear forces and displacements near the crack-tip area. The local flexibility scalars
and matrices were formulated from the stress intensity factors of the cracked structures considered.
However, these stress intensity factors can be determined analytically or by experimental testing
only for simple structures. In general, they have to be evaluated by numerical techniques such as
the finite element method. In addition to the above approaches, several studies were done on the
problems of vibrations of cracked beams under the simple beam theory. Christides and Barr [9]
derived the equation of bending motion for a Bernoulli-Euler beam with pairs of symmetric cracks.
They used an exponential type function (the so-called ‘crack function’) to model the stress
concentration near the crack tip. Christides and Barr proposed a two-term Rayleigh-Ritz solution
to their equation of motion to evaluate the fundamental natural frequency of a simply supported
beam with rectangular cross-section and a pair of mid-span cracks. However, Shen and Pierre [10]
found that Christides and Barr’s original solution was not fully converged and hence a modified
Galerkin expansion was proposed in order to improve the solution convergence. Performance of
machines changes due to the presence of cracks. Most of the failures of presently used equipments
are mainly due to limited fatigue strength. So, detection of crack and taking preventive measures
on defective structures is of most importance and it has been carried out throughout the world in
many research institutes [13-20].

The design life of most of the power equipments is of 30 years, it means that after 30 years,
they will be on the way of failure. It is expected that failures due to low-cycle fatigue initiated
cracks will be a major cause of machine failures. For on-line crack detection and monitoring the
development of methods started in the early 1970s in the power industry. Dimarogonas [21, 22],
in two internal reports of the General Electric Co., Turbine Department, developed the theory of
vibration of cracked shafts, an outline of which and the extension to cracked beams and turbine
blades were included in a textbook [23]. Pafelias [24] continued Dimarogonas’ work after 1972
and in a formal General Electric report (published in the Technical Information Series) used the
theory, and extensive laboratory and field experiments to develop a methodology for crack
detection based on the 2X harmonic and the half critical speed subharmonic. He further reported
on the development of an on-line electronic instrument for monitoring and early warning of
cracked rotors to be used as a turbine supervisory instrument. Pafelias' report [24] had wide
distribution and triggered substantial further work in the turbo machinery industry. Since the early
1980s there has been a substantial body of academic research on the subject. There is a number of
reports describing field experience related to the vibration of cracked structures, by Schmerling
and Hammond [25], Haas [26], Jack and Patterson [27], Greco et al. [28], Kottke and Menning
[29], Anifantis et al. [30], Klompas [31] and Kraemer et al. [32]. Reviews on the dynamic response
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of cracked structures were reported by Dimarogonas and Paipetis [33], Wauer [34], Entwistle and
Stone [35], Dimarogonas [36] and Gasch [37].

For a stepped rotor, Dimarogonas [21, 22] used a transfer matrix technique to compute the
change in critical speed of a shaft due to the crack. The results confirmed the finding that for small
crack depths the change in critical speed is proportional to (a/D)?, e.g. an edge crack with depth
54 % of the radius produced a 5.6 % (overestimated) change in the lowest critical speed of the
shaft. It was concluded that measurement of the change in critical speed was not an efficient way
to monitor rotor cracks. Wendtland [40] reported in his dissertation on an extensive experimental
program for the calculation of the change of natural frequencies of beams of different geometries
and boundary conditions using machined slots to simulate cracks. Wendtland computed the
cracked section flexibility from a crude simple beam analysis of the reduced section. Even though
he clearly stated that his results were not appropriate to real cracks, only to saw-cuts, there was
some confusion later-on because several authors compared finite element analysis results,
modeling the crack with a dense grid rather than a special cracked element, and reported agreement
with Wendtland, naturally, because their model was also a notched beam. Tsalik [41], Petroski
and Glaszik [42], Petroski [43-50], Kumar and Petroski [51], and Ku and Shen [52] used the
equivalent slot approach of Kirmsher [38] and Thomson [39], to solve vibration problems of
damaged beams and other stationary damaged structures, modeling the damage (or crack) with a
local member of reduced cross-section. The analytical method for the computation of the dynamic
response of cracked Euler-Bernoulli beams by modeling the cracked region as a local flexibility
found with fracture mechanics methods was first discussed in a textbook by Dimarogonas [23],
with applications to cracked turbine blades.

The cracked Euler-Bernoulli beam vibration theory and extensive analytical and experimental
results on the natural frequencies and vibration modes of simple continuous and lumped mass
beams with surface cracks were introduced from the mid-1970s by Chondros [53, 54], and
Chondros and Dimarogonas [54, 55]. They used the local flexibility concept and the fracture
mechanics approach for its computation.

Most of the research has been carried out the analysis of the effect of single crack on the
dynamics of the simple structures. From the detailed literature survey, it has been observed that
most of the researchers have worked on the cracked cantilever beam. They have investigated the
effect of crack locations and crack depths on different vibrating properties like natural frequency
and resonance amplitude. None of the researchers has worked on two open double sided
rectangular shape cracks on the cantilever beam of square cross section. Action of cyclic loads
leads to formation of double sided cracks on the beam. Also in the literature [11], different cracked
cross section (rectangular shape, v-shape) is mentioned. Previously, mathematical model was
developed by W. M. Ostachowicz and M. Krawczuk [12] for the cantilever beam which has two
open double-sided v shape cracks. On the other hand, there should be existence of the
mathematical model which may be used to determine the characteristics roots of a cantilever beam
which has two open double sided rectangular shape cracks. Hence in this study, the mathematical
model developed by W. M. Ostachowicz and M. Krawczuk for v shape crack is checked for
rectangular shape crack to see the flexibility of the theory presented by W. M. Ostachowicz and
M. Krawczuk. Also, the effect of two double-sided cracks on the characteristics roots is studied.
It is very essential to understand the dynamics of the cracked cantilever beam for the specific
configurations because the natural frequency is used as basic criteria for predicting the location
and the size of the damage.

2. Mathematical model

W. M. Ostachowicz and M. Krawczuk are presented a method of analysis of the effect of two
open cracks on the bending mode natural frequencies in a cantilever beam. W. M. Ostachowicz
and M. Krawczuk considered two types of cracks in their study, double sided and single sided
cracks. Double sided cracks occur in the beam due to the action of cyclic loading and on the other
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hand, single sided cracks occur in the beam due to fluctuating loads. When cyclic load acts on the
smooth beam, then beam gets bent on both the sides, due to which open double-sided cracks occur
on the beam due to less fatigue strength of the material or due to some localised manufacturing
defect in the beam such as corrosion, corrosion erosion in the beam.

One can take the natural vibration frequencies equation of the beam in the well known form:

E] 8*y(x,t)/6x* + pF&%y(x,t)/6t* =0, (1)

where p is the material density, F is the cross sectional area of the beam, y(x, t) is the deflection
of the beam and J is the geometrical moment of inertia of the beam cross section. By introducing
elasticity elements in crack locations one obtains a system of three beams. The equivalent stiffness
of the elasticity element is calculated as in Section 2 [12].

The model of the problem is shown in Fig. 1. The boundary conditions, in terms of the
non-dimensional beam length & = x/L, can be expressed as follows: y;(0) =0, zero
displacement of the beam at the restraint point; y;(0) = 0, zero angle of rotation of the beam at
the restraint point; y, (e;) = y,(e;), compatibility of the displacement of the beam at the location
of the first crack; y;(e;) — y1(e;) = 0,y5(e;), total change of the rotation angle of the beam at
the location of the first crack; y;'(e;) = y5 (e;), compatibility of the bending moments at the
location of the first crack; y;"'(e;) = 3’ (e1), compatibility of the shearing forces at the location
of the first crack; y,(e,) = y;(e,), compatibility of the displacements of the beam at the location
of the second crack; yj5(e;) — y3(e;) = 0,v3 (e,), total change of the beam rotation angle at the
location of the second crack; y3 (e;) = y3 (e,), compatibility of the bending moments at the
location of the second crack ;y;"’(e,) = y3'(e;), compatibility of the shearing forces at the
location of the second crack; y3' (1) = 0, zero bending moment at the end of the beam;
v3''(1) = 0, zero shearing force at the end of the beam. Here e; and e, are the distances between
the end of the cantilever beam and the crack locations.

N (xt) y2 (x,t) Y3 (x0)
¥y (e1)=0 _

¥1(e1)=0
Y1 (e1)=0

Y3 (e2)=0 y;(l)=°

Y3(1)=0
Fig. 1. Clamped cantilever beam with two open cracks [12]

The solution of Eq. (1) is sought in the form:

y(E ) =y@)sinwt. (@)
Substituting this solution into Eq. (2), after simple algebraic transformation, one has:
Y@ - By (@) =0, 3

where f* = w?pA/L*E].
Taking the function y(£) in the form of a sum of three functions:
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y1(§) = A; cosh(BE) + By sinh(BE) +C;,  &€[0,ey),
¥2(§) = A, cosh(BE) + B, sinh(BE) +C,,  Eeley, e7), 4
¥3(&) = A; cosh(BE) + Bz sinh(BE) + C;3 cos(BE) + D3 sin(BE), &e (ep, 1].

And taking into account the boundary conditions one obtains the characteristic equation [12],
which is to be solved to determine the characteristic roots. The roots are used for the calculation
of natural vibration frequencies:

w; = <%)2\/W, i=12,..,n, %)

where w; is the ith natural vibration frequency of the beam and f3; is the ith characteristic root.
3. Simulated crack configurations

In this study, natural vibrations of a cantilever beam having rectangular shape edge crack are
studied. The same geometric and material properties of reference model are taken and are as given
below to compare the results of cantilever beam with rectangular shape edge crack cases with v
shape edge crack cases.

Geometric properties: The length and cross sectional area of the beam are 1 m and 0.1x0.2 m?,
respectively.

Material properties: Modulus of elasticity (E) is 2.1x10'' N/m?, the density (p) is 7860 kg/m®.
The value of poisons ratio is not given in the reference model, so it is assumed as 0.3.

Crack 1 Crack 2
¥y i
=3} =)
T - —-————LH
A I\
N
G L

¥
Fig. 2. Diagram of a cantilever beam with two open v shape crack [12 ]

Crack 1 Crack 2
L

_Ugf[ chz T
t - - 2H

. |

SN

e | Ll
¥

Fig. 3. Design of a cantilever beam with two open rectangular shape cracks.
First crack details: L, /L = 0.1; a;/H = 0.3; Second crack details: L,/L =0.6; a,/H = 0.5

In present work, total number of specimens considered is 63 and it is same as that of cracked
cases of the reference model to study the amount of deviation given by the cantilever beam for v
edge cracked cases and rectangular edge cracked cases for the characteristics roots. Two separate
cases are considered, in case 1 each specimen has a 2 cracks and each specimen has 4 cracks in
case 2. The details of each case are given below.

Case 1: Three specimens are considered in this case. 2 transverse cracks are taken on each
specimen by keeping crack location constant at 100 mm from the beam fixed end. At this location,
crack depth is taken as 30 mm for one specimen, similarly for next two specimens it is taken as
50 mm, and 70 mm respectively.
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Case 2: In this case, 60 specimens are considered. 4 transverse cracks are taken on each
specimen. This case is divided into 3 sub cases. Each sub case has 20 specimens. In the first sub
case, location of the first crack is at 100 mm and crack depth is taken as 30 mm as mentioned in
Fig. 3, then the location of the second crack is varied as 110 mm, 200 mm, 400 mm, 600 mm and
800 mm from the cantilever end and at each location crack depth is taken as 10 mm, 30 mm,
50 mm and 70 mm respectively. Similar configuration is used for next 2 sub cases, but instead of
30 mm crack depth at the first location, 50 mm and 70 mm crack depth is taken for the second and
third sub cases respectively.

4. Finite element modelling and analysis

ANSYS 12.1 [56] finite element program is used to determine natural frequencies of the
undamaged as well as cracked cases of beams. For this purpose, block of required dimensions is
created by volume command. Then at the required locations on the surface of the beam model,
two small rectangular areas of required dimensions are created and extruded. Then small volumes
are subtracted from large volume of cantilever beam model to obtain three dimensional models
with two open cracks. A 20 node structural solid 186 element [57] is selected for the analysis,
because of several special features like stress stiffening, large strain, and large deflection. Finite
element boundary conditions are applied on the beam to constrain all degrees of freedom of the
extreme left hand end of the beam. The Block Lanczos eigenvalue solver is used to calculate the
natural frequencies of the beams. Mesh independent study is done for the crack model by taking
3 different mesh sizes like 20 mm, 25 mm and 30 mm and then for each mesh size, result of natural
frequency almost remains the same.

Table 1. The bending natural frequency for cracked cases of the beam

ay/h | Ly/L=011]L,/L=02]L,/L=04]L,/L=0.6] L,/L =08
L,/L=0.1;a,/H =03; f; = 14471 Hz
f1(Hz)
0.1 144.52 143.63 144.18 144.45 144.61
03 142.54 135.34 14031 143.50 144.63
0.5 114.12 115.50 129.67 140.43 144.36
0.7 73.840 81.269 104.44 130.05 143.35
L,/L=0.1;a,/H =05, f, = 113.58 Hz
f1(Hz)
0.1 113.64 113.19 113.44 113.60 113.63
0.3 113.30 109.36 111.42 112.95 113.82
0.5 110.43 98.733 106.10 111.85 113.62
0.7 73.531 74.801 91.30 106.64 112.85
L,/L=0.1;a,/H =0.7; f, =73.19 Hz
f1 (Hz)
0.1 73.102 73.014 73.165 73.046 73.138
03 72.891 72.133 72.446 73 73.214
0.5 72.999 69.192 71.365 72.750 73.068
0.7 69.266 59.194 65.932 71.048 72.996

By finite element analysis, the natural frequencies of the cracked cases of the beams are
determined as shown in Table 1. The values of natural frequencies obtained by FEA for different
damaged cases are substituted in Eq. (5) to get the values of characteristics root as shown in
Table 2.
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Table 2. Double-sided crack: roots of the characteristics equation

Crack parameters | L,/L —a,/h) | 0.1 | 02 [ 04 | 06 | 08
L,/L =0.1;a,/H = 0.3; B, = 1.7602
Rectangular 1.7443 1.7389 1.7422 1.7439 1.7448
V-Shape 0.1 1.7496 1.7506 1.7564 1.7593 1.7601
Deviation (%) 0.301 % 0.665% | 0.804% | 0.874% | 0.865%
Rectangular 1.7323 1.6880 1.7187 1.7381 1.7449
V-Shape 0.3 1.6762 1.6964 1.7337 1.7512 1.7598
Deviation (%) -3.349% | 0.493% | 0.863% | 0.744% | 0.841 %
Rectangular 1.55 1.559 1.6522 1.7194 1.7433
V-Shape 0.5 1.5354 1.5831 1.6772 1.7321 1.7562
Deviation (%) —0.954 % 1.497 % 1.485% | 0.729 % | 0.7308 %
Rectangular 1.2468 1.3080 1.4828 1.6547 1.7372
V-Shape 0.7 1.3689 1.4356 1.5871 1.6812 1.7558
Deviation (%) 8.916 % 8.884% | 6.568% | 1.576% | 1.056 %
L,;/L=0.1;a,/H =0.5; 8; =1.5837
Rectangular 1.5467 1.5437 1.5454 1.5465 1.5467
V-Shape 0.1 1.5774 1.5792 1.5817 1.5829 1.5835
Deviation (%) 1.9407% | 2.246% | 2.293% | 2.298% | 2.322%
Rectangular 1.5444 1.5173 1.5316 1.5420 1.5480
V-Shape 0.3 1.5318 1.5452 1.5684 1.5791 1.5826
Deviation (%) —0.8271 % 1.8% 2.346% | 2.344% | 2.185%
Rectangular 1.5247 1.4417 1.4945 1.5345 1.5466
V-Shape 0.5 1.4426 1.4731 1.5342 1.5708 1.5794
Deviation (%) —5.6969 % | 2.126% | 2.581% | 2.307% | 2.073%
Rectangular 1.2442 1.2549 1.3864 1.4983 1.5414
V-Shape 0.7 1.3062 1.3623 1.4762 1.5491 1.5864
Deviation (%) 4.744 % 7.881 % 6.08 % 3.273% | 2.8365 %
L,/L=0.1;a,/H = 0.7; B, = 1.3906
Rectangular 1.2405 1.2398 1.2411 1.2401 1.2408
V-Shape 0.1 1.3869 1.3879 1.3884 1.3901 1.3905
Deviation (%) 10.549 % | 10.667 % | 10.607 % | 10.789 % | 10.758 %
Rectangular 1.2388 1.2323 1.2350 1.2397 1.2415
V-Shape 0.3 1.3712 1.3721 1.3812 1.3896 1.3900
Deviation (%) 9.655% | 10.185% | 10.583 % | 10.785% | 10.68 %
Rectangular 1.2397 1.2069 1.2257 1.2376 1.2403
V-Shape 0.5 1.3061 1.3243 1.3643 1.3831 1.3892
Deviation (%) 5.082 % 8.86 % 10.154 % | 10.519 % | 10.718 %
Rectangular 1.2076 1.1163 1.1781 1.2230 1.2396
V-Shape 0.7 1.2212 1.2601 1.3303 1.3742 1.3874
Deviation (%) 1.113 % 114% | 11.434% | 10.999 % | 10.646 %
[— NANSYS

AUG 21 2016
07:36:25

Fig. 4. Finite element modelling of the cracked beam

Fig. 5. Crack zone details of a FEA model
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Fig. 6. Natural frequency plot, First crack details: L, /L = 0.1; a;/H = 0.5;
Second crack details: L, /L =0.11; a,/H = 0.5

5. Results

The comparison of the results of characteristics roots for v shape and rectangular shape cracked
cases are shown in Figs. 7-9. Total 12 critical cracked cases are shown for the characteristics roots.

From Figs. 7 and 8, it is seen that the value of characteristics roots for v-shape and rectangular
shape cracked cases gives good agreement. From Fig. 9, it is noticed that v-shape and rectangular
shape cracked cases gives some error for characteristics roots between 1.113 % to 10.549 %. The
main advantage of the existing mathematical model is that it gives outstanding results for
characteristics roots at critical region of the beam.

W p2H=0.1 (Rec Shape)
M aXH=01 (V-Shape)
® a2H=0.3 (Rec Shape)
W a2/H=0.3 (V-Shape)
W g MH=0.5 (Rec Shape)
o a2H=0.5 (V-Shape)
W g 2/H=0.7 (Rec Shape)
W a2/H=0.7 (V-Shape)

1.20 -
Fig. 7. Characteristics roots for Rec. shape and V- shape cracks. The first crack:
Location L; /L = 0.1; Size a, /H = 0.3; The second crack: Location L, /L = 0.11

1.60

155

® 0 2/H=0.1 (Rec Shape)
® o 2H=0.1 (V-Shape)
& o 2/H=0.3 (Rec Shape)
® o H=0.3 (V-Shape)

150 1

145 7

B 140 @ 02/H=0.5 (Rec Shape)
& 0 2H=0.5 (V-Shape)
1.35 -+ W o 2H=0.7 (Rec Shape)
9 a2H=0.7 (V-Shape)
1.30 +
125 -

Fig. 8. Characteristics roots for Rec. shape and V- shape cracks. The first crack:
Location L; /L =0.1; Size a;/H = 0.5; The second crack: Location L, /L = 0.4

From Fig.10, it is found that when the location of the second crack increases from the first
crack location by keeping the same location then beam rigidity increases more rapidly. depth of
the second crack then value of characteristics root almost remains constant for v shape as well as
rectangular shape cracked cases of the beam. This is true when the depth of the second crack is
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less than 15 % of the total depth (2H) of the beam. Constant value of characteristics root means
almost constant value of stiffness of the beam.

1.40

1.38

1.36 1 & o XH=01 (Rec Shape)

1.34 W e H=01 (V-Shape)

132 4 u a MH={.2 (Rec Shape)
T o o MH=0.2 (V-Shape)

130 -

B & a2H=0.5 (Rec Shape)
1.z28 4 & e ZH=05 (V-Shape)
1.26 W a XH={.7 (Rec Shape)
124 a2 H=0.7 (V-Shape)
1.22
120 -

Fig. 9. Characteristics roots for Rec. shape and V- shape cracks. The first crack:
Location L; /L = 0.1; Size a;/H = 0.7; The second crack: Location L, /L = 0.11

For the same configuration, When the depth of the second crack increases above 30 mm then
value of characteristics root increases due to increase in stiffness of the beam materials. It means
that as the location of the second crack increases from the first crack

1,80
1,70
1,60
1,50

——a2/H=0.1 (Rec Shape)
—&— a2/H=0.1 (V-Shape)
—a&— a2/H=0.3 (Rec Shape)
1,40 ——a2/H=0.3 (V-Shape)
—%— a2/H=0.5 (Rec Shape)
1,30 —e— a2/H=0.5 (V-Shape)
1,20 —+—a2/H=0.7 (Rec Shape)
1.10 a2/H=0.7 (V-Shape)

0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8
L,/L
Fig. 10. Effect of the second crack upon the characteristics root of the beam with two double
sided-cracks. The first crack: location L, /L = 0.1; Size=a,/H = 0.3; ; = 1.7602

1,60 ——a2/H=0.1 (Rec Shape)
—8— q2/H=0.1 (V-Shape)

1,50 —&— a2/H=0.3 (Rec Shape)
——a2/H=0.3 (V-Shape)

ﬂ 1,40 —*—a2/H=0.5 (Rec Shape)
—o— a2/H=0.5 (V-Shape)

1,30 —+—a2/H=0.7 (Rec Shape)
a2/H=0.7 (V-Shape)

0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8

Ly/L
Fig. 11. Effect of the second crack upon the characteristics root of the beam with two double
sided-cracks. The first crack: location L, /L = 0.1; Size=a,/H = 0.5; ; = 1.5837

For the same configuration, When the depth of the second crack increases above 30 mm then
value of characteristics root increases due to increase in stiffness of the beam materials. It means
that as the location of the second crack increases from the first crack location then beam rigidity
increases more rapidly.

The values of characteristics roots for v shape and rectangular shape cracked cases gives good
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agreement when depth of the cracks are less than 25 % of the total depth (2H) of the beam.

For larger depth, the found error in the values of characteristics roots for v shape and
rectangular shape cracked cases is fairly more, this may be due to lack of width specifications of
the v shape crack profile as mentioned in the reference model [12].

The decrease in the value of characteristics root is largest, if cracks are nearer to each other as
well as closer to the cantilever end. When the value of characteristics roots are compared for
Figs. 10-12, it is found that the value of characteristics roots are minimum due to the presence of
largest crack depth of the first crack at the first location as shown in Fig. 12. The reduction in
characteristics roots value only due to the presence of largest crack depth at the first location.

1,40

1,35 —+— a2/H=0.1 (Rec Shape)
1,30 —8—a2/H=0.1 (V-Shape)
_ 125 —a—a2/H=0.3 (Rec Shape)
’ kﬁ? & - a2/H=0.3 (V-Shape)
1,20 —x—a2/H=0.5 (Rec Shape)
115 a2/H=0.5 (V-Shape)
’ a2/H=0.7 (Rec Shape)
1,10
0 0,2 0,4 0,6 0,8 1

L,/L
Fig. 12. Effect of the second crack upon the characteristics root of the beam with two double
sided-cracks. The first crack: location L, /L = 0.1; Size=a,/H = 0.7; §; = 1.3906

1,60
1.55 —— —— L2/L=0.11 (Rec Shape)
—8— [2/L==0.11 (V-Shape)
1,50 —a— L2/L=0.2 (Rec Shape)
1,45 ——L2/L=0.2 (V-Shape)
1.40 —%— L2/L=0.4 (Rec Shape)
X L2/L=0.4 (V-Shape)
1,35 L2/L=0.6 (Rec Shape)
1.30 L2/L=0.6 (V-Shape)

’ L2/L=0.8 (Rec Shape)
1,25 L2/L=0.8 (V-Shape)
1,20

0 0,2 0,4 0,6 0,8

ayH
Fig. 13. Effect of the second crack upon the characteristics root of the beam with two double
sided-cracks. The first crack: location L, /L = 0.1; Size = a,/H = 0.5; B; = 1.5837

From Fig. 13, it is found that when the depth of the second crack at any location (apart from
last location, L, /L = 0.8) increases then the value of characteristics root decreases. But decrease
in the value of characteristics root is rapid, when second crack location is nearer to first crack
location because the effect of damping remains largest in such a cracked case. For the larger crack
depths, as the location of the second crack increases from the first crack location then rigidity of
the beam increases significantly or vice versa. From Fig. 13, it is also found that the values of
characteristics roots for v shape as well as for rectangular shape cracked cases are close to each
other. The last location of the second crack (L, /L = 0.8) is very nearer to the unconstrained end,
hence at this location even though crack depth increases, the value of characteristics roots almost
remain constant due to presence of small amount of damping effect in the beam.

6. Conclusions

Analysis focuses on free vibration only. In the FEA part of this study, the effect of the crack
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depth and location on modal properties of the beam was investigated. The following conclusions
can be drawn from the analyses:

1. The theory presented by W. M. Ostachowicz and M. Krawczuk for the cantilever beam
which has two open double-sided v shape cracks is applicable for the same beam which has two
open double-sided rectangular shape cracks.

2. Up to 50 mm crack depth, the values of characteristics roots for v shape and rectangular
shape cracked cases gives good agreement.

3. Found error in the values of characteristics roots for v shape and rectangular shape cracked
cases is slightly more when crack depth increases above 50 mm.

4. When the depth of the second crack is kept constant and second crack location is varied
from the cantilever end of the beam, then characteristics root of the beam increases.

5. In case of 2 cracks of different depths, the larger crack is comparatively more responsible
for reducing the value of natural frequency.

6. When the location of the second crack is kept constant and crack depth increases then
characteristics root of the beam decreases.

7. Characteristics root of the beam decreases significantly, when second crack location is
nearer to the first crack location and when both the crack location closer to the cantilever end.

8. When the depth of the first crack increases, then value of characteristics roots decreases
rapidly.

References

[1] Thomson W. T. Vibration of slender bars with discontinuities in stiffness. Journal of Applied
Mechanics, Vol. 17, 1949, p. 203-207.

[2] Gudmundson P. Eigen frequency changes of structures due to cracks, notches or other geometrical
changes. Journal of Mechanics and Physics of Solids, Vol. 30, Issue 5, 1982, p. 339-353.

[31 Wendtland D. Anderung der Biegeeigen Frequenzen Einer Idealisierten Schaufel Durch Risse. Ph.D.
Thesis, University of Karlsruhe, 1972.

[4] Gudmundson P. The dynamic behavior of slender structures with cross-sectional cracks. Journal of
Mechanics and Physics of Solids, Vol. 31, Issue 4, 1983, p. 329-345.

[S1 Yuen M. M. F. A numerical study of the eigenparameters of a damaged cantilever. Journal of Sound
and Vibration, Vol. 103, Issue 3, 1985, p. 301-310.

[6] Gourn G., Dimarogonas A. A finite element of a cracked prismatic beam for structural analysis.
Computers and Structures, Vol. 28, Issue 3, 1988, p. 309-313.

[71 Rice J. R., Levy N. The part-through surface crack in an elastic plate. Journal of Applied Mechanics,
Vol. 39, Issue 1, 1972, p. 185-194.

[8] Freund L. B., Herrmann G. Dynamic fracture of a beam or plate in pure bending. Journal of Applied
Mechanics, Vol. 43, Issue 1, 1975, p. 112-116.

[9] Cbristides S., Barr A. D. S. One-dimensional theory of cracked Bernoulli-Euler beams. Journal of
Mechanical Science, Vol. 26, Issues 11-12, 1984, p. 639-648.

[10] Shen M. H. H., Pierre C. Natural modes of Bernoulli-Euler beams with symmetric cracks. Journal of
Sound and Vibration, Vol. 138, Issue 1, 1990, p. 115-134.

[11] Dirr B. O., Schmalhorst B. K. Crack depth analysis of a rotating shaft by vibration measurement.
Proceedings of the ASME Conference, 11th Biennial Conference on Mechanical Vibration and Noise,
1987, p. 607-614.

[12] Ostachowicz W. M., Krawczuk M. Analysis of the effect of cracks on the natural frequencies of a
cantilever beam. Journal of Sound and Vibration, Vol. 150, Issue 2, 1991, p. 191-201.

[13] Chinchalkar S. Determination of crack location in beams using natural frequencies. Journal of Sound
and Vibration, Vol. 247, Issue 3, 2001, p. 417-429.

[14] Papadopoulos C. A., Dimarogonas A. D. Coupled longitudinal and bending vibrations of a rotating
shaft with an open crack. Journal of Sound and Vibration, Vol. 117, Issue 1, 1987, p. 81-93.

[15] Chen L. W., Chen C. L. Vibration and stability of cracked thick rotating blades. Computers and
Structures, Vol. 28, Issue 1, 1988, p. 67-74.

[16] Anifantis N., Dimarogonas A. D. Stability of Columns with a single crack subjected to follower and
vertical loads. International Journal of Solid and Structures, Vol. 19, Issue 3, 1983, p. 281-291.

1036 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. MAR 2017, VOL. 19, IsSUE 2. ISSN 1392-8716



17]

[18]
[19]
[20]
[21]
[22]

[23]
[24]

[23]
[26]
127]
28]
[29]

[30]

[31]
[32]
[33]
[34]
[35]
[36]
[37)
[38]
[39]
[40]
141]
[42]
[43]

[44]

2371. FREE VIBRATION STUDY OF V-SHAPE AND RECTANGULAR SHAPE DOUBLE-SIDED CRACKS IN A CANTILEVER BEAM.
V. KHALKAR, S. RAMACHANDRAN

Mayes 1. W., Davis W. G. R. Analysis of the response of multi-rotor-bearing system containing
transverse crack in rotor. Transactions of the American Society of Mechanical Engineers, Journal of
Vibration, Acoustics, Stress, and Reliability in Design, Vol. 106, Issue 1, 1984, p. 136-145.

Wauer J. On the dynamics of cracked rotating shafts. Proceedings of the 16th International
Conference on Dynamics of Machines, Stupava, Czechoslovakia, Vol. 2, 1989, p. 84-89.

Smith S. W., Gowan P. E. Locating Damaged Members in a Truss Structure Using Modal Data: a
Demonstration Experiment. NASA Technical Memorandum, 101595, 1989.

Atluru S. N. Computational Methods for Three-dimensional Mechanics of Fracture. Computational
Methods in the Mechanics of Fracture, North-Holland, Amsterdam, 1986, p. 230-287.

Dimarogonas A. D. Dynamic Response of Cracked Rotors. General Electric Co., Internal Report,
Schenectady, NY, USA, 1970.

Dimarogonas A. D. Dynamics of Cracked Shafts. General Electric Co., Internal Report, Schenectady,
NY, USA, 1971.

Dimarogonas A. D. Vibration Engineering. West Publishers, St. Paul, 1976.

Pafelias T. Dynamic Behaviour of a Cracked Rotor. General Electric Co., Technical Information
Series, No. DF-74-LS-79, 1974.

Schmerling J. M., Hammon J. C. Investigation of the Tennessee Valley Authority Gallation Unit
No. 2 turbine rotor burst. American Power Conference, Chicago, 1966.

Haas H. Grossschaden durch turbinen-oder generatorleufer. entstanden im bereich bis zur
Schleuderdrehzahl. Maschinenschaden, Vol. 50, 1977, p. 195-204.

Jack A. R., Patterson A. N. The Influence of the Environment on Fatigue. Cracking in 500 MW LP
rotor shafts. 1st Mechanical Engineering Conference, 1976.

Greco J., Agnew J. R., Erhardt K., Bertilsson J. E., Stys Z. S. Cumberland steam plant-cracked IP
rotor coupling. American Power, Conference, Chicago, 1978.

Kottke J. K., Menning R. H. Detection of a transverse crack in a turbine shaft — The Oak Creek
experience. ASME Paper 81-JPGC-Pwr-19, 1981.

Anifantis N., Aspragathos N., Dimarogonas A. D. Diagnosis of cracks on concrete frames due to
earthquakes by vibration response analysis. 3rd International Syrup of the International Measurements
Federation (IMEKO), Moscow, 1983.

Klompas N. Effects of anomalous rotor joints on turbo machine dynamics. Journal of Engineering
Power, Vol. 105, 1983, p. 927-935.

Kraemer E., Haapala E., Paavola M. Betriebserfahrungen mit gerissenen Rotoren, Operating
experience with cracked rotors. Maschinenschaden, Vol. 62, 1989, p. 211-216.

Dimarogonas A. D., Paipetis S. A. Analytical Methods in Rotor Dynamics. Applied Science, London,
1983, p. 144-193.

Wauer J. Dynamics of cracked rotors: a state of the art survey. Applied Mechanics Reviews, Vol. 43,
Issue 1, 1990, p. 13-17.

Entwistle R. D., Stone B. J. Survey of the use of vibration methods in the assessment of component
geometry. Australian Vibration and Noise Conference, Vol. 90, 1990, p. 210-217.

Dimarogonas A. D. A Brief History of Rotor Dynamics. Rotordynamics. Vol. 92. Springer, Venice,
1992.

Gasch R. A survey of the dynamic behavior of a simple rotating shaft with a transverse crack. Journal
of Sound and Vibration, Vol. 160, Issue 2, 1993, p. 313-332.

Kirmsher P. G. The effect of discontinuities on the natural frequency of beams. Proceedings of the
American Society of Testing and Materials, Vol. 44, 1944, p. 897-904.

Thomson W. J. Vibration of slender bars with discontinuities in stiffness. Journal of Applied
Mechanics, Vol. 17, 1943, p. 203-207.

Wendtland D. Anderung Der Biegeeigen Frequenzen Einer Idealisierten Schaufel Durch risse. Dr.Ing
Thesis, University of Karlsruhe, 1972.

Tsalik A. M. Free vibrations of reinforced concrete bars with crack in flexure. Prikjadnaya Mekhanica,
Vol. 3, Issue 12, 1967, p. 104-108.

Petroski H. J., Glaszik J. L. The response of cracked cylindrical shells. Journal of Applied
Mechanics, Vol. 47, 1980, p. 444-446.

Petroski H. J. Simple static and dynamic models for the cracked elastic beam. International Journal
of Fracture, Vol. 17, Issue 4, 1981, p. 71-76.

Petroski H. J. Structural dynamics of piping with stable cracks: some simple models. International
Journal of Pressure Vessels and Piping, Vol. 13, Issue 1, 1983, p. 1-18.

© JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. MAR 2017, VOL. 19, ISSUE 2. ISSN 1392-8716 1037



[43]

[46]
[47]

[48]
[49]
[50]
[51]
[52]
[53]

[54]
[55]

[56]
[57]

1038

2371. FREE VIBRATION STUDY OF V-SHAPE AND RECTANGULAR SHAPE DOUBLE-SIDED CRACKS IN A CANTILEVER BEAM.
V. KHALKAR, S. RAMACHANDRAN

Petroski H. J. The permanent deformation of a cracked cantilever struck transversely at its tip. Journal
of Applied Mechanics, Vol. 51, Issue 2, 1984, p. 329-334.

Petroski H. J. On the cracked bell. Journal of Sound and Vibration, Vol. 96, Issue 4, 1984, p. 485-493.
Petroski H. J. Worst-case cracks in ductile cantilever struck transversely at the tip. International
Journal of Fracture, Vol. 26, Issue 1, 1984, p. 29-31.

Petroski H. J. Stability of a crack in a cantilever beam undergoing large plastic deformation after
impact. International Journal of Pressure Vessels and Piping, Vol. 16, Issue 4, 1984, p. 285-298.
Petroski H. J. Simple models for the stability of a crack in a cantilever beam subject to impact.
Engineering Fracture Mechanics, Vol. 21, Issue 2, 1985, p. 377-381.

Petroski H. J., Verma A. Plastic response of cantilevers with stable cracks. Journal of Engineering
Mechanics, Vol. 111, Issue 7, 1985, p. 839-853.

Kumar S., Petroski H. J. Plastic response to impact of a simply supported beam with a stable crack.
International Journal of Impact Engineering, Vol. 3, Issue 1, 1985, p. 27-40.

Ku D. M., Chen L. W. Dynamic stability of a shaft disk system with flaws. Computer and Structures,
Vol. 43, Issue 2, 1992, p. 305-311.

Chondros T. G. Dynamic Response of Cracked Beams. Master Thesis, University of Patras, Greece,
1977.

Chondros T. G. Dynamics of Cracked Structures. PhD Thesis, University of Patras, Greece, 1982.
Chondros T. G., Dimarogonas A. D. Identification of cracks in welded joints of complex structures.
Journal of Sound and Vibration, Vol. 69, Issue 4, 1980, p. 531-538.

ANSYS Release 12.1, ANSYS Inc.

ANSYS Element Manuals, ANSYS Inc.

Vikas Khalkar is pursuing Ph.D. degree in mechanical engineering from Sathyabama
University, Chennai, India. His current research interests in mechanical vibrations.

Ramachandran S. received Ph.D. degree in mechanical engineering from Sathyabama
University in 2008, Chennai, India. Presently he works as a Research Head in Mechanical
Engineering in Sathyabama University only. His research interests include: design
engineering, surface coatings.

© JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. MAR 2017, VOL. 19, ISSUE 2. ISSN 1392-8716





