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Abstract. A novel two-stage quasi-zero stiffness (QZS) vibration isolator was proposed for the 
purpose of low-frequency vibration isolation. Firstly, the dynamic model of the vibration isolation 
system was established; furthermore, the force transmissibility of the system under harmonic force 
excitation was derived by the averaging method; finally, the effects on the vibration isolation 
performance caused by excitation amplitude, mass ratio and damping ratio were discussed. Results 
show that, compared with the corresponding two-stage linear system, two-stage QZS system not 
only has better isolation performance, but also possesses a wider range of isolation frequency 
provided that the excitation amplitude, mass ratio and damping ratio is appropriate. 
Keywords: two-stage quasi-zero stiffness, the averaging method, force transmissibility, vibration 
isolation system. 

1. Introduction 

Quasi-zero stiffness (QZS) isolator can obtain zero stiffness at the static equilibrium position 
by connecting a positive stiffness element in parallel with a negative stiffness element [1]. By 
reasonably selecting the geometry and stiffness parameters of the negative stiffness institutions, 
the vibration isolation system can support a large load statically while have low-frequency 
vibration isolation performance. The combination of positive and negative stiffness device 
possesses the characteristics of high-static-low-dynamic stiffness and can ensure that the system 
natural frequency is very low at small deformation [2]. Therefore, scholars have conducted 
in-depth research on isolator principle [3], structure design [4], properties analysis [5] and 
engineering application [6] of QZS, which is widely used in precision instrument isolation, bridge 
and house anti-earthquake, high-speed vehicle vibration reduction, marine machinery noise 
cancellation and other fields. 

With the development of science and technology, the request of stability for the work 
environment of precision equipment is more and more strictly. Conventional single-stage linear 
or QZS vibration isolation system cannot meet requirements of industry [7, 8]. When the 
excitation frequency is greater than √2  times the natural frequency, vibration decay ratio is 
proportional to ߱ିଶ in the single-stage system, while that is proportional to ߱ିସ in the two-stage 
system. So rigid two-stage isolation system can replace soft single-stage isolation system, which 
not only has good isolation effect, but also takes into account the load-bearing capacity and 
stability. Although the two-stage isolator is better isolation performance than the single-stage 
isolator, but the former has one more resonance peak and longer resonance time. To play the single 
QZS advantages, also take large vibration decay ratio of two-stage isolation system into 
consideration. Two-stage QZS vibration isolator was proposed, whose effects on the vibration 
isolation performance caused by excitation amplitude, mass ratio and damping ratio were studied. 

2. Mechanical model of QZS vibration isolation system 

Fig. 1 shows a typical QZS system. The system consists of a suspended mass ݉ with a vertical 
spring and two identical oblique springs. 

The force-deflection in the vertical direction is given by: 
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௩ܨ = ݇௩ݔ + 2݇௛ ൬1 − ݈଴√ݔଶ + ݈ଶ൰ ,ݔ (1)

where ݈଴ is the free length of horizontal springs and ݈ is length in the horizontal position. ݔ is the 
displacement deviation from equilibrium position. The stiffness of oblique spring is ݇௛ and the 
stiffness of horizontal spring is ݇௛. 

Eq. (1) can be written in non-dimensional form as: 

መ݂ = ଴ݔ௩݇௩ܨ = ොݔ + 2෠݇ 1ۇۉ − 1ට(ݔොଶ(1 − መ݈ଶ) + መ݈ଶۊی ො, (2)ݔ

where ݔො = ݔ ⁄଴ݔ , መ݈ = ݈ ݈଴⁄  and ෠݇ = ݇௛ ݇௩⁄ . Using the Maclaurin-series expansion to the third 
order for small ݔො, then Eq. (2) approximates to: መ݂ = ݇௔ݔො + ݇௕ݔොଷ, (3)

where ݇௔ = 1 − 2෠݇(1 − መ݈) መ݈⁄  and ݇௕ = ෠݇(1 − መ݈ଶ) መ݈ଷ⁄ . 
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Fig. 1. Schematic diagram of the QZS vibration 
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Fig. 2. Schematic of a two-stage QZS system 

3. Two-stage QZS vibration isolation system 

The two-stage QZS system is shown in Fig. 2.  
It is subject to external harmonic force excitation ܨcosΩܶ. The upper QZS isolator stiffness 

coefficient is ܭଵ, ܭଶ and damping coefficient is ܿଵ. The lower QZS isolator stiffness coefficient is ܭଷ, ܭସ and damping coefficient is ܿଶ. ݖଵ and ݖଶ are the displacement of the vibration object and 
the middle inertia block when the respective spring in a natural state. ݉ଵ and ݉ଶ are the mass of 
vibration object and middle inertia block respectively. 

Provided that only consider the vertical direction of movement, dynamic equation of two-stage 
QZS system is established based on Newton’s second law: 

൜݉ଵݖሷଵ + ܿଵ(ݖሶଵ − (ሶଶݖ + ଵݖ)ଵܭ − (ଶݖ + ଵݖ)ଶܭ − ଶ)ଷݖ = cos(Ωܶ)ܨ − ݉ଵ݃,݉ଶݖሷଶ − ܿଵ(ݖሶଵ − (ሶଶݖ − ଵݖ)ଵܭ − (ଶݖ − ଵݖ)ଶܭ − ଶ)ଷݖ + ܿଶݖሶଶ + ଶݖଷܭ + ଶଷݖସܭ = −݉ଶ݃. (4)

For clarity of analysis, the parameters Ω଴ = ඥܭଵ ݉ଵ⁄ ଵݖ , = ଵܺඥܭଵ ⁄ଶܭ ଶݖ , = ܺଶඥܭଵ ⁄ଶܭ , ܶ = Ω଴ݐ are introduced. Eq. (4) can be written in non-dimensional form as: 

ቊ ሷܺଵ − )ଵߦ ሶܺଶ − ሶܺଵ) − (ܺଶ − ଵܺ) − (ܺଶ − ଵܺ)ଷ = ݂cos(߱ݐ) − ݓ,ܩ ሷܺଶ + )ଵߦ ሶܺଶ − ሶܺଵ) + (ܺଶ − ଵܺ) + (ܺଶ − ଵܺ)ଷ + ଶߦ ሶܺଶ + ݇ଵܺଶ + ݇ଶܺଶଷ = (5) ,ܩݓ−
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where ߦଵ = ܿଵ ඥܭଵ݉ଵ⁄ , ݂ = ܨ ⁄ଵܭ ඥܭଶ ⁄ଵܭ ܩ , = ݉ଵ݃ ⁄ଵܭ ඥܭଶ ⁄ଵܭ , ݇ଵ = ଷܭ ⁄ଵܭ , ݇ଶ = ସܭ ⁄ଶܭ , ݇ଷ = ଶܭ ⁄ଵܭ ଶߦ , = ܿଶ ඥܭଵ݉ଵ⁄ ݓ , = ݉ଶ ݉ଵ⁄ , ߱ = Ω଴Ω. 
In order to analyze conveniently, the first and second equation of Eq. (5) are added, which can 

make stiffness coupling change into inertia coupling. The gravity term in Eq. (5) can be eliminated 
by using coordinate transform. Introducing ଵܺ = ܼଵ − ℎଵ , ܺଶ = ܼଶ − ℎଶ ܪ , = ℎଵ − ℎଶ ଵݔ  , = ܼଶ − ܼଵ, ݔଶ = ܼଶ, Eq. (5) can be transferred as: 

ቊݔሷଶ − ሷଵݔ − ሶଵݔଵߦ − (1 + ଵݔ(ଶܪ3 − ଵଶݔܪ3 − ଵଷݔ = ݂cos(߱ݐ),(1 + ሷଶݔ(ݓ − ሷଵݔ + ሶଶݔଶߦ + ൫݇ଵ + 3݇ଶℎଶଶ൯ݔଶ − 3݇ଶℎଶݔଶଶ + ݇ଶݔଶଷ = ݂cos(߱ݐ), (6)

where ܪ + ଷܪ = ଵℎଶ݇ ,ܩ + ݇ଶℎଶଷ = ݓ) +  .ܩ(1
Eq. (6) in matrix form is: ܆ۻሷ + ሶ܆۱ = ۴, (7)

where: ۻ = ቂ−1 1−1 1 + ቃݓ ,     ۱ = ൤−ߦଵ 00 ଶ൨ߦ , ܆ = ቂݔଵݔଶቃ,۴ = ቈ ݂cos(߱ݐ) + (1 + ଵݔ(ଶܪ3 + ଵଶݔܪ3 + (ݐ߱)ଵଷ݂cosݔ − (݇ଵ + 3݇ଶℎଶଶ)ݔଶ + 3݇ଶℎଶݔଶଶ − ݇ଶݔଶଷ቉.
By the averaging method, suppose steady-state response solution of the above system as: ൜܆ = (ݐ߱)cos܃ + ᇱ܆,(ݐ߱)sin܄ = (ݐ߱)cos܃߱− + ,(ݐ߱)sin܄߱ (8)

where ܃ = ሾ ଵܷ, ܷଶሿ் and ܄ = ሾ ଵܸ, ଶܸሿ் change slowly with time. Differentiate the first equation 
of Eq. (8) with respect toݐand eliminate the second equation of Eq. (8): ܃′cos(߱ݐ) + (ݐ߱)sin′܄ = 0. (9)

Differentiate the second equation of Eq. (8) with respect toݐand take it into Eq. (7): (߱܄ۻᇱ − ߱ଶ܃ۻ + (ݐ߱)cos(܄۱߱ − ᇱ܃ۻ߱) + ߱ଶ܄ۻ + (ݐ߱)sin(܃۱߱ = ۴. (10)

Based on Eqs. (9) and (10), it can be inferred as: 

൜߱܃ۻᇱ = −۴sin(߱ݐ) + (−߱ଶ܃ۻ + (ݐ߱)sin(ݐ߱)cos(܄۱߱ − (߱ଶ܄ۻ + ᇱ܄ۻ߱,(ݐ߱)sinଶ(܃۱߱ = ۴cos(߱ݐ) + (߱ଶ܄ۻ + (ݐ߱)cos(ݐ߱)sin(܃۱߱ + (߱ଶ܃ۻ − .(ݐ߱)cosଶ(܄۱߱  (11)

Note that, ܃ and ܄ are the slowly changing function of time. The right side of Eq. (11) can be 
approximately represented with the average value of (߱ݐ) in a period. Provided that ܃ and ܄ 
remain unchangeable in a period, average equation can be obtained as: 

۔ۖەۖ
ᇱ܃ۻ߱ۓ = න ൤−۴ sin(߱ݐ) + (−߱ଶ܃ۻ + (܄۱߱ cos(߱ݐ) sin(߱ݐ)−(߱ଶ܄ۻ + (ݐ߱)sinଶ(܃۱߱ ൨ ൗଶగߨ2

଴ ,ݐ߱݀
ᇱ܄ۻ߱ = න ൤۴ cos(߱ݐ) + (߱ଶ܄ۻ + (܃۱߱ sin(߱ݐ) cos(߱ݐ)+(߱ଶ܃ۻ − (ݐ߱)cosଶ(܄۱߱ ൨ଶగ

଴ ൗߨ2 .ݐ߱݀ (12)

According to the orthogonality of trigonometric function, Eq. (12) can be simplified as: 
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۔ە
ᇱ܃ۻ߱ۓ = − 12 (߱ଶ܄ۻ + (܃۱߱ − 12 ൬ܳଵܳଶ൰ ᇱ܄ۻ߱, = 12 (߱ଶ܃ۻ − (܄۱߱ + 12 ൬ܳଷ + ݂ܳସ + ݂൰ , (13)

ܳଵ = ቆ1 + ଶܪ3 + 3 ଵܷଶ4 ቇ ଵܸ + 3 ଵܸଷ4 , ܳଶ = ቆ−݇ଵ − 3݇ଶℎଶଶ − 3݇ଶܷଶଶ4 ቇ ଶܸ − 3 ଵܸଷ4 , ܳଷ = ቆ1 + ଶܪ3 + 3 ଵܸଶ4 ቇ ଵܷ + 3 ଵܷଷ4 , ܳସ = ቆ−݇ଵ − 3݇ଶℎଶଶ − 3݇ଶ ଶܸଶ4 ቇ ܷଶ − 3ܷଶଷ4 . (14)

Then, the response of system is the solution of following equation: 

۔ۖەۖ
ଶ߱−ۓ ଵܸ + ߱ଶ ଶܸ − ଵ߱ߦ ଵܷ + ܳଵ = 0,−߱ଶ ଵܸ + (1 + ଶ߱(ݓ ଶܸ + ଶܷ߱ଶߦ + ܳଶ = 0,−߱ଶ ଵܷ + ߱ଶ ଶܷ + ଵ߱ߦ ଵܸ + ܳଷ + ݂ = 0,−߱ଶ ଵܷ + (1 + ଶ߱(ݓ ଶܷ + ଶ߱ߦ ଶܸ + ܳସ + ݂ = 0. (15)

The force transmitted to the base includes elastic restoring force and damping force of the 
lower vibration isolator, which can be expressed as: 

௔݂ = ሶଶݔଶߦ + ൫݇ଵ + 3݇ଶℎଶଶ൯ݔଶ − 3݇ଶℎଶݔଶଶ + ݇ଶݔଶଷ. (16)

Substitute Eq. (6) in Eq. (14) and neglect higher harmonics: 

௔݂ = ௕݂cos(߱ݐ) + ௖݂sin(߱ݐ) + ௗ݂, (17)

where: 

௕݂ = ൫݇ଵ + 3݇ଶℎଶଶ൯ ଶܷ + ଶߦ߱ ଶܸ + 3݇ଶܷଶ൫ ଶܷଶ + ଶܸଶ൯4 ,
௖݂ = ൫݇ଵ + 3݇ଶℎଶଶ൯ ଶܸ − ଶܷଶߦ߱ + 3݇ଶ ଶܸ4 ൫ ଶܸଷ + ܷଶଶ൯, ௗ݂ = − 3݇ଶℎଶ൫ܷଶଶ + ଶܸଶ൯2 . 

Force transmissibility of two-stage QZS system is calculated as: 

௙ܶ = ቆට ௕݂ଶ + ௖݂ଶ + | ௗ݂|ቇ ݂ൗ . (18)

As a comparison, the two oblique springs are removed.  
By successively applying the same procedure as for the model of equivalent two-stage linear 

system, the response of the system is the solution of Eq. (15), where ܳଵ = 3 ଵܸ 4,⁄     ܳଶ = ݇ଵ ଶܸ, ܳଷ = ଵܷ, ܳସ = ݇ଵܷଶ. (19)

Similarly, the force transmissibility of two-stage linear system can be founded: 

௙ܶ௟ = ට(4ݓଶߦଶଶ ଶܸଶ + ݇ଵଶ)(ܷଶଶ + ଶܸଶ) ݂ൗ . (20)

4. Influence of the system parameters on force transmissibility 

As discussed above, force transmissibility is closely related to ݂, ݓ and ߦ. Next, the effects of 
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different system parameters on force transmissibility of two-stage QZS system are investigated by 
controlling variables method. The Force transmissibility of two-stage linear system at the same 
condition is also plotted together to compare the isolation performance of two systems. All the 
force transmissibility results are plotted in dB, i.e. as 20logଵ଴ܶ. 

Fig. 3 shows the force transmissibility of system under different ݂. Two-stage linear system 
are not influenced by the ݂ . However, for the two-stage QZS system, two order resonant 
frequencies and transmissibility peaks increase with the rising of ݂. The less the ݂ is, the better 
the isolation performance of two-stage QZS system compared with the two-stage linear system. 
Fig. 4 shows the force transmissibility of system under different ݓ, for the two-stage linear system, 
two order resonant frequencies increase with the rising of ݓ, the transmissibility of the first order 
resonant frequency decreases, while the transmissibility of the second order resonant frequency 
increases. For the two-stage QZS system, the first order resonant frequency transmissibility 
decreases with the rising of ݓ, while the second resonant order frequency and transmissibility 
increases with the rising of ݓ. Which indicates that the isolation bandwidth broadens and isolation 
performance near the second order resonant frequency weakens with the rising of ݓ. 

The force transmissibility curves of system under different ߦ are illustrated in Fig. 5 and Fig. 6 
respectively. Two order resonant frequencies of two-stage linear system are not influenced by the ߦଵ , while the peaks of corresponding force transmissibility reduce. Force transmissibility of 
system under different ߦଵ is shown in Fig. 5. The resonance branch of the two-stage QZS system 
shortens and the peaks of corresponding force transmissibility reduce with the rising of ߦଵ. But 
the isolation performance will decrease when the excessive damping ratio. Force transmissibility 
of system under different ߦଵ is shown in Fig. 6. Two order resonant frequencies increase with the 
rising of ߦଶ . The transmissibility of the first order resonant frequency decreases, while the 
transmissibility of the second order resonant frequency increases, which indicates that the isolation 
performance near the second order resonant frequency weakens with the rising of ߦଶ. 

 
Fig. 3. Force transmissibility under different ݂ 

 
Fig. 4. Force transmissibility under different ݓ 

 

Fig. 5. Force transmissibility under different ߦଵ 
 

Fig. 6. Force transmissibility under different ߦଶ 
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5. Conclusions 

In this study, a novel two-stage quasi-zero stiffness vibration isolator was presented. The 
conclusions were summarized as follows: 

1) The dynamic models of two-stage QZS and linear vibration isolation system were 
established. The force transmissibility under harmonic force excitation was derived by using the 
averaging method. 

2) Decrease the excitation amplitude and increase the mass ratio as well as damping ratio 
properly, which can broaden the isolation bandwidth, increase the vibration decay ratio and 
enhance the isolation performance of two-stage QZS system. 

3) Compared to the corresponding two-stage linear system, the two-stage QZS system not only 
has smaller initial isolation frequency, wider isolation band and better isolation performance, but 
also possesses excellent load-bearing capacity and stability. 
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