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Abstract. The bending oscillations of a narrow slit channel walls with highly viscous liquid inside
and put on a vibrating Winkler foundation are investigated. The channel walls bending oscillations
laws are discovered on the basis of hydroelasticity problem solution, as well as pressure in the
liquid ones. The deflections amplitudes distribution and liquid pressure along the channel
functions are constructed. The obtained results allow investigating dynamic processes,
conditioned by constructions elastic elements and viscous liquid interaction in lubrication system,
damping and various devices and units.
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1. Introduction

The elastic elements of constructions with liquid oscillations are of great importance for
modern machines, units and devices analysis [1]. In reference [2] the rectangular plate oscillations
plunged into an ideal incompressible liquid with a free surface are investigated. Reference [3]
studies the plate chaotic oscillations under interaction with ideal incompressible flow. The
problem of round plate oscillations on incompressible liquid fee surface is considered in reference
[4], whereas reference [5] investigates round plate oscillations in water with free surface. The
problem of bending oscillations of channel wall interacting with ideal liquid, which fills the
channel, is solved in [6], and vibration cavitations in cooling liquid, surrounding
internal-combustion engine shell having been solved on its basis. The investigation of the beam
hydroelastic oscillation in viscous flow with application to piezoelectric element which can be
used for receiving energy from the flow is made in [7]. Reference [8] studies the cantilevering
fixed beam oscillations in an unlimited volume of viscous incompressible flow. Reference [9]
investigates interminable plate oscillations on viscous liquid layer. The investigation of terminable
length vibrating plates interaction with viscous incompressible liquid layer between them is made
in [10]. References [11, 12] consider analogues problems for round disks with one of them being
three-layered. The plate oscillations, caused by pressure pulsating in viscous liquid layer are
considered in [13]. References [14, 15] deal with three-layered plates interaction with viscous
liquid layer. The oscillations of membrane with elastic foundation, situated on the channel bottom,
with ideal incompressible liquid with a free surface inside the channel are investigated in [16].
However, for practical purposes, the consideration of thin liquid layer viscosity impact on elastic
channel walls oscillations, for the case of the channel having vibrating elastic foundation, is of
great interest.

2. Statement of the problem

Let us consider a narrow slit channel, filled with highly viscous incompressible liquid (see
Fig. 1). The channel walls make two elastic plates 1 and 2, being of similar geometrical sizes in
the plan and simply supported at the butt ends. The channel size b >»> €. The plates thicknesses are
hq, h,, the liquid layer thickness is §, << €. The plate 1 is put on Winkler elastic foundation. The
considered mechanical system performs harmonic oscillations with assigned vibro-acceleration
7y = E, d*foy(wt) /dt? = —E,w?fy(wt), fo(wt) = sinwt. Here E,w? is the vibro-acceleration
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amplitude, w is the oscillation frequency, t is the time. The vibro-acceleration amplitude can be
assigned in gravity acceleration units g, i.e. E,w? = kg, here k is the vibro-overloading
coefficient. Plates 1, 2 perform bending oscillations with amplitudes wy,, < &y, Wy, < 8;. In the
considered assignment, the liquid flow in the channel is viewed as a creeping one and liquid
leakage at the butt ends being free in the same liquid with constant pressure p.

B A x

Fig. 1. A schematic diagram of a narrow slit channel on Winkler foundation

Let us put Cartesian coordinate system in the middle plate 1 surface center. Taking into
account, that b »> £ we will consider the problem in a flat setting. Strong damping, conditioned
by liquid viscosity, takes place in the considered oscillating system. Therefore, transition
processes in the system will get out rapidly and the stationary oscillations will emerge. Further,
according to reference [17], we will focus on studying stationary forced harmonic oscillations
regime.

3. The theory

The channel wall bending oscillations equations take the form of:

a4WL'
Di dx*

2

. . 0°w; i ,
+@=Ogwi +pihi o+ 5o | = (DT, =1, 2 (1)

where w; is the deflection of ith plate, D; is the bending stiffness of ith plate, p; is the density of
ith plate, y is the elastic coefficient of Winkler foundation, ¢ = —p + 2pvdu,/dz is the normal
stress, acting from the liquid layer on the plate [18], p is the pressure, p is the density of the liquid,
v is the kinematical coefficient of the liquid viscosity, u, is the liquid velocity vector project on
coordinate axis z.

Boundary conditions for Eq. (1) are the conditions of simply supported edges:

Ozwi

=57 =0 x=%¢ i=12 @

Wi
Highly viscous incompressible liquid dynamics in a narrow slit channel is described by

Navier-Stokes equations and continuity equation, in which local and convective inertia members
are omitted, according to hydrodynamic lubrication theory [18]:

1dp (62ux 62ux> 1dp . (62uz 62u2> ou, 0Ou,
d 4 , —Zy+v , +

— = _——= = O, 3
p 0x V\axz T 22 p 0z dx? = 0z? dx = 0z 3

where u, is the liquid velocity vector project on coordinate axis x.
Boundary conditions for Eq. (3) are the conditions of liquid adhesion to the walls and the
conditions for pressure at the both ends:
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ou, ow, hy

Uy=——, U, =——, at z=—+ 05+ w,,
Jat Jt 2 4)
ouy ow, hy

Ue =G M T g AT W

P =po at x = £4, %)

where u; is the longitudinal shift of ith plate, i = 1, 2.
Let us introduce dimensionless variables:

x . Ue
&= 7 {=(z-0,5n)8;", T=wt, U, =wynwl;, u,= WmeJ,
VPW, 0P 2 . h
Wi = WinWi, W = uppU;, p=po+ P2+0 — Pzg (Z =8 —wy = 71): (©)
o)
L=—T&l, p=—K1,
L6, v £

where 1, A; are the small parameters, characterizing the problem, i =1, 2.
By substituting Eq. (6) in liquid dynamic Eq. (3) and the corresponding boundary Eq. (4) and
(5), we get:

oP 92Uy 02U oP 92U, 02U, Uy AU,
- =y + , =5 = PP |YP + , == +t— =0, @)
FH agz T gz’ A agz " a2 |1 e ' a¢

Ug = (u2m>6U2 v, =M 1w

§=Y wom/ 0T ¢ ot at ¢ = 2 ®)
U, = (u1m>6U1 U, = (Wlm) oWy f =AW

¢=¥ Wom/ 0T ¢ Wom/ 0T at ¢=4LW,
P=0 at = +1. 9)

The normal stress, acting from the liquid layer on the plate, will be written down, as:

- 25 \-1 2 U,
q = pboZo(§ — 1 — A, W,) —pg — VpWpw(¥=80) ™ (P — 29 )5_( (10)

Further, we note that in the considered setting ¥ =o0(1) , WUpm/Wom = 0(1) ,
A = A (Wim/Wam) = 0(1), and therefore, the member at ¥, 12, 4,, 4, in Eq. (7), boundary Eq.
(8), (9) and normal stress Eq. (10) can be omitted. As a result, we get liquid dynamic problem in
the form of the Eq. (11) and boundary Eq. (12):

aP 9%U; 0P aU: U
—=—t =0 —+—2L =0 (11)
98~ a¢z’ a7 9z a7
Us: =0 U—aWZ t (=1 U:=0 U—(W“">0W1 t ¢ =
&E— Y ¢ ot aj (_ , &E— Y (4 Wam Er a ( =Y (12)

P=0 at {=%1.

The solutions of the Eq. (11) with boundary Eq. (12) has the form of:
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) Wi OW, | 372 —2030%P

U: = —_—, = )
¢ 2 08 % wyy Ot 12 9¢?
3 1

_ _ (13)
_ aw aw — _ Win
P—lszﬁdfdf_“f_l)ffﬁdfdf' w=Ww, I w;.

1 -1

2m

By substituting Eq. (13) in the expression from the normal stress Eq. (10), written down in
zero approximation at Y and 4,, and considering the normal stress in channel walls dynamics Eq.
(1), we get integro-differential equations of channel walls hydroelastic oscillations:

4-

Dt~ 5

2—1)pd
L (2= Dyw; + ph;w? (62WL-/61'2 + Zow™? (1 + %))

= -1y <p0+12va2mw(¢260) f E- Y jgds — 6 - 1)/2 f |57 Y ias ) "

With consideration of boundary Eq. (2), (5) we will look for the assigned equations solution
in the form of:

M) i=12,

w; = wi, Wi = w;y, Z (R?k + Rik(r)) cos( 5 15)
=1

here the upper index 0 means the solution, corresponding to static pressure p.

By substituting Eq. (15) into Eq. (14) and setting the remaining members of Eq. (14) in series
of trigonometric functions of longitudinal coordinate £ and then, equating the coefficients at
similar trigonometric functions, we obtain the expression for RS :

2k — D\ -
. - Dr
WimRly, = (1) 4po(~D*((2k — Dm)™* (Dir‘* <f) +(2- i)x) .9
and the system of ordinary differential equations for R (7):
dR dR d?f,

Wim@y1 Ry + Wim@q, dlk + WomQig d2k = —d,E,»* a2’ .

dRy, dRy; Ld*f, an
WimQz2 ? + Wamz3Rok + Wam @z T —dyE,w a2

Here, it is taken into account that for the stationary harmonic oscillations regime we have
2R/ dt? =- R and the following symbols having been introduced:

ayy = D74 ((2k = D/2)* + x — prhiw?, a4y, = 2Kpw,  ayy = —ay,
Ay = A4 = —0Qqp, A3 = D2£_4((2k - 1)”/2)4 - chzwz' Az4 = Q13 = —0Q14,
2Ky, = 12pvp 26,12/ ((2k — D)%, d; = —4(=1)*((2k — D) (pihy + (2 — Dpdy).

By solving the system Eq. (17) for the stationary harmonic oscillations regime we find:

FCy = CeFi dfo(t)  FiFi + CiCix d%fo (1)
F# + C? dt F? + C? dr? )

Wim Ry = EZ(‘U2 ( (18)
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here i = 1, 2 for plates 1 and 2, the following symbols having been introduced:

Fi = a11053, Cp = a42(aq1 + az3), Fip = dqay3,
Fop = dyayq,  Cip = Gy = aq5(dy + dy).

Considering Eq. (16) and (18), we can present the final expressions for plate deflections as:

ot O (A-DFEDIT cos((2k — Drx/(28))
W=D, k=1< (k—-Dm  (2k—1Dm/2)* + (2~ i))({"*/Di)
+E,w?A;(x, w)sin(wt + ¢;(x, w)),

- /Qiz +NZ, = arctg%), (19)

- FkFik + CkCik (Zk - 1)1Tx N, = F Ck ik (Zk - 1)7Tx
@ FZ+c2 T 2f i F +ck T

(o]
k=1 k=1

Taking into account Egs. (18), (15) in the expression for pressure Eq. (13) we finally obtain
the law of dimensional pressure distribution in the channel in the form:

h
D = Do — PZo (z — 8 — é) + E,w*TI(x, w)sin(wt + ¢, (x, w)),

S
(x,w) = ’B,% + 8¢, ¢p(x, w) = arctg (_Bk>'
k

,: - Fy 2k — Dnx (20
B, = E 2K, wC h 2 cos ,

— Fy 2k — Dnx
Sk = Z 2K, wF;, Fui cos .
F? + C}? 24

4. Conclusions

The first member of the Eq. (19) is the channel walls static deflection conditioned by static
pressure in the liquid py, the second member is the deflection, conditioned by foundation
vibration. The first component in pressure distribution law Eq. (20) represents static liquid
pressure in the channel. The second component is dynamic liquid pressure, conditioned by
foundation vibro-acceleration (an analogue of pressure due to the gravity). The third component
is pressure, conditioned by channel walls oscillations under foundation vibro-acceleration.

It must be noted that the first and the second pressure components cannot exceed the assigned
values. The third component pressure value is defined by the function I1(x, w), which represents
pressure distribution frequency dependent function along the channel. Under longitudinal
coordinate fixed value x, the assigned function is the pressure amplitude characteristic in the
assigned channel cross-section. The same can be stated in relation to the deflections amplitudes
distribution functions A;(x, w), being frequency dependent ones. The functions ¢;(x, w),
@y (x, w) are frequency dependent ones of the plates deflections phase shifts distribution and the
pressure phase shift along the channel, correspondingly.

The investigation of the above mentioned functions behavior, depending on oscillations
frequency, makes it possible to study dynamic processes in the channel under consideration. The
obtained expressions for channel walls deflections analysis allows to state that the elastic
coefficient of Winkler foundation in a static state causes deflection reduction of the first plate,
deflections amplitude dynamics reducing in both plates in a dynamic state. Thus, the paper results
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can be used for calculation and analysis hydroelastic oscillations of channel walls on elastic
foundation and for calculation of hydraulic dampers, pumps elements, hydrodrives, lubrication,
cooling and fuel supply systems.
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