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Abstract. A new finite element model is developed to perform vibration analysis of a cracked
pipe. To formulate the method, the local flexibility coefficients of a part-through circumferential
crack in a pipe that is subjected to axial force, shear force and bending moment are analytically
derived using linear fracture mechanics. In particular, an adaptive Simpson method is utilized to
carry out the numerical integration for calculating the flexibility coefficients. With the flexibility
coefficients, a finite element model is established to study the vibration characteristics of the
cracked pipe, with particular emphasis on the crack effect represented by change in natural
frequency. As an illustrative application, the finite element model is utilized to identify a crack in
a pipe by contour plots of frequency ratio as function of crack location and crack depth, with the
crack location and depth identified accurately. The proposed method is effective in characterizing
the vibration behavior of a pipe with a crack.

Keywords: vibration simulation, local flexibility coefficient, Simpson method, natural frequency,
crack identification, pipe.

1. Introduction

The pipe is a vehicle for liquid transportation in various industrial sectors such as civil
engineering, offshore engineering, transportation infrastructure, military facilities, and port
structures, and is especially widely used in power plants, chemical plants, and gas and oil
transportation. Owing to material aging, corrosion and environmental influence, damage
inevitably occurs in some part of an in-service pipe. In particular, a part-through circumferential
crack is the prevailing type of damage in a pipe. Such a crack may impair the pipe’s performance,
reducing its capacity to resist disaster. Vibration is a key factor that originates crack in a pipe;
moreover, vibration can also expedite extension of the crack. Vibration analysis of a pipe with a
crack is essential, therefore, for detecting cracks [1, 2], evaluating the performance, and predicting
the residual life. Unfortunately, development of valid method to conduct vibration analysis for a
cracked pipe is still a poorly resolved scientific issue. To resolve this issue, the key is to calculate
the local flexibility coefficient induced by a part-through circumferential crack.

A crack in a structure induces stress concentration area at the crack tip, and this stress
concentration can variation in the local flexibility of the structure. Irwin [3] presented the concept
of local flexibility and the relationship between crack tip stress concentration and quantitative
load. Dimarogonas used a massless rotational spring to model a crack and simulate its vibration
behavior [4], with the equivalent stiffness spring established based on the principle of fracture
mechanics. Papadopoulos and Dimarogonas [5-7] established an approach to calculate a complete
6%6 local flexibility matrix. Their method was appropriate for modeling a crack not only for Euler
Bernoulli beams, but also for a Timoshenko beams with arbitrary load conditions. That crack
model based on local flexibility has been widely applied to vibration analysis and crack
identification in structures.

In contrast to the numerous studies of cracking in beams, studies of cracking problems in pipes
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based on local flexibility are relatively lacking [8-11]. Liu et al. [8] investigated crack detection
in a circumferentially cracked pipe using coupled response measurements. The cracked segment
was represented by a local flexibility matrix connecting two undamaged beam segments.
Naniwadekar et al. [9] proposed an approach to crack identification based on change
characteristics of natural frequencies, adopting a rotational spring to simulate crack behavior in
straight steel hollow pipe. An effective tool for analysis of vibration and stability of a cracked pipe
was presented by Zheng et al. [10], based on local flexibility by virtue of theory of linear fracture
mechanics. The local flexibilities of both shallow and deep penetration cracks were respectively
deduced by taking shear force into account, and the corresponding values were obtained by the
least-squares method. Further, the local flexibility equations of a cracked pipe subjected to a
combination with axial force, shear force and bending moment were derived by Hu et al. [11].
Adaptive Quadrature-Revisited (AQR) was used to perform the numerical integration to obtain
the local flexibility coefficients.

To accurately characterize crack-induced local flexibility in a pipe, this study formulates the
local flexibility equations related to a part-through circumferential crack based on the theory of
linear fracture mechanics. The proposed equations involving axial force, shear force and bending
moment, are calculated by adaptive Simpson numerical integration. On the basis of the proposed
local flexibility coefficients, a finite element model for a cracked pipe is established. This model
provides an effective method of characterizing the vibration behavior of a pipe with a crack. As
an illustrative application, the finite element model is used to detect a crack in a pipe, with location
and crack depth identified accurately.

2. Local flexibility equations

A pipe element with a part-through circumferential crack is shown in Fig. 1(a); the crack is
detailed in Fig. 1(b), where a is the crack depth in circumferential direction, 8 the crack angle, t
the pipe thickness, D, and D; the outer diameter and the inner diameter of the pipe, respectively.
The direction of axial force P; is chosen to be the same as that of the axial line of the pipe. The
directions of shear force P, and bending P; are shown in Fig. 1(a).

The crack section of a part-through circumferential crack is a circular area, and it is not possible
to directly acquire the correlative stress intensity factor to calculate the local flexibility coefficient.
To this end, the principle proposed by Dimarogonas [4] for building local flexibility of a cracked
rotor is used as reference. The circular crack area is divided into a sequence of discrete
approximation trapezoidal strips, as shown in Fig. 1(b). For each strip, the additional strain energy
attributable to the crack can be calculated by planar beam theory, and then the total strain energy
is obtained by totaling all additional strain energy.

The local flexibility can be calculated using linear fracture mechanics and the stress energy
release principle. It is assumed that the cracking behavior is in the scope of linear elasticity fracture
mechanics. From the theory of linear elastic fracture mechanics, the additional strain energy due
to crack can be expressed as [4]:

Ur=] JdA4, (1)

Ac

where J is the strain energy release rate function and A, is the effective cracked area. The strain
energy release rate function J can be formulated as:

1
/= I [(Kiy + Kiz + Ki3)? + Kip2?, )

where K}, K, and K;5 are the stress intensity factors with Model 1 under loads P;, P, and Ps,
respectively; Kj, is the stress intensity factor with Mode II under shear force. For a plane stress
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problem, E' = E; and for a plane strain problem, E' = E/(1 —v?), where E is the elastic
modulus and v is the Poisson ratio.

C-C _RAO

o

<) d)
Fig. 1. a) Cracked pipe element; b) part- through circumferential crack section;
c) strip of crack section; d) stress decomposition of strip

Additional displacement introduced by crack can be expressed as:

U, 9 f y
Y= 5p, T 9P, AC] ’ G

where P; (i = 1, 2, 3) are axial force, shear force and bending moment, respectively. Therefore,
the local flexibility coefficient introduced by the crack can be expressed as:

YT P, opop "

where ¢;; (i, = 1, 2, 3) is the local flexibility coefficient for cracked pipe subjected to different loads.

The crack section of the part-through circumferential crack (Fig. 1(b)) can be equally divided
into 2n small units, leading to the crack angle of each unit A8 being 8 /n (Fig. 1(c)). When the
width of each unit is sufficiently small, the cross-section of the unit can be regarded as a
trapezoidal section. For convenience of the integration to calculate the additional strain energy of
each unit, the trapezoidal cross-section can be approximately regarded as a rectangle whose width
is RAG, where R = (D; + D,) /4.

The additional strain energy attributable to each crack unit can be expressed as:

Uk = fo AaRdn fo a]’fd{, (5)
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where U¥ is the additional strain energy of kth crack unit, /¥ the stress energy release ratio of the
kth crack unit, and € and 7 the ordinate and abscissa which measure the crack depth and the
deviation of the crack strip, respectively.

For the kth crack unit, the stress component in the direction of the C-C axis is displayed in
Fig. 1(d). The stress intensity factor of the kth crack unit in the directions of the axial force, shear
and bending moment can be expressed as [12]:

4P

Kf§ = of \/_F1(>: U{(=m,)z (6)
cos

Kl = ot ity (3), ok = 135((1—7)) ™

K13203\/_F2< ): Uzkzw_yka,)» (®)

Kf, = aﬁ\/n_fF” (E)» ofi = %, ©)

where y = D;/D,; 8, is the angle between the centerline and the C-C axis; F;, F, and Fj; are the
correction parameters of stress intensity factor due to the crack:

Fis) = F, (0751 + 2,025 + 227 =S (10)
1(8) = £, { 0. 0es cosl ’
ris = 7 (0923 4 0.199(1 — sinA)* "
2(5) — 14 . COSA ’ ( )
1.122 — 0.561s + 0.08552 + 0.18s3
Fy(s) = (12)

Vv1-—s ’

where F, = \/tanA/A, A = ns/2,s = &/h.
Substituting Egs. (6)-(9) into Eq. (5), the stress energy of the kth crack unit can be calculated
by the following expression:

. RAO 16P,L.(cos8;)?

Urt = f:{[wzépl_yzﬂ”_fﬂ(i) WJ_ £, (5)

13)
16P, (cos@k)2 z 4P,cos@,
————— X /néF 1/ ¢F .
+ D3 (1 —y* 2( )] +[7ID2(1 ”< )]
The total additional stress energy of the cracked pipe can be expressed by:
n
Up =2 Uk (14)
k=1

Assuming that the width of the crack unit is infinitesimal, the total additional stress energy of
the cracked pipe can be expressed in the integral format:

16P,L.(cos8;)?

had 0 a
=ZZU’T‘=§L rat [ {lmai g 7 () + i VT ()
+%"_§992 \/_Fz( )]2+< gfﬁose" J_F”( ))2 de.

© JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. JUN 2016, VOL. 18, ISSUE 4. ISSN 1392-8716 2179

15)



2040. DAMAGE MODELING AND SIMULATION OF VIBRATING PIPE WITH PART-THROUGH CIRCUMFERENTIAL CRACK.
ZHIHONG YU, LAIBIN ZHANG, JINQIU HU, JIASHUN HU

With Egs. (14), (15), the local flexibility coefficients of a part-through circumferential crack
can be expressed as follows:

64RON? a/h
=mEpia—yor), 16
Cll T[E’Dg(l —YZ)ZJO X 1 (x)dx, ( )
256h%RL, o ) a/h l
“12 = TEDS (1 — y1) (1 — },2)_[0 cos deekj; xFy (X)Fp(x)dx, (17)
256h2R e . a/h
B3 = TEDI 1 — 5 (1 - y2) fo cos” O d Oy fo xXFy () F (x)dx, (18)
64h%R o a/h
Cyp = Wfo 00529kd9kJ; xFf (x)dx .

b O [Ccostords, [ xrza
— Ccos X x)ax,
nE'DE(1 —y*)? ), )y TR

1028h%RL 6 a/h
Cy3 = W_)/:)Zf COS49kd9kJ- szz(x)dx, (20)
e 0 0
1028h%R fﬂ . a/h
€33 =————— | cos*0,dO J- xF2(x)dx, (21)
BT rEDE(A—y"? ), e ), )

where R = D, (1 +y)/4, h = D, (1 — y)/2, the dimensionless local flexibility coefficients of the
cracked pipe with a part-through circumferential crack can also be obtained as:

a
460 R
F(l,l) = C11E’De = 7'[(1—+]/)J; xFlz(x)dx, (22)
a
ci,E'DZ  16(1—y) (? J’E
F(1,2) = = 2 F, (x)F. 23
(1,2) L 179 X ) cos%0,d0, ) xF; (x)F,(x)dx, (23)
F(1,3) = ¢;3E'D? = F(1,2), (24)
4 [ a/h
F(2,2) = c;,E'D, = mjo coszekdﬁkjo xF32(x)dx o5
64L2(1+)A -2 (° a/h
> e f cos Bkdekf xF5 (x)dx,
D" (1 —y*) 0 0 "
c3E'DE 64(1+7y)(1—7)? f" j‘ﬁ
F(2,3) = = 4 F2 26
(2,3) L (=797 ; cos*0,d0o, ) xFf(x)dx, (26)
F(3,3) = cp3E'D3 = F(2,3). 27

The dimensional local flexibility coefficient F(i,j) is a double integral function about the
functions of x and 6, and its integral function can be very complex. It is not possible, therefore,
to calculate the dimensionless local flexibility coefficient by direct integration of the analytic
expression. To obtain a more accurate local flexibility coefficient, an adaptive Simpson numerical
integration procedure is developed. The adaptive Simpson algorithm [13] features advantages
such as fast efficiency and high precision, among others.

On the basis of the above discussion, the local flexibility due to the crack is expressed as:

€11 —Ci2 —Ci3
Cerack = [_C21 €22 C23 l (28)
—C31 (32 C33
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3. Finite element model for vibration analysis
3.1. Finite element model

For a cracked pipe element, like that shown in Fig. 1(a), its total flexibility can be represented
by the sum of the flexibility of the corresponding intact pipe element and that of the crack. The
intact pipe element can be modeled using Euler-beam elements with two nodes each having three
degrees of freedom, i.e., longitudinal displacement, vertical displacement, and rotation. The
flexibility of the intact pipe element is:

L,
— 0
EA 0
LB 12
C; =l0 ° i 29
intact 3E1 ZEI ( )
0 L% L_e
2El EI

where L, is the length of the element, and I and A are the second moment of inertia and sectional
area, respectively. The flexibility of the crack is given in Eq. (28). In combination, the total
flexibility of a cracked pipe element is specified by:

Le
EA + €11 —C12 —C13
L3 L2
Ctot = Cintact + Ccrack = —C1 3_;1 + Co2 2_;1 + Caz | (30)
L; L,
| —¢a o] TGz pptCas ]

where C,,, is the total flexibility of the cracked element.
As per the principle of the virtual work, the stiffness matrix K§ of the cracked element can be
written as:

KS = TCLTT, (€29
where the transfer matrix T is expressed as:

-1 0 o0 1 0 01
T=|0 -1 -L, 0 1 0. (32)
0 0 -1 0 0 1

The characteristic equation of free vibration of the cracked pipe, without consideration of
damp, can be written as:

(K — w,2M)d,, = 0, (33)

where K and M are total stiffness matrix and mass matrix respectively of the cracked pipe, w,, and
@, are corresponding natural frequency and mode shape, respectively. K is formed by assembling
K¢ for the cracked element and K¥ for the undamaged element, with K¢ defined in Eq. (31) and
KY given as:
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q 0 0 —qg O 01
0 w r 0 —w r
1
0 r 0 -r En
u —
Ke - _q 0 0 q 0 0 d (34)
0O —w —r 0 w -r
0 r —-—n 0 -r n
where:
_ 12E1 _ EA __6EI _4El _ pAL, _ nD2(1 —y?)
ETE 1T, TT T M YT e AT PR

p is the mass density per unit length. M, is the form of consistent mass matrix for a pipe
element regardless the existence of a crack:

140 0 0o 70 0 0
0 156 22L, 0 54 —13L,
o 22, 4z 0 13, -312
Me=al, 0 140 0 o | €

0 54 13L, 0 156 —22L,
0 -13L, —312 0 —22L, A4L2

3.2. Vibration characteristics analysis

The proposed finite element model is utilized to analyze the vibration characteristics of a
cracked pipe (Fig. 2), with the material and geometric parameters listed in Table 1. The crack
angle 0 of a part-through circumferential crack is m/2. A metric of change ratio of natural
frequency Fr is defined to quantify the crack effect by:

Fr = (1 _ ]’f—) (36)

where f; and f;" (i = 1, 2, 3) are the natural frequencies of the cracked and intact pipes,
respectively.

N

3
Fig. 2. A cantilever pipe with a crack

h

Table 1. Material and geometric properties of the pipe (Fig. 2)
External diameter D, | Internal diameter D; | Length L | Elasticity modulus E | Poisson’s ratio v
42 mm 30 mm 765 mm 203 GPa 0.27

Following the procedure described in Section 3, the finite element model is created to simulate
the pipe with a crack defined by two parameters: relative crack location d/L with d being the
distance of the crack from the fixed end, and relative crack depth varying a/t with t being the
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thickness of the pipe. For a specific crack scenario, the change ratio of natural frequency Fr can
be obtained by the vibration analysis using the finite element model. When a series of crack cases,
specified with d/L ranging from 0 to 1 and a/t from 0 to 0.3, a set of change ratio of natural
frequency can be obtained for a certain order natural frequency, which constitutes a damage
spectrum. The damage spectra for the first three natural frequencies are shown in Figs. 3(a), 3(b),
and 3(c), respectively. The damage spectra depict the effect of crack on the vibrational properties
of the pipe. Fig. 3(a) shows that the Fr of the first natural frequency monotonically decreases with
the crack location varying from the fixed end to free end, implying gradually weakened crack
effect. Figs. 3(b) and 3(c) present that there is no such a monotonic relation between Fr and crack
location, indicating Fr is a non-monotonic function of crack location. Moreover, in the case of the
same crack location, the deeper the crack causes larger Fr as well as more decreases in natural
frequency.

¢)
Fig. 3. Damage spectra for the a) Ist, b) 2nd, and c¢) 3rd natural frequencies

4. Illustrative application: crack identification

Application of the finite element model is illustrated in the case of identifying a part-through
circumferential crack in the pipe (Fig. 2). The crack is specified by the parameters: d/L = 0.09,
a/t = 0.7, and 8/ = 0.5. The natural frequency contour map (NFCM) method [15, 16] is
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selected to identify the crack. This method can identify both crack location and depth
simultaneously, distinct from the frequency-change-ratio method [14] and optimization-based
frequency method [17, 18]. The NFCM method estimates the location and extent of a crack using
natural frequencies, incorporating the finite element model of the pipe. The frequency contours of
crack depth versus crack location are plotted for the first three natural frequencies and the
intersection points of the contours graphically indicate the location and depth of the crack being
inspected.

To identify the crack, three frequency contours for the Ist, 2nd, and 3rd-order natural
frequencies are obtained using the finite element method, as shown in Fig. 4. In this figure, it can
found that these three frequency contours intersect at the point: d/L = 0.09, a/t = 0.69, offering
the estimated crack location and crack depth. This identification result is in good agreement with
the actual damage state with the related error less than 1 %.

0.9 4
0.8]
0.7 ]
0.6
0.5
04 ]
03]
02]
0.1]

1)1 L L. AR A —
02 03 04 05 06 07 08 09

d/F.

Fig. 4. Contour map for a cracked cantilever pipe
5. Conclusions

This study derives the local flexibility coefficients of a part-through circumferential crack in a
cantilever pipe relying on linear fracture mechanics theory. The proposed local flexibility
coefficients contain the contribution from axial force, shear force and bending moment. With the
derived local flexibility coefficients, a finite element model is formulated for conducting vibration
characteristics analysis of the cracked pipe. Using the finite element model, the effect of the crack
on the vibration properties of the cracked pipe is investigated. Moreover, an illustrative application
of the finite element model to crack identification in a pipe with a part-through circumferential
crack is provided, indicating the usefulness of the method.
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