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Abstract. This paper investigates the free vibration characteristics of truncated conical shells with 
variable thickness using the Haar wavelet method. Based on the Love first-approximation theory, 
the governing partial differential equations are formulated, which are transformed into ordinary 
differential equations using the separation of variables. The Haar wavelet discretization method is 
introduced to predict the dynamic characteristics of truncated circular conical shells with linearly 
and parabolically varying thickness. The present analysis is validated by comparing the numerical 
results with those available in the literature and very good agreement is achieved. The effects of 
geometrical parameters and boundary conditions on the vibration characteristics of conical shells 
with variable thickness are presented. The advantages of this method consist in its simplicity, fast 
convergence and high precision. 
Keywords: free vibration, conical shells, Haar wavelet method, variable thickness. 

1. Introduction 

The truncated circular conical shells are widely used as structural elements in various branches 
of engineering such as mechanical, marine, civil and power engineer. The static and dynamic 
characteristics of this shell-type of structures have been of great interest to many researchers  
[1-13]. Irie et al. [1, 2] analyzed free vibration characteristics of conical shells with constant and 
variable thickness using the transfer matrix method. The free vibration analysis of laminated 
conical shells with variable thickness was conducted by Sankaranarayanan et al. [3] using the 
energy method based on the Rayleigh-Ritz procedure. The semi-analytical finite element method 
was implemented by Sivadas and Ganesan [4] to study the effects of thickness variation on natural 
frequencies of laminated conical shells. Tong [5, 6] investigated the free vibrations of orthotropic 
and composite laminated conical shells using the power series expansion approach. The global 
method of generalized differential quadrature (GDQ) was applied by Shu [7] for the first time to 
study the free vibration of isotropic conical shells. Lam and Hua [8, 9] employed the Galerkin 
method to study the influence of boundary conditions on free vibration characteristics of truncated 
circular isotropic and orthotropic conical shells. Lam and Hua [10] also presented the influence of 
orthotropic material on frequencies characteristics of thin truncated circular symmetrical cross-ply 
laminated conical shells using the GDQ method. Omer [11], Liew et al. [12], Jin et al. [13] 
performed free vibration analysis of conical shells using discrete singular convolution (DSC) 
method, the element-free kp-Ritz method and the modified Fourier series solution, respectively. 
The literature clearly shows that there is few investigation on vibration of conical shells with 
variable thickness. This mainly because that the additional terms due to the variable thickness will 
make the governing equations more complicated than the uniform shells, and the conventional 
methods are unable or complex to extend to the problems of this type of structures. Thus, it is 
necessary to develop an efficient approach to solve the dynamics of this type of structures. The 
main aim of this present paper is to respond this need. 

The Haar wavelet method, for its mathematically simplicity, computationally efficient and 
numerically accurate, have been applied for solving integral and differential equations in Refs. 
[14-16]. In addition, it should be noticed here that the Haar wavelet method is also a valuable tool 
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in structural mechanics problems. Lepik [17, 18] used the Haar wavelet method to study the 
buckling of elastic beams and vibration characteristics of cracked beams. Zhang and Zhong [19] 
gave an investigation of a three-dimensional analysis of a simply-supported functionally graded 
rectangular plate based on the Haar wavelet. The elastic bending problems of orthotropic plates 
and shells were solved by Majak et al. [20] using this method. Recently, Xie et al. [21, 22] applied 
the Haar wavelet method to investigate the free vibrations of isotropic and composite cylindrical 
shells. However, to the knowledge of the authors, it appears that the Haar wavelet method has not 
been developed to solve the vibration of conical shells with variable thickness. 

The motivation of this paper is to investigate vibration characteristics of truncated circular 
conical shells with variable thickness and present the Haar wavelet method directly to the solution, 
which simplifies the process presented in Refs. [21, 22]. In the Refs. [21, 22], the integration 
constants are solved by the matrix form, which makes it hard to solve the problems of the simply 
or free boundary conditions for conical shells. In this paper, the integration constants are obtained 
directly from the boundary equations, making it universal to cope with all types of boundary 
conditions. The governing partial differential equations are established based on the Love 
first-approximation theory. Then the Haar wavelet method is applied to calculate the natural 
frequencies and mode shapes of truncated circular conical shells with linearly and parabolically 
varying thickness. Accuracy of the present method is validated by comparing the present results 
with the previous studies for both the uniform cylindrical and conical shells. The influences of 
boundary conditions and geometrical parameters on the free vibration of the conical shells with 
variable thickness are presented. 

2. Theoretical formulation 

Consider a truncated circular conical shell as shown in Fig. 1, where ߙ is semi-vertex angle, ܮ 
length, ܴଵ and ܴଶ are the radii at two ends. The reference surface of the conical shell is taken to 
be at its middle surface where an orthogonal coordinate system (ݔ, ,ߠ (ݖ  is fixed. The 
displacements of the shell are denoted by ݒ ,ݑ and ݓ in the meridional ݔ, circumferential ߠ and 
normal ݖ directions, respectively. The cone radius at any point along its length is given by: ܴ(ݔ) = ܴଵ + ݔ sin (1) .ߙ

The circular conical shell with variable thickness is shown in Fig. 2, where ℎଵ and ℎଶ are the 
thickness at the two ends. The thickness ℎ(ݔ) can be expressed as [2]: ℎ(ݔ) = ℎଶ − (ℎଶ − ℎଵ) ቀ1 − ቁ௣ܮݔ , ݌ > 0. (2)

 
Fig. 1. Geometry of a truncated circular conical shell 

When the value of ݌ is extremely large or small, the thickness is suddenly near an edge and 
such shells are not common in practice. In this paper, the thickness changes linearly for 1 = ݌, 
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and changes parabolically for ݌ = 2. 
The governing equations of free vibration for the truncated circular conical shell based on the 

Love first-approximation theory can be expressed as follows: 

൫ܮଵଵ + ݑ෨ଵଵ൯ܮ + ൫ܮଵଶ + ݒ෨ଵଶ൯ܮ + ൫ܮଵଷ + ݓ෨ଵଷ൯ܮ − (ݔ)ℎߩ ߲ଶݐ߲ݑଶ = 0,൫ܮଶଵ + ݑ෨ଶଵ൯ܮ + ൫ܮଶଶ + ݒ෨ଶଶ൯ܮ + ൫ܮଶଷ + ݓ෨ଶଷ൯ܮ − (ݔ)ℎߩ ߲ଶݐ߲ݒଶ = 0, ൫ܮଷଵ + ݑ෨ଷଵ൯ܮ + ൫ܮଷଶ + ݒ෨ଷଶ൯ܮ + ൫ܮଷଷ + ݓ෨ଷଷ൯ܮ − (ݔ)ℎߩ ߲ଶݐ߲ݓଶ = 0, (3)

where the expressions of differential operators ܮ௜௝ and ܮ෨௜௝ are expressed as: 

ଵଵܮ = − ଶଶܣ sinଶ (ݔ)ଶܴߙ + (ݔ)଺଺ܴଶܣ ߲ଶ߲ߠଶ + ଵଵܣ sin (ݔ)ܴߙ ݔ߲߲ + ଵଵܣ ߲ଶ߲ݔଶ , ෨ଵଵܮ = ݔଵଵ߲ܣ߲ ݔ߲߲ + ݔଵଵ߲ܣ߲ sin ଵଶܮ ,(ݔ)ܴߙ = − ଶଶܣ) + (଺଺ܣ sin (ݔ)ଶܴߙ ߠ߲߲ + ଵଶܣ) + (ݔ)ܴ(଺଺ܣ ߲ଶ߲ߠ߲ݔ , ෨ଵଶܮ = ݔଵଶ߲ܣ߲ (ݔ)1ܴ ଵଷܮ,ߠ߲߲ = − ଶଶܣ cos α sin (ݔ)ଶܴߙ + ଵଶܣ cos (ݔ)ܴߙ ݔ߲߲ , ෨ଵଷܮ = ݔଵଶ߲ܣ߲ cos ଶଵܮ,(ݔ)ܴߙ = ଶଶܣ) + (଺଺ܣ sin (ݔ)ଶܴߙ ߠ߲߲ + ଶଵܣ) + (ݔ)ܴ(଺଺ܣ ߲ଶ߲ߠ߲ݔ , ෨ଶଵܮ = ݔ଺଺߲ܣ߲ (ݔ)1ܴ ଶଶܮ,ߠ߲߲ = 4 ଺଺ܦ sinଶ ߙ cosଶ (ݔ)ସܴߙ − ଺଺ܣ sinଶ (ݔ)ଶܴߙ + ቈ2ܦ଺଺ cosଶ (ݔ)ଶܴߙ + ଺଺቉ܣ ߲ଶ߲ݔଶ + ቈܦଶଶ cosଶ (ݔ)ସܴߙ + ቉(ݔ)ଶଶܴଶܣ ߲ଶ߲ߠଶ       + ቈ2ܦ଺଺ cosଶ (ݔ)ଶܴߙ + ଺଺቉ܣ ߲ଶ߲ݔଶ − ቈ4ܦ଺଺ cosଶ ߙ sin (ݔ)ଷܴߙ − ଺଺ܣ sin (ݔ)ܴߙ ቉ ෨ଶଶܮ ,ݔ߲߲ = ݔ଺଺߲ܣ߲ ݔ߲߲ − ݔ଺଺߲ܣ߲ sin ଶଷܮ ,(ݔ)ܴߙ = − ቈ4ܦ଺଺ cos ߙ sinଶ (ݔ)ସܴߙ − ଶଶܣ cos (ݔ)ଶܴߙ ቉ ߠ߲߲ − ଶଶܦ cos (ݔ)ସܴߙ ߲ଷ߲ߠଷ − ଶଶܦ) − (଺଺ܦ4 cos ߙ sin (ݔ)ଷܴߙ ߲ଶ߲ߠ߲ݔ       − ଶଵܦ) + (଺଺ܦ2 cos (ݔ)ଶܴߙ ߲ଷ߲ݔଶ߲ܮ ,ߠ෨23 = 0, 31ܮ = − 22ܣ cos ߙ sin2 (ݔ)2ܴߙ − 21ܣ cos (ݔ)ܴߙ ݔ߲߲ , ෨31ܮ = 0, ଷଶܮ(4) = − ଶଶܦ cos (ݔ)ସܴߙ ߲ଷ߲ߠଷ − ଶଶܦ+ଵଶܦ2) + (଺଺ܦ8 cos ߙ sin (ݔ)ଷܴߙ ߲ଶ߲ߠ߲ݔ + ଵଶܦ) + (଺଺ܦ4 cos (ݔ)ଶܴߙ ߲ଷ߲ݔଶ߲ߠ       − ቈ(2ܦଵଶ+ܦଶଶ + (ݔ)଺଺)ܴସܦ4 − ଶଶܣ cos (ݔ)ଶܴߙ ቉ ෨ଷଶܮ ,ߠ߲߲ = ቈ߲ଶܦଵଶ߲ݔଶ cos (ݔ)ଶܴߙ − 3 ݔଵଶ߲ܦ߲ sin ߙ cos (ݔ)ଷܴߙ − ݔଶଶ߲ܦ߲ sin ߙ cos (ݔ)ଷܴߙ ቉ ߠ߲߲ + 2 ݔଵଶ߲ܦ߲ cos (ݔ)ଶܴߙ ߲ଶ߲2+       ,ߠ߲ݔ ݔ଺଺߲ܦ߲ cos (ݔ)ܴߙ ݔ߲߲ − 2 ݔ଺଺߲ܦ߲ sin ߙ cos (ݔ)ଶܴߙ ଷଷܮ , = − ଶଶܣ cosଶ (ݔ)ଶܴߙ − (ݔ)ଶଶܴସܦ ߲ସ߲ߠସ − ଶଶܦ sinଷ (ݔ)ଷܴߙ ݔ߲߲ − (ݔ)ଶଶܴସܦ ߲ସ߲ߠସ − ቈ(2ܦଵଶ+ܦଶଶ + (଺଺ܦ4 sin (ݔ)ସܴߙ ቉ ߲ଶ߲ߠଶ       −ܦଵଵ ߲ସ߲ݔସ + ଶଶܦ sinଶ (ݔ)ଶܴߙ ߲ଶ߲ݔଶ + ଵଶܦ2) + (଺଺ܦ4 sin (ݔ)ଷܴߙ ߲ଷ߲ݔଶ߲ߠ − ଵଵܦ2 sin (ݔ)ܴߙ ߲ଷ߲ݔଷ       − ଵଶܦ2 + (ݔ)଺଺ܴଶܦ4 ߲ସ߲ݔଶ߲ߠଶ, 
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෨ଷଷܮ = −2 ݔଵଵ߲ܦ߲ ߲ଷ߲ݔଷ − ቈ߲ଶܦଵଶ߲ݔଶ 1ܴଶ(ݔ) − 3 ݔଵଶ߲ܦ߲ sin (ݔ)ଷܴߙ + 2 ݔଵଶ߲ܦ߲ 1ܴଶ(ݔ) − ݔଶଶ߲ܦ߲ sin ቉(ݔ)ଷܴߙ ߲ଶ߲ߠଶ       − ቈ߲ଶܦଵଶ߲ݔଶ sin (ݔ)ܴߙ − 2 ݔଵଶ߲ܦ߲ sin (ݔ)ଶܴߙ + ݔଵଶ߲ܦ߲ sinଶ (ݔ)ଶܴߙ − ݔଶଶ߲ܦ߲ sinଶ ቉(ݔ)ଶܴߙ ݔ߲߲ + 2 ݔ଺଺߲ܦ߲ sin (ݔ)ଶܴߙ 2−       ߠ߲߲ ݔ଺଺߲ܦ߲ (ݔ)1ܴ ߲ଶ߲ߠ߲ݔ − ቈ߲ଶܦଵଵ߲ݔଶ + ݔଵଶ߲ܦ߲ sin (ݔ)ܴߙ + ݔଵଵ߲ܦ߲ sin ቉(ݔ)ܴߙ ߲ଶ߲ݔଶ. 
It is worth noting that the expressions of differential operators ܮ௜௝  for conical shells with 

uniform thickness are the same as given in Refs. [7, 11], and the additional terms ܮ෨௜௝ are resulted 
from the variable thickness, which have not been presented in the open literature. The tensile 
stiffness ܣ௜௝, bending stiffness ܦ௜௝ are calculated from the following equations: 

ଵଵܣ = ଶଶܣ = 1(ݔ)ℎܧ − ଶߤ , ଵଶܣ = ଶଵܣ = 1(ݔ)ℎߤܧ − ଶߤ , ଺଺ܣ = 1)2(ݔ)ℎܧ + ଵଵܦ,(ߤ = ଶଶܦ = ଷ12(1(ݔ)ℎܧ − (ଶߤ , ଵଶܦ = ଶଵܦ = ଷ12(1(ݔ)ℎߤܧ − (ଶߤ , ଺଺ܦ = ଷ24(1(ݔ)ℎܧ + .(ߤ (5)

By the use of separation of variables, the displacement field variables can be expressed as [7]: ݔ)ݑ, ,ߠ (ݐ = (ݔ)ܷ cos(݊ߠ) cos(߱ݐ),ݔ)ݒ, ,ߠ (ݐ = (ݔ)ܸ sin(݊ߠ) cos(߱ݐ),ݔ)ݓ, ,ߠ (ݐ = (ݔ)ܹ cos(݊ߠ) cos(߱ݐ), (6)

where ߱ is the angular frequency parameter and ݊ is the circumferential wave number. ܷ(ݔ), ܸ(ݔ)  and ܹ(ݔ)  are the shape functions along the axes of the displacements ݑ, ݒ   and ݓ . 
Substituting expressions of the displacement field Eq. (6) into the governing Eq. (3), and 
introducing the normalized variable ߦ  defined by ߦ = ݔ ⁄ܮ , the following equations can be  
derived as: 

൫ܩଵଵଵ + ෨ଵଵଵ൯ܷܩ + ൫ܩଵଵଶ + ෨ଵଵଶ൯ܩ ܮ1 ߦܷ݀݀ + ଵଵଷܩ ଶܮ1 ݀ଶܷ݀ߦଶ + ൫ܩଵଶଵ + ෨ଵଶଵ൯ܸܩ + ଵଶଶܩ ܮ1 ଵଷଵܩ൫+       ߦܸ݀݀ + ෨ଵଷଵ൯ܹܩ + ଵଷଶܩ ܮ1 ߦܹ݀݀ + ଶܷ߱(ߦ)ℎߩ = 0, ൫ܩଶଵଵ + ෨ଶଵଵ൯ܷܩ + ଶଵଶܩ ܮ1 ߦܷ݀݀ + ൫ܩଶଶଵ + ෨ଶଶଵ൯ܸܩ + ൫ܩଶଶଶ + ෨ଶଶଶ൯ܩ ܮ1 ߦܸ݀݀ ଶଶଷܩ+ ଶܮ1 ݀ଶܸ݀ߦଶ ଶଷଵܹܩ+        + ଶଷଶܩ ܮ1 ߦܹ݀݀ + ଶଷଷܩ+ ଶܮ1 ݀ଶܹ݀ߦଶ + ଶܸ߱(ߦ)ℎߩ = ଷଵଵܷܩ ,0 + ଷଵଶܩ ܮ1 ߦܷ݀݀ + ൫ܩଷଶଵ + ෨ଷଶଵ൯ܸܩ + ൫ܩଷଶଶ + ෨ଷଶଶ൯ܩ ܮ1 ߦܸ݀݀ ଷଶଷܩ+ ଶܮ1 ݀ଶܸ݀ߦଶ        +൫ܩଷଷଵ + ෨ଷଷଵ൯ܹܩ + ൫ܩଷଷଶ + ෨ଷଷଶ൯ܩ ܮ1 ߦܹ݀݀ + ൫ܩଷଷଷ + ෨ଷଷଷ൯ܩ ଶܮ1 ݀ଶܹ݀ߦଶ        +൫ܩଷଷସ + ෨ଷଷସ൯ܩ ଷܮ1 ݀ଷܹ݀ߦଷ + ଷଷହܩ ସܮ1 ݀ସܹ݀ߦସ + ଶW߱(ߦ)ℎߩ = 0,

(7)

where ܩ௜௝௞ and ܩ෨௜௝௞ are the variable coefficients related to the normalized variable ߦ and given in 
the Appendix A1. 

In the present study, the following two types of boundary conditions are considered. The 
clamped and simply supported boundary conditions can be described as follows [7, 11]. 
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Fig. 2. Geometry of a truncated circular conical shell with variable thickness 

1. Clamped edge: 

ܷ = 0, ܸ = 0,     ܹ = 0, ߦܹ݀݀ = 0. (8)

2. Simply supported edge: ܸ = 0, ܹ = 0,     కܰ = 0, కܯ = 0, (9)

where ܰ and ܯ are the frce and moment resultants. They are related to the displacement field in 
the form: 

కܰ = 1(ߦ)ℎܧ − ଶߤ ൤1ܮ ߦ∂ݑ∂ + ߤ ൬ (ߦ)1ܴ ߠ߲ݒ߲ + ݑ sin ߙ + ݓ cos (ߦ)ܴߙ ൰൨,ܯక = − ଷ12(1(ߦ)ℎܧ − ଶܮ(ଶߤ ∂ଶߦ∂ݓଶ − ଷ12(1(ߦ)ℎߤܧ − (ଶߤ ቈ 1ܴଶ(ߦ) ߲ଶߠ߲ݓଶ − cos (ߦ)ଶܴߙ ߠ߲ݒ߲ + sin (ߦ)ܴܮߙ ߦݓ߲߲ ቉. (10)

3. The Haar wavelet method  

The Haar wavelets are consisted of piecewise constant functions and are the simplest among 
all the wavelet families. The Haar wavelet family for ߦ ∈ [0, 1] is defined as follows [21]: 

ℎ௜(ߦ) = ቐ ߦ    ,1  ∈ ,(ଵ)ߦൣ ߦ    ,൧,−1(ଶ)ߦ ∈ ,(ଶ)ߦൣ .൧,0,             elsewhere(ଷ)ߦ (11)

In Eq. (11), the notations: 

(ଵ)ߦ = ݇݉ , (ଶ)ߦ = ݇ + 0.5݉ , (ଷ)ߦ = ݇ + 1݉ , (12)

are introduced. The quantity ܯ = 2௃ is defined, where ܬ is the maximal level of resolution. The 
two parameters ݆ and ݇ are introduced: ݆ ݇ and ܬ ,…,1 ,0 = = 0, 1,…, ݉ − 1 (here the notation ݉ = 2௝  is introduced). The wavelet number ݅  is defined as ݅ = ݉ + ݇ + 1 . The case  ݅ = 1 
corresponds to the scaling function: ℎଵ(ߦ) = 1 for ߦ ∈ ሾ0, 1ሿ  and ℎଵ(ߦ) = 0 elsewhere. The 
interval [0, 1] is divided into 2ܯ subintervals of equal length ∆ݔ =  the collocation points ;ܯ1/2
are defined as follows: 

௟ߦ = (݈ − ܯ2(0.5 , ݈ = 1,2, … .ܯ2, (13)
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In order to apply the Haar wavelet method for further studies, the following integrals of the 
wavelets in the case ݅ > 1 are also required [21]: 

(ߦ)௡,௜݌ =
ەۖۖ
۔ۖۖ
,0ۓ ߦ < !1݊,(ଵ)ߦ ൫ߦ − ,൯௡(ଵ)ߦ ߦ ∈ ,(ଵ)ߦൣ !൧,1݊(ଶ)ߦ ൣ൫ߦ − ൯௡(ଵ)ߦ − 2൫ߦ − ,൯௡൧(ଶ)ߦ ߦ ∈ ,(ଶ)ߦൣ !൧,1݊(ଷ)ߦ ൣ൫ߦ − ൯௡(ଵ)ߦ − 2൫ߦ − ൯௡(ଶ)ߦ + ൫ߦ − ,൯௡൧(ଷ)ߦ ߦ > .(ଷ)ߦ

 (14)

And in the case ݅ = 1, we can obtain the integral of the wavelet is ݌௡,ଵ = ௡ߦ ݊!⁄ . 
In the following section, the Haar wavelet method will be in detail presented to show how to 

apply it to resolve vibration problems of the conical shells. Firstly, the solutions of the 
displacements ݒ ,ݑ and ݓ can be assumed as: 

ܷᇱᇱ(ߦ) = ෍ ܽ௜ଶெ
௜ୀଵ ℎ௜(ߦ), ܸᇱᇱ(ߦ) = ෍ ܾ௜ଶெ

௜ୀଵ ℎ௜(ߦ), ܹூ௏(ߦ) = ෍ ܿ௜ଶெ
௜ୀଵ ℎ௜(ߦ), (15)

where ܽ௜, ܾ௜ and ܿ௜ are the unknown wavelet coefficients. By integrating Eq. (15) and taking into 
account Eq. (14), we have: 

ܷᇱ(ߦ) = ෍ ܽ௜ଶெ
௜ୀଵ (ߦ)ଵ,௜݌ + ܷᇱ(0), (ߦ)ܷ = ෍ ܽ௜ଶெ

௜ୀଵ (ߦ)ଶ,௜݌ + ᇱ(0)ܷߦ + ܷ(0),
ܸᇱ(ߦ) = ෍ ܾ௜ଶெ

௜ୀଵ (ߦ)ଵ,௜݌ + ܸᇱ(0), (ߦ)ܸ = ෍ ܾ௜ଶெ
௜ୀଵ (ߦ)ଶ,௜݌ + ᇱ(0)ܸߦ + ܸ(0), 

ܹᇱᇱᇱ(ߦ) = ෍ ܿ௜ଶெ
௜ୀଵ (ߦ)ଵ,௜݌ + ܹᇱᇱᇱ(0), ܹᇱᇱ(ߦ) = ෍ ܿ௜ଶெ

௜ୀଵ (ߦ)ଶ,௜݌ + ᇱᇱᇱ(0)ܹߦ + ܹᇱᇱ(0), 
ܹᇱ(ߦ) = ෍ ܿ௜ଶெ

௜ୀଵ (ߦ)ଷ,௜݌ + 12 ଶܹᇱᇱᇱ(0)ߦ + ᇱᇱ(0)ܹߦ + ܹᇱ(0), 
(ߦ)ܹ = ෍ ܿ௜ଶெ

௜ୀଵ (ߦ)ସ,௜݌ + 16 ଷܹᇱᇱᇱ(0)ߦ + 12 ଶܹᇱᇱ(0)ߦ + ᇱ(0)ܹߦ + ܹ(0).
(16)

The eight integration constants in Eq. (16) can be determined from boundary conditions. After 
discretion by the Haar wavelet method, the forms of the boundary conditions can be described as 
follows. 

1. Clamped edge: 

ܷ = 0, ܸ = 0,     ܹ = 0, ߦܹ݀݀ = 0. (17)

2. Simply supported edge: 

ܸ = 0, ܹ = ߤ     ,0 sin ܴߙ ܷ + ܮ1 ߦܷ݀݀ = 0, ߤ sin ܴߙ ߦܹ݀݀ + ܮ1 ݀ଶܹ݀ߦଶ = 0. (18)
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Here, we only take the simply supported boundary condition at two ends as an example to 
present the detailed solution process. According to Eq. (18), the eight additional equations can be 
written as: ܸ(0) = 0, ܹ(0) = 0, ଵ݂ܷ(0) + ܷᇱ(0) = 0, ଵ݂ܹᇱ(0) + ܹᇱᇱ(0) = 0,ܸ(1) = ෍ ܾ௜ଶெ

௜ୀଵ (ߦ)ଶ,௜݌ + ܸᇱ(0) + ܸ(0) = 0, 
ܹ(1) = ෍ ܿ௜ଶெ

௜ୀଵ (ߦ)ସ,௜݌ + 16 ܹᇱᇱᇱ(0) + 12 ܹᇱᇱ(0) + ܹᇱ(0) + ܹ(0) = 0, 
ଶ݂ܷ(1) + ܷᇱ(1) = ଶ݂ ൥෍ ܽ௜ଶெ

௜ୀଵ ଶ,௜(1)݌ + ܷᇱ(0) + ܷ(0)൩ + ෍ ܽ௜ଶெ
௜ୀଵ ଵ,௜(1)݌ + ܷᇱ(0) = 0, 

ଶ݂ܹᇱ(1) + ܹᇱᇱ(1) = ଶ݂ ൥෍ ܿ௜ଶெ
௜ୀଵ (ߦ)ଷ,௜݌ + 12 ܹᇱᇱᇱ(0) + ܹᇱᇱ(0) + ܹᇱ(0)൩ 

      + ෍ ܿ௜ଶெ
௜ୀଵ (ߦ)ଶ,௜݌ + ܹᇱᇱᇱ(0) + ܹᇱᇱ(0) = 0,

(19)

where: 

ଵ݂ = ܮߤ sin ଵܴߙ , ଶ݂ = ܮߤ sin ଶܴߙ . (20)

By solving Eq. (19), the eight integration constants in Eq. (16) can be obtained in the following 
matrix form: 

ܷ(0) = ଶ݂ܘଶ,ଵ + ଵ,ଵଵ݂ܘ ଶ݂ − ଶ݂ + ଵ݂ ܉ = ,܉ଵۯ ܷᇱ(0) = − ଵ݂ۯଵ܉ = (0)ܸ,܉ଶۯ = 0, ܸᇱ(0) = ,܊ଶ,ଵܘ− ܹ(0) = 0, ܹᇱ(0) = ଶ݂ܘଷ,ଵ − 3 ଶ݂ܘସ,ଵ + ଶ,ଵܘ − ସ,ଵଵ݂ܘ6 − ଶ݂ + ଵ݂ ଶ݂ − (0.5 ଶ݂ + 1)(3 ଵ݂ − 6) ܋ = ᇱᇱ(0)ܹ,܋ଷۯ = − ଵ݂ۯଷ܋ = ,܋ସۯ ܹᇱᇱᇱ(0) = ൣ(3 ଵ݂ − ଷۯ(6 − ܋ସ,ଵ൧ܘ6 = .܋ହۯ
(21)

By substituting Eq. (21) into Eq. (16), and taking into account Eq. (15), we can obtain the 
following matrix forms of all displacement variables and their derivatives: ܃ = ଶܘ) + ૆ۯଶ + ۳ଵۯଵ)܉ = ۰ଵ܉, ᇱ܃ = ଵܘ) + ۳ଵۯଶ)܉ = ۰ଶ܄,܉ = ൫ܘଶ − ૆ܘଶ,ଵ൯܊ = ۰ଷ܊, ᇱ܄ = ൫ܘଵ − ۳ଵܘଶ,ଵ൯܊ = ۰ସ܅,܊ = ൬ܘସ + 16 ૆ଷۯହ + 12 ૆ଶۯସ + ૆ۯଷ൰ ܋ = ۰ହ܅ ,܋ᇱ = ൬ܘଷ + 12 ૆ଶۯହ + ૆ۯସ + ۳ଵۯଷ൰ ܋ = ۰଺܅ ,܋ᇱᇱ = ଶܘ) + ૆ۯହ + ۳ଵۯସ)܋ = ۰଻܋, ᇱᇱᇱ܅ = ଵܘ) + ۳ଵۯହ)܋ = ᇱᇱ܃,܋۰଼ = ,܉۶ ᇱᇱ܄ = ,܊۶ ୚୍܅ = .܋۶

(22)

The detailed expressions of the notations in Eqs. (21) and (22) are given in the Appendix A2. 
By substituting Eq. (22) into Eq. (7), the following eigenvalue equation with respect to ߱ in matrix 
form can be obtained: 



2270. FREE VIBRATION ANALYSIS OF TRUNCATED CIRCULAR CONICAL SHELLS WITH VARIABLE THICKNESS USING THE HAAR WAVELET METHOD.  
QIYI DAI, QINGJIE CAO, YUSHU CHEN 

5298 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. DEC 2016, VOL. 18, ISSUE 8. ISSN 1392-8716  

(K − ߱ଶM)X = 0, (23)

where ܆ given by X = ሾa,b,cሿ் is the vector of unknown variables. ۹ and ۻ denote the stiffness 
matrix and mass matrix, respectively. Obviously, solving the standard eigenvalue equation 
provides the natural frequencies ߱ of the conical shells. The mode shapes of ܷ(ݔ), ܸ(ݔ) and ܹ(ݔ) which corresponds to a certain frequency can be simultaneously obtained by substituting 
the corresponding eigenvector ܆ back into the Eq. (22). The detailed expressions of K and M can 
be expressed as follows: 

۹ = ൥۹ଵଵ ۹ଵଶ ۹ଵଷ۹ଶଵ ۹ଶଶ ۹ଶଷ۹ଷଵ ۹ଷଶ ۹ଷଷ൩ , ۻ = ൥ۻ૚૚ ૙ ૙૙ ૛૛ۻ ૙૙ ૙ ૜૜൩, (24)ۻ

where: 

۹ଵଵ = ۵ଵଵଵ۰ଵ + ۵ଵଵଶ۰ଶܮ + ۵ଵଵଷ۶ܮଶ , ۹ଵଶ = ۵ଵଶଵ۰ଷ + ۵ଵଶଶ۰ସܮ ,۹ଵଷ = ۵ଵଷଵ۰ହ + ۵ଵଷଶ۰଺ܮ , ۹ଶଵ = ۵ଶଵଵ۰ଵ + ۵ଶଵଶ۰ଶܮ , ۹ଶଶ = ۵ଶଶଵ۰ଷ + ۵ଶଶଶ۰ସܮ + ۵ଶଶଷ۶ܮଶ , ۹ଶଷ = ۵ଶଷଵ۰ହ + ۵ଶଷଶ۰଺ܮ + ۵ଶଷଷ۰଻ܮଶ , ۹ଷଵ = ۵ଷଵଵ۰ଵ + ۵ଷଵଶ۰ଶܮ , ۹ଷଶ = ۵ଷଶଵ۰ଷ + ۵ଷଶଶ۰ସܮ + ۵ଷଶଷ۶ܮଶ , ۹ଷଷ = ۵ଷଷଵ۰ହ + ۵ଷଷଶ۰଺ܮ + ۵ଷଷଷ۰଻ܮଶ + ۵ଷଷସ۰଼ܮଷ + ۵ଷଷହ۶ܮସ ଵଵۻ, = ,ℎ۰ଵߩ− ଶଶۻ = ,ℎ۰ଷߩ− ଷଷۻ = ,ℎ۰ହߩ−
where the matrix ۵௜௝௞(݉, ݊) = ݉ for (௠ߦ)௜௝௞ܩ = ݊ (݉, ݊ ,݉)and ۵௜௝௞ ,(ܯ2 ,…,2 ,1= ݊) = 0 
elsewhere. 

4. Results and discussions  

In the present paper, four sets of boundary conditions are investigated, namely, clamped small 
edge and clamped large edge (Cs-Cl), clamped small edge and simply supported large edge  
(Cs-Sl), simply supported small edge and clamped large edge (Ss-Cl) and simply supported small 
edge and simply supported large edge (Ss-Sl). In the present numerical calculation, a 
non-dimensional frequency parameter ݂ is introduced and defined as: 

݂ = ܴ߱ଶඨ1)ߩ − ܧ(ଶߤ . (25)

To validate the accuracy and fast convergence rate of the present method, convergence analysis 
and comparisons with results available in the literature are performed. The corresponding 
numerical results are shown in Tables 1-4. 

Firstly, the convergence results of the frequency parameter ݂ for uniform cylindrical shells, 
which can be seen as special cases of conical shells, are shown in table 1. The parameters used in 
the calculations are ߙ ߤ ,0° = ܮ ,0.3 = ܴ⁄ = 10, ݉ = 1 and ݊ = 2 or 4, where ݉ and ݊ denote the 
order of axial mode and circumferential wave number. By comparing with the exact results in Ref. 
[23], the series results in Ref. [24] and the DSC results in Ref. [11], the results of the present 
method are in good accordance with the above-mentioned references. Secondly, in Table 2, the 
frequency parameter ݂  for conical shells with uniform thickness under four typical boundary 
conditions are considered. The parameters are ߙ ߤ ,45° = = 0.3, ℎଶ ܴଶ⁄ = 0.01, ℎଵ = ℎଶ , 
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ߙsinܮ ܴଶ⁄ =0.5, ݉ = 1 and ݊ = 3. As can be seen, the present results are generally in agreement 
with the results obtained by the transfer matrix method in Ref. [1], the GDQ method in Ref. [7] 
and the element-free kp-Ritz method in Ref. [12]. From tables 1 and 2, it is shown that the 
convergence of the present method for all the cases is very good. And when the number of ܬ is 
larger than 6, the numerical results change very slightly. Thus, ܬ = 6 will be used in the following 
computations. 

Table 3 shows the comparison for conical shells with uniform thickness under Cs-Cl boundary 
conditions and circumferential wave number ݊ = 1-9, and the other parameters are the same as 
those in Table 2. As shown in the table, the present results are in good accordance with those in 
Refs. [1, 7, 12]. However, the results obtained by the Galerkin procedure in Ref. [9] are a little 
higher than other four results. It may be concluded that the Galerkin procedure for solving the 
conical shells is not very accurate. 

The comparison results of conical shells with uniform thickness under Ss-Sl boundary 
conditions for different semi-vertex angles are listed in table 4. The parameters are ݉ ߤ  ,1 = = 0.3, ℎଶ ܴଶ⁄ = 0.01, ℎଵ = ℎଶ  and ܮsinߙ ܴଶ⁄ =  0.25. Again, it can be observed that the 
solutions of the present method are in good agreement with the reference results. 

Table 1. Convergence of frequency parameter ݂ for cylindrical shells  
with C-C boundary conditions (ߙ = 0°, ݉ ߤ ,1 = ܮ ,0.3 = ܴ⁄ = 10) 

Case Ref. [23] Ref. [24] Ref. [11] Present ܬ = ܬ 3 = ܬ 5 = ܬ 6 = 7 ℎ ܴ⁄ = 0.002 (݊ = 4) 0.01508 0.01515 0.01506 0.01700 0.01522 0.01511 0.01509 ℎ ܴ⁄ = 0.05 (݊ = 2) 0.05787 0.05795 0.05738 0.05931 0.05800 0.05792 0.05791 

Table 2. Convergence of frequency parameters ݂ for conical shells with uniform thickness under different 
boundary conditions (ߙ = 45°, ݉ = 1, ݊ ߤ ,3 = = 0.3, ℎଶ ܴଶ⁄ = 0.01, ℎଵ = ℎଶ, ܮsinߙ ܴଶ⁄ =0.5) 

 Cs-Cl Cs-Sl Ss-Cl Ss-Sl 
Ref. [1] 0.5430 0.5203 0.5249 0.5065 
Ref. [7] 0.5428 0.5201 0.5246 0.5062 

Ref. [12] 0.5428 0.5199 0.5244 0.5061 ܬ 0.5081 0.5262 0.5216 0.5439 2 =ܬ = ܬ 0.5067 0.5250 0.5204 0.5430 3 = ܬ 0.5063 0.5247 0.5202 0.5428 4 = ܬ 0.5062 0.5247 0.5201 0.5428 5 = ܬ 0.5062 0.5247 0.5201 0.5428 6 = 7 0.5428 0.5201 0.5247 0.5062 

Table 3. Comparison of frequency parameter ݂ for conical shells with uniform thickness under Cs-Cl 
boundary conditions (ߙ = 45°, ݉ ߤ ,1 = = 0.3, ℎଶ ܴଶ⁄ = 0.01, ℎଵ = ℎଶ, ܮsinߙ ܴଶ⁄ = 0.5) ݊ Ref. [1] Ref. [7] Ref. [9] Ref. [12] Present 

1 0.8120 0.8120 0.8452 0.8120 0.8120 
2 0.6696 0.6696 0.6803 0.6696 0.6695 
3 0.5430 0.5428 0.5553 0.5428 0.5428 
4 0.4570 0.4566 0.4778 0.4565 0.4566 
5 0.4095 0.4089 0.4395 0.4088 0.4089 
6 0.3970 0.3963 – 0.3961 0.3962 
7 0.4151 0.4143 – 0.4141 0.4141 
8 0.4577 0.4568 – 0.4567 0.4567 
9 0.5186 0.5177 – 0.5175 0.5175 

From the convergence and comparison studies performed in Tables 1-4, it is concluded that 
the accurate and convergent results can be obtained using just a few collocation points, which are 
related to the maximal level of resolution ܬ. This conclusion indicates that the present method are 



2270. FREE VIBRATION ANALYSIS OF TRUNCATED CIRCULAR CONICAL SHELLS WITH VARIABLE THICKNESS USING THE HAAR WAVELET METHOD.  
QIYI DAI, QINGJIE CAO, YUSHU CHEN 

5300 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. DEC 2016, VOL. 18, ISSUE 8. ISSN 1392-8716  

numerically accurate and computationally efficient. 

Table 4. Comparison of frequency parameter f for conical shells with uniform thickness under Ss-Sl 
boundary conditions (݉ ߤ ,1 = = 0.3, ℎଶ ܴଶ⁄ = 0.01, ℎଵ = ℎଶ, ܮsinߙ ܴଶ⁄ ߙ ݊ (0.25 = = ߙ 30° = 60° 

 Ref. [1] Ref. [12] Present Ref. [1] Ref. [12] Present 
1 0.5923 – 0.5922 0.4754 – 0.4754 
2 0.7910 0.7909 0.7909 0.5722 0.5719 0.5721 
3 0.7284 0.7281 0.7282 0.6001 0.5998 0.6001 
4 0.6352 0.6347 0.6349 0.6054 0.6049 0.6053 
5 0.5531 0.5522 0.5525 0.6077 0.6071 0.6075 
6 0.4949 0.4938 0.4941 0.6159 0.6152 0.6156 
7 0.4653 0.4639 0.4643 0.6343 0.6335 0.6340 
8 0.4654 0.4629 0.4633 0.6650 0.6641 0.6646 
9 0.4892 0.4875 0.4879 0.7084 0.7075 0.7080 

The effect of the circumferential wave number n on the vibration frequencies has been studied 
and the results are shown in Fig. 3. Numerical results given in this figure are obtained by setting ߙ = 45°, ݉ ߤ ,1 = = 0.3, ℎଶ ܴଶ⁄ = 0.01, ℎଵ ℎଶ⁄ = 0.5 and ܮsinߙ ܴଶ⁄ = 0.5. In Fig. 3, the “L” and 
“P” represent the linearly and parabolically varying thickness, and the following Figs. 4-7 have 
the same meaning. As shown in this figure, the frequencies for Cs-Cl boundary conditions 
decrease rapidly for the first few wave number ݊  and then increase with the increase of ݊ .  
However, the frequencies for Ss-Sl boundary condition, first increase, then decrease, and again 
increase with the increase of ݊. This trend is in accordance with the results listed in Table 4. The 
Cs-Cl boundary conditions provide larger frequency parameter than Ss-Sl boundary conditions. 
And the difference of frequencies for the two boundary conditions between the linearly and 
parabolically varying thickness becomes more and more distinct with the increase of ݊. It is 
concluded that the type of variable thickness has significant quantitative effects on the frequencies 
when ݊ is large. 
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Fig. 3. Variation of the frequency parameter ݂  
with respect to circumferential wave number.  

ߙ) = 45°, ݉ ߤ ,1 = = 0.3, ℎଶ ܴଶ⁄ = 0.01,  ℎଵ ℎଶ⁄ ߙsinܮ ,0.5 = ܴଶ⁄ = 0.5) 

10 20 30 40 50 60 70 80

0.10

0.15

0.20

0.25

0.30

0.35

0.40

Fr
eq

ue
nc

y 
pa

ra
m

et
er

 f

semi-vertex angle 

 Cs-Cl,L
 Cs-Cl,P
 Ss-Sl,L
 Ss-Sl,P

 
Fig. 4. Variation of the frequency parameter ݂  

with respect to semivertex angle ߙ.  
(݉ = 1, ݊ = ߤ ,5 = 0.3, ℎଶ ܴଶ⁄ = 0.01,  ℎଵ ℎଶ⁄ = ߙsinܮ ,0.5 ܴଶ⁄ = 0.5) 

In Fig. 4, the variation of frequency parameter ݂  with respect to semi-vertex angle ߙ  for 
conical shells with variable thickness under Cs-Cl and Ss-Sl boundary conditions is depicted. The 
parameters used in this figure are ݉ = 1, ݊ ߤ ,5 = = 0.3, ℎଶ ܴଶ⁄ = 0.01, ℎଵ ℎଶ⁄ = 0.5 and ܮsinߙ ܴଶ⁄ = 0.5. From Fig. 4, it can be observed that a consistent trend for all the two boundary 
conditions is the same, that is, the frequencies initially increase with the increase of ߙ and upon 
reaching a peak, the frequencies decrease as ߙ is further increased. And the peak for the two 
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boundary conditions occurs at almost the same ߙ, namely ߙ = 50°. It also can be seen from Fig. 4 
that the difference of frequencies for the two boundary conditions between the linearly and 
parabolically varying thickness seems more distinct when ߙ is larger. 
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Fig. 5. Variation of the frequency parameter ݂  
with respect to length-to-radius ratio ܮ ܴଵ⁄ ߙ) . = 30°, ݉ = 1, ݊ ߤ ,7 = = 0.3, ℎଶ ܴଵ⁄ = 0.01, ℎଵ ℎଶ⁄ = 0.5)
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Fig. 6. Variation of the frequency parameter ݂ with 
respect to thickness-to- thickness ℎଵ ℎଶ⁄ ߙ) . = 30°, ݉ = 1, ݊ = ߤ ,7 = 0.3, ℎଶ ܴଵ⁄ = ܮ ,0.01 ܴଵ⁄ = 15) 
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Fig. 7. Axial mode shapes of the displacement ݓ under different boundary conditions: a) Cs-Cl; b) Cs-Sl; 

c) Ss-Cl; d) Ss-Sl. (ߙ = 45°, ݊ ߤ ,2 = = 0.3, ℎଶ ܴଶ⁄ = 0.01, ℎଵ ℎଶ⁄ ߙsinܮ ,0.5 = ܴଶ⁄ =0.5) 

Figs. 5 and 6 show the variations of the frequency parameter ݂ with length-to-radius ratio ܮ ܴଵ⁄  and thickness-to- thickness ratio ℎଵ ℎଶ⁄ , respectively. The parameters used in Fig. 5 are 
α=30°, ݉ = 1, ݊ ߤ ,7 = = 0.3 ℎଶ ܴଵ⁄ = 0.01, and ℎଵ ℎଶ⁄ = 0.5. As shown in this figure, the 
frequencies for the Cs-Cl and Ss-Sl boundary conditions decrease with the increase of ܮ ܴଵ⁄ . And 



2270. FREE VIBRATION ANALYSIS OF TRUNCATED CIRCULAR CONICAL SHELLS WITH VARIABLE THICKNESS USING THE HAAR WAVELET METHOD.  
QIYI DAI, QINGJIE CAO, YUSHU CHEN 

5302 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. DEC 2016, VOL. 18, ISSUE 8. ISSN 1392-8716  

the difference of frequencies for the two boundary conditions between the linearly and 
parabolically varying thickness change slightly with the increase of ܮ ܴଵ⁄ . Results given in Fig. 6 
are obtained by setting ߙ = 30°, ݉ = 1, ݊ ߤ ,7 = = 0.3, ℎଶ ܴଵ⁄ = 0.01 and ܮ ܴଵ⁄  15. It can be 
seen from Fig. 6 that the frequencies for all the Cs-Cl and Ss-Sl boundary conditions increase with 
the increase of ℎଵ ℎଶ⁄ . The difference of frequencies for the two boundary conditions between the 
linearly and parabolically varying thickness become more and more smaller with the increase of ℎଵ ℎଶ⁄ , and the results of the linearly and parabolically varying thickness are the same when ℎଵ ℎଶ⁄ = 1. 

Fig. 7 shows some axial mode shapes of the displacement ݓ for conical shells with variable 
thickness under the Cs-Cl, Cs-Sl, Ss-Cl, and Ss-Sl boundary conditions. The parameters used in 
this figure are ߙ = 45°, ݊ ߤ ,2 = = 0.3, ℎଶ ܴଶ⁄ = 0.01, ℎଵ ℎଶ⁄ = 0.5 and ܮsinߙ ܴଶ⁄ = 0.5. It can 
be observed from Fig. 7 that the boundary conditions have much more influence on mode shapes 
of conical shells than the type of variable thickness. Some circumferential mode shapes of the 
displacement ݓ are presented in Fig. 8. From this figure combined with Fig. 7, the several mode 
shapes for specific (݉, ݊) of the conical shells are given and it is believed that these figures can 
be helpful to understand the vibration behaviors of the conical shells. 

 
a) ݊ = 1 

 
b) ݊ =2 

 
c) ݊ = 3 

 
d) ݊ = 4 

Fig. 8. The first four circumferential mode shapes of the conical shells; …, undeformed shell 

5. Conclusions 

In this paper, the Haar wavelet method has been successfully extended to study vibration 
characteristics of truncated circular conical shells with variable thickness under different boundary 
conditions. Four sets of boundary conditions, that is, Cs-Cl, Cs-Sl, Ss-Cl, and Ss-Sl, are considered 
in the present study. The accuracy and fast convergence rate of the present method have been 
validated by convergence studies and comparisons with existing results in the literature. It is 
concluded that the present method is accurate and efficient for free vibration analysis of conical 
shells with variable thickness. The effects of geometrical parameters and boundary conditions on 
vibration characteristics were studied in detail. The advantages of this method consist in its 
simplicity, fast convergence and high precision. The present method can also be extended to the 
shells with elastic-support boundary conditions. 
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Appendix 

A1. 

The variable coefficients ܩ௜௝௞ and ܩ෨௜௝௞ in Eq. (7) are given as follows: 

ଵଵଵܩ = − ଶଶܣ sinଶ (ߦ)ଶܴߙ − (ߦ)଺଺ܴଶܣ ݊ଶ, ෨ଵଵଵܩ = − ݔଵଵ߲ܣ߲ sin (ߦ)ܴߙ , ଵଵଵܩ = − ଵଵܣ sin (ߦ)ܴߙ ෨ଵଵଶܩ  , = − ݔଵଵ߲ܣ߲ , ଵଵଷܩ = ,ଵଵܣ ଵଶଵܩ = − ଶଶܣ) + (଺଺ܣ sin (ߦ)ଶܴߙ ݊, ෨ଵଶଵܩ = ݔଵଶ߲ܣ߲ (ߦ)1ܴ ݊,  
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ଵଶଶܩ = − ଵଶܣ + (ߦ)଺଺ܴܣ ݊, ଵଷଵܩ = − ଶଶܣ cos ߙ sin (ߦ)ଶܴߙ , ෨ଵଷଵܩ = ݔଵଶ߲ܣ߲ cos ଵଷଶܩ  ,(ߦ)ܴߙ = ଵଶܣ cos (ߦ)ܴߙ , ෨ଶଵଵܩ = ݔ଺଺߲ܣ߲ (ߦ)1ܴ ݊, ଶଵଶܩ = ଶଵܣ + (ߦ)଺଺ܴܣ ଶଵଵܩ  , = − ଶଶܣ) + (଺଺ܣ sin (ߦ)ଶܴߙ ଶଶଵܩ  ,݊ = − ଺଺ܦ4 sinଶ ߙ cosଶ (ߦ)ସܴߙ − ଺଺ܣ sinଶ (ߦ)ଶܴߙ − ቈܦଶଶ cosଶ (ߦ)ସܴߙ + ቉(ߦ)ଶଶܴଶܣ ݊ଶ,  ܩ෨ଶଶଵ = − ݔ଺଺߲ܣ߲ sin (ߦ)ܴߙ , ଶଶଶܩ = − ଺଺ܦ4 cosଶ ߙ sin (ߦ)ଷܴߙ + ଺଺ܣ sin (ߦ)ܴߙ , ෨ଶଶଶܩ = ݔ଺଺߲ܣ߲ ଶଶଷܩ  , = ଺଺ܦ2 cosଶ (ߦ)ଶܴߙ + ,଺଺ܣ ଶଷଵܩ = − ቈ4ܦ଺଺ cos ߙ sinଶ (ݔ)ସܴߙ − ଶଶܣ cos (ݔ)ଶܴߙ ቉ ݊ − ଶଶܦ cos (ݔ)ସܴߙ ݊ଷ,  ܩଶଷଶ = ଶଶܦ) − (଺଺ܦ4 cos ߙ sin (ݔ)ଷܴߙ ݊, ଶଷଷܩ = ଶଵܦ) + (଺଺ܦ2 cos (ߦ)ଶܴߙ ଷଵଵܩ  ,݊ = − ଶଶܣ cos ߙ sinଶ (ߦ)ଶܴߙ , ଷଵଶܩ − ଶଵܣ cos (ߦ)ܴߙ ଷଶଵܩ  , = − ଶଶܦ cos (ߦ)ସܴߙ ݊ଷ + ቈ(2ܦଵଶ+ܦଶଶ + (଺଺ܦ4 cos ߙ sinଶ (ߦ)ସܴߙ − ଶଶܣ cos (ߦ)ଶܴߙ ቉ ෨ଷଶଵܩ  ,݊ = ቈ߲ଶܦଵଶ߲ݔଶ cos (ߦ)ଶܴߙ − 3 ݔଵଶ߲ܦ߲ sin ߙ cos (ߦ)ଷܴߙ − ݔଶଶ߲ܦ߲ sin ߙ cos (ߦ)ଷܴߙ ቉݊ − 2 ݔ଺଺߲ܦ߲ cos ߙ sin (ߦ)ଷܴߙ ଷଶଶܩ  , = − ଶଶܦ+ଵଶܦ2) + (଺଺ܦ8 cos ߙ sin (ߦ)ଷܴߙ ݊, ෨ଷଶଶܩ = 2 ݔ଺଺߲ܦ߲ cos (ߦ)ܴߙ + 2 ݔଵଶ߲ܦ߲ cos ଷଶଷܩ  ,(ߦ)ଶܴߙ = ଵଶܦ) + (଺଺ܦ4 cos (ߦ)ଶܴߙ ଷଷଵܩ  ,݊ = − ଶଶܣ cosଶ (ߦ)ଶܴߙ ݊ଶ − (ߦ)ଶଶܴସܦ ݊ସ + ቈ(2ܦଵଶ+ܦଶଶ + (଺଺ܦ4 sin (ߦ)ସܴߙ ቉ ݊ଶ,  ܩ෨ଷଷଵ = ቈ߲ଶܦଵଶ߲ݔଶ 1ܴଶ(ߦ) − 3 ݔଵଶ߲ܦ߲ sin (ߦ)ଷܴߙ + 2 ݔଵଶ߲ܦ߲ 1ܴଶ(ߦ) − ݔଶଶ߲ܦ߲ sin ቉(ߦ)ଷܴߙ ݊ଶ − 2 ݔ଺଺߲ܦ߲ sin (ߦ)ଶܴߙ ଷଷଶܩ  ,݊ = − ଶଶܦ sinଷ (ߦ)ଷܴߙ − ଵଶܦ2) + (଺଺ܦ4 sin (ߦ)ଷܴߙ ݊ଶ,  ܩ෨ଷଷଶ = − ቈ߲ଶܦଵଶ߲ݔଶ sin (ߦ)ܴߙ − 2 ݔଵଶ߲ܦ߲ sin (ߦ)ଶܴߙ + ݔଵଶ߲ܦ߲ sinଶ (ߦ)ଶܴߙ − ݔଶଶ߲ܦ߲ sinଶ ቉(ߦ)ଶܴߙ + 2 ݔ଺଺߲ܦ߲ (ߦ)1ܴ ଷଷଷܩ  ,݊ = − ଶଶܦ sinଶ (ߦ)ଶܴߙ + ଵଶܦ2 + (ߦ)଺଺ܴଶܦ4 ݊ଶ, ෨ଷଷଷܩ = − ቈ߲ଶܦଵଵ߲ݔଶ + ݔଵଶ߲ܦ߲ sin (ߦ)ܴߙ + ݔଵଵ߲ܦ߲ sin ଷଷସܩ  ,቉(ߦ)ܴߙ = − ଵଵܦ2 sin (ߦ)ܴߙ , ෨ଷଷସܩ = −2 ݔଵଵ߲ܦ߲ , ଷଷହܩ =   .ଵଵܦ−

A2. 

The detailed expressions of the notations in Eqs. (21) and (22) are given by: ܉ = (ܽଵ, ܽଶ, … , ܽ௡)், ܊ = (ܾଵ, ܾଶ, … , ܾ௡)், ܋ = (ܿଵ, ܿଶ, … , ܿ௡)்,࢖ଵ,ଵ = ሾ݌ଵ,ଵ(1) ଵ,ଶ(1)݌ ⋯ ,ଵ,௡(1)ሿ݌ ଶ,ଵ࢖ = ሾ݌ଶ,ଵ(1) ଶ,ଶ(1)݌ ⋯ ଷ,ଵ࢖ ,ଶ,௡(1)ሿ݌ = ሾ݌ଷ,ଵ(1) ଷ,ଶ(1)݌ ⋯ ,ଷ,ଷ(1)ሿ݌ ସ,ଵ࢖ = ሾ݌ସ,ଵ(1) ସ,ଶ(1)݌ ⋯ ସ,௡(1)ሿ, ૆݌ = ,ଵߦ) ,ଶߦ … , ,்(௡ߦ ૆ଶ = ,ଵଶߦ) ,ଶଶߦ … , ,்(௡ଶߦ ૆ଷ = ,ଵଷߦ) ,ଶଷߦ … , ,்(௡ଷߦ ۳ଵ = (1,1, … ,1)், 
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܃ = ൫ܷ(ߦଵ), ,(ଶߦ)ܷ … , ,൯்(௡ߦ)ܷ ᇱ܃ = ൫ܷᇱ(ߦଵ), ܷᇱ(ߦଶ), … , ܷᇱ(ߦ௡)൯், ܃ᇱᇱ = ൫ܷᇱᇱ(ߦଵ), ܷᇱᇱ(ߦଶ), … , ܷᇱᇱ(ߦ௡)൯், ܄ = ൫ܸ(ߦଵ), ,(ଶߦ)ܸ … , ,൯்(௡ߦ)ܸ ᇱ܄ = ൫ܸᇱ(ߦଵ), ܸᇱ(ߦଶ), … , ܸᇱ(ߦ௡)൯், ܄ᇱᇱ = ൫ܸᇱᇱ(ߦଵ), ܸᇱᇱ(ߦଶ), … , ܸᇱᇱ(ߦ௡)൯், ܅ = ൫ܹ(ߦଵ), ,(ଶߦ)ܹ … , ,൯்(௡ߦ)ܹ ᇱ܅ = ൫ܹᇱ(ߦଵ), ܹᇱ(ߦଶ), … , ܹᇱ(ߦ௡)൯், ܅ᇱᇱ = ൫ܹᇱᇱ(ߦଵ), ܹᇱᇱ(ߦଶ), … , ܹᇱᇱ(ߦ௡)൯், ᇱᇱ܅ = ൫ܹᇱᇱᇱ(ߦଵ), ܹᇱᇱᇱ(ߦଶ), … , ܹᇱᇱᇱ(ߦ௡)൯், ܅ூ௏ = ൫ܹூ௏(ߦଵ), ܹூ௏(ߦଶ), … , ܹூ௏(ߦ௡)൯், 
۶ = ൦ℎଵ(ߦଵ) ℎଶ(ߦଵ)ℎଵ(ߦଶ) ℎଶ(ߦଶ) ⋯ ℎ௡(ߦଵ)⋯ ℎ௡(ߦଶ)⋮ ⋮ℎଵ(ߦ௡) ℎଶ(ߦ௡) ⋱ ⋮⋯ ℎ௡(ߦ௡)൪, 
ଵ۾ = ێێۏ

(ଵߦ)ଵ,ଵ݌ۍ (ଶߦ)ଵ,ଵ݌(ଵߦ)ଵ,ଶ݌ (ଶߦ)ଵ,ଶ݌ ⋯ ⋯(ଵߦ)ଵ,௡݌ ⋮(ଶߦ)ଵ,௡݌ (௡ߦ)ଵ,ଵ݌⋮ (௡ߦ)ଵ,ଶ݌ ⋱ ⋮⋯ ۑۑے(௡ߦ)ଵ,௡݌
ې , ଶ۾ = ێێۏ

(ଵߦ)ଶ,ଵ݌ۍ (ଶߦ)ଶ,ଵ݌(ଵߦ)ଶ,ଶ݌ (ଶߦ)ଶ,ଶ݌ ⋯ ⋯(ଵߦ)ଶ,௡݌ ⋮(ଶߦ)ଶ,௡݌ (௡ߦ)ଶ,ଵ݌⋮ (௡ߦ)ଶ,ଶ݌ ⋱ ⋮⋯ ۑۑے(௡ߦ)ଶ,௡݌
 ,ې

ଷ۾ = ێێۏ
(ଵߦ)ଷ,ଵ݌ۍ (ଶߦ)ଷ,ଵ݌(ଵߦ)ଷ,ଶ݌ (ଶߦ)ଷ,ଶ݌ ⋯ ⋯(ଵߦ)ଷ,௡݌ ⋮(ଶߦ)ଷ,௡݌ (௡ߦ)ଷ,ଵ݌⋮ (௡ߦ)ଷ,ଶ݌ ⋱ ⋮⋯ ۑۑے(௡ߦ)ଷ,௡݌

ې , ସ۾ = ێێۏ
(ଵߦ)ସ,ଵ݌ۍ (ଶߦ)ସ,ଵ݌(ଵߦ)ସ,ଶ݌ (ଶߦ)ସ,ଶ݌ ⋯ ⋯(ଵߦ)ସ,௡݌ ⋮(ଶߦ)ସ,௡݌ (௡ߦ)ସ,ଵ݌⋮ (௡ߦ)ସ,ଶ݌ ⋱ ⋮⋯ ۑۑے(௡ߦ)ସ,௡݌

 .ې
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