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Abstract. By considering the deep groove ball bearing as the research object, and using Hertzian 
contact theory and elastic mechanics and geometry, a nonlinear dynamic model is established 
herein for the study of vibration response of deep groove ball bearings having single defect on 
surfaces of inner and outer races. The outer race and inner race defect size parameters are 
introduced into this nonlinear dynamic model, and dynamic models of localized fault on outer 
race, inner race of rolling element bearing are simulated and analyzed by using Runge-Kutta 
method. Both simulated and experimental localized fault signals (acceleration signals) are 
subjected to the same diagnostic techniques; namely time domain waveform comparisons and 
envelope analysis. Then, the impact characteristic that reflects the fault severity in rolling element 
bearings is obtained from the time interval between two impact points. The simulating results are 
in accordance with experimental results, which proves the accuracy and practicality of the models 
used in engineering application. The characteristic defect frequencies and related harmonics are 
broadly investigated and presented herein. This proposed model provides theoretical basis for 
monitoring and fault diagnosis of rolling bears. 
Keywords: vibration, deep groove ball bearing, envelope analysis. 

1. Introduction 

Rolling bearings are widely used in various mechanical systems viz. mechanisms, equipment 
and machines in industries. The rolling bearings are manufactured using high precision machine 
tools and pass through the strict quality checks. However, the existence or development of even 
tiny local defects on the mating surfaces of bearing components in a mechanical system may lead 
to its catastrophic failure due to progressively increase in defect size through passes of time. So 
the efficient engineering simulating models of bearing fault need to be built to make further 
research on fault mechanism and dynamic characteristics, which can provide accurate diagnosis 
method for detecting bearing fault under different running conditions. Therefore, detection of local 
defects in their early stages through observations of vibration signals of rolling bearings is 
essentially a vital issue. 

With the development and improvement of the fault diagnosis technology for rolling element 
bearings, research on the fault diagnosis of rolling bearings has attracted considerable attention, 
and various new models are being proposed [1]. McFadden and Smith [2] presented a simple 
model to describe the vibration of the rolling element bearing having single point defect on the 
inner race under constant radial load. The authors modeled the single point defect as an impulse 
described by an impulse function. Sassi [3] developed a new application called bearing toolbox to 
simulate the vibratory response of bearings to the excitations produced by localized defects. 
Considering the difficulties and disadvantages in detecting the fault signal of rolling bearing with 
background noise, Lu et al. [4] present a method based on the Duffing oscillator and Hu’s moment 
invariant for health monitoring. A case study on health monitoring and assessment for rolling 
bearing demonstrates the effectiveness and accuracy of the proposed models and methods. 
Moreover, Tadina [5] improved a comprehensive model of a ball bearing to obtain the vibration 
response due to different sizes of localized defects. In a relatively more realistic simplified model, 
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Choudhury and Tandon [6] considered lumped masses of shaft and housing on the vibration 
response of the locally defective rolling element bearing. They have assumed linearized bearing 
stiffness and rectangular pulse shape in their modeling. Baydar and Ball [7] examined whether 
acoustic signals could be used effectively to detect the various local faults in gearboxes using the 
smoothed pseudo-Wigner Ville distribution with three types of progressing local faults. Result 
indicated that acoustic signals are very effective for the early detection of faults.  

In addition to, a lot of methods of fault diagnosis flourished in the vibration response of the 
defective rolling bears. Hong [8] proposed a bearing fault severity measurement method based on 
the Lempel-Ziv complexity and the continuous wavelet transform. The result indicated that the 
Lempel-Ziv complexity was proportional (for outer race faults) or inversely proportional (for inner 
race faults) to fault size (severity) for all rotational speeds. Zhao [9] combined the approximate 
entropy theory with the Empirical Mode Decomposition (EMD) algorithm. The method to 
distinguish between the step components and impact components was realized through empirical 
mode recombination of the components. The existence of double impact phenomenon of rolling 
bears was further verified, and it was feasible to realize quantitative diagnosis through separation 
methods. Tomasz Barszcz and Nader Sawalhi [10] introduced the Minimum Entropy 
Deconvolution (MED) to the machine condition monitoring field to enhance fault detection in 
rolling element bearings. The results demonstrated that the usage of the MED technique had 
shown a strong enhancement for both fault detection and diagnosis. 

However, the quantitative analysis of faults in rolling bears should be further considered from 
the aspect of rolling bear defective mechanism. Patil [11] developed a mathematical model for the 
ball bearing vibrations due to defect on the bearing race. With this model the effect of the defect 
size and its position have been simulated and also the spectral components have been predicted. 
But the prediction of the actual amplitudes of vibration is not possible by the model. Singh [12] 
analyzed the contact force of the rolling element entry and exit of the defect with the explicit finite 
element method. The finite element model presented in the paper can be used to investigate the 
vibration characteristics of bearings with more complex defect geometries. Cui et al. [13] 
established a nonlinear vibration model for fault severity assessment of rolling element bearings 
for the quantitative fault diagnosis. Meanwhile, the impact characteristic that reflected the fault 
severity in rolling element bearings was obtained from the time interval between two impact  
points, which were useful for understanding the vibration response mechanism of rolling element 
bearings under various degrees of fault severity. 

In this paper, the main of this paper is organized as follows. In Section 2, the rolling bear 
system including the mathematical model, the dynamic equations of system, and the fault model 
of rolling bears are established based on the relevant knowledge of kinematics and dynamics. In 
Section 3, we simulated the fault model of rolling bear that we have built, and carry out the 
experiments under the same fault condition. By comparing the simulation results with the 
experimental results, it is proved that this model is reasonable and correct for defects lying on the 
races of bears. In Section 4, the conclusions have been submitted. 

2. Mathematical model 

To study the rolling element bearing structural vibration characteristics, the rolling 
element-raceway contact can be considered as a spring mass system, in which the outer race is 
fixed in a rigid support and the inner race is fixed rigidly with the motor shaft. Elastic deformation 
between raceways and rolling elements produces a non-linear phenomenon between force and 
deformation, which is obtained by the Hertzian theory. 

The rolling element bearing is considered as non-linear contact spring as shown in Fig. 1. In 
the model, the outer race of the bearing is fixed in a rigid support and inner race is held rigidly on 
the shaft. A constant radial load acts on the bearing. The contact force is calculated using the 
Hertzian contact deformation theory. 
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Fig. 1. The four-DOF nonlinear dynamic model  

2.1. Total deflection of ball in radial direction 

According to the Hertzian contact deformation theory, the non-linear relation 
load-deformation is given by: ܨ = ௥௡, (1)ߜܭ

where ܭ is the load-deflection factor or constant for Hertzian contact elastic deformation, ݎߜ is 
the radial deflection or contact deformation and ݊ the load-deflection exponent; ݊ = 3/2 for ball 
bearing and ݊ = 10/9 for roller bearing. The load-deflection factor ܭ  depends on the contact 
geometry. 

If ߶0 is the initial position of the ݅th ball, the angular position ߶݅ at any time ݐ is defined by 
the following relation: 

߶݅ = ܾܰ݅ߨ2 + ݐܿ߱ + ߶0, (2)

where the angular velocity of cage is expressed in term of angular velocity of shaft and is defined 
as follows: 

߱ܿ = ൬1 − ൰ܦ݀ 2ݏ߱ . (3)

If 1ݔ − 1ݕ and 2ݔ −  is the internal radial ݎܥ axis and-ݕ axis and-ݔ are the deflections along 2ݕ
clearance, the radical deflection ݎߜ  at the ݅ th ball, at any angle ߶݅  is given by  [((ݔଵ − ଶ)cos߶௜ݔ + ଵݕ) − (ଶ)sin߶௜ݕ −  ௥]. Substituting in Eq. (1), the restoring force can beܥ
obtained by: ܨ = ଵݔ)]ܭ − ଶ)cos߶௜ݔ + ଵݕ) − ଶ)sin߶௜ݕ − ௥]ଷܥ ଶ⁄ . (4)

The springs are required to act only in compression, because the Hertzain forces arise only 
when there is contact deformation. In other words, the respective spring force comes into play 
when the instantaneous spring length is shorter than its unstressed length (the term in the bracket 
should be positive); otherwise the separation between ball and race takes place and the resulting 
force is set to zero. It has to be noted that the total restoring force is the sum of the restoring forces 
from each of the rolling elements. By resolving the total restoring force along the ݔ-axis and  ݕ-axis, we obtain: 
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ݔܨ = ෍ 1ݔ)ൣܭ − ݅߶cos(2ݔ + ൫1ݕ − ݅߶2൯sinݕ − ൧3/2ܼݎܥ
݆=1 cos߶݅,

ݕܨ = ෍ 1ݔ)ൣܭ − ݅߶cos(2ݔ + ൫1ݕ − ݅߶2൯sinݕ − ൧3/2ܼݎܥ
݆=1 sin߶݅, (5)

where ݔܨ  and ݕܨ  are the components of restoring force in the ݔ  and ݕ directions and ܼ is the 
number of balls, which can be obtained from Table 1. 

2.2. Stiffness and damping coefficients at contacts in bearing system 

Stiffness and damping coefficients of each component and each contact in a shaft bearing 
system play significant roles in the vibration study. Thus, precise calculations of values of stiffness 
and damping are necessary in achieving accuracy in results. 

Stiffness coefficients at the contacts formed between races and the ݅th ball are evaluated using 
the following relations [14]: 

ܭ = 2√2 ቀ 1ܧ − ∑)ଶቁ3ݒ ଵ/ଶ(ߩ ൬ .൰ଷ/ଶ∗ߜ1 (6)

In the proposed model, shaft and bearing block damps are assumed to be hysteretic and the 
equivalent viscous damping coefficient is calculated using the equation as follows [15]: ܥ = ௘௫௧, (7)߱ܭߟ

where ߱݁ݐݔ is excitation frequency. 

2.3. Equations of motion 

Based on the relevant knowledge of kinematics and dynamics, dynamic differential equations 
are as follows: ݉1ݔሷ 1 + ሶݔ1ܿ 1 − ሶݔ1ܿ 2 + 1ݔݔ1݇ − 2ݔݔ1݇ = ሷݕ1݉,ݔܨ− 1 + ሶݕ1ܿ 1 − ሶݕ1ܿ 2 + 1ݕݕ1݇ − 2ݕݕ1݇ = ݕܨ− − ሷݔ2݉,ܹ 2 + (ܿ1 + ሶݔ(ݔ2ܿ 2 − ሶݔ1ܿ 1 + 2ݔݔ2݇ = ሷݕ2݉,ݔܨ 2 + ൫ܿ1 + ሶݕ൯ݕ2ܿ 2 − ሶݕ1ܿ 1 + 2ݕݕ2݇ = ,ݕܨ (8)

where ݉1,  ݉2  respectively represent the mass of inner race and outer race; ܿ1 ݔ2ܿ ,  ݕ2ܿ ,
respectively represent the damping factor of the bearing and the damping factor of radial 
horizontal direction and radial vertical direction of the bearing block; ݇1ݔ ݕ1݇ ,  respectively 
represent the stiffness factor of radial horizontal direction and radial vertical direction of the rotor; ݇2ݕ2݇ ,ݔ respectively represent the stiffness factor of radial horizontal direction and radial vertical 
direction of the bearing block; 2ݕ ,1ݕ ,2ݔ ,1ݔ are the displacement of radial horizontal direction 
and radial vertical direction of the rotor and bearing block, respectively; ܹ is the radial load. 

2.4. Fault model of rolling element bearing 

Cracks, pits, and spalls are the most common localized defects of rolling element bearing. In 
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order to describe the characteristic of localized defects, three parameters are introduced including 
the angular position of the defect ߮݀ the angular of the width of the defect ܾ߮, the depth of the 
defect ݀ܦ and the additional deflection ݀ݎ. When the defect occurs on the inner race, the outer 
race or the rolling element, it changes the contact deformation between the rolling element and 
the race. 

 
a) Part of the parametric sketch 
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b) Representation of the deflection due to defect on inner race 
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c) Representation of the deflection due to defect on outer race 

Fig. 2. Defect and deflection details 

2.4.1. Defect on the outer race 

The local defects on the outer race are normally found in the loaded region of the bearing. 
Moreover, for the stationary outer race the position of defect does not change with respect to the 
shaft rotation. The deflection of the ݅th ball varies when it reaches the defective zone of the outer 
race. Mathematically, the defect is on the surface of the outer race, the radical deformation ݅ߜ 
caused by the defect in the angular position of the ݅th rolling element can be given by: 

݅ߜ = ൝݀ݎ ,    ቚmod ቂ߶݅ − ቀ߮݀ + ߮2ܾ ቁ , ቃቚߨ2 < ߮2ܾ ,0,       else, (9)

where ߱ݏ is the angular velocity of the shaft and ߮݀0 is the initial angular position of the defect. 
For the defect on the fixed outer race, ߮݀ = ߮݀0. 

2.4.2. Defect on the inner race 

The location of defects on the inner race does not remain stationary since the inner race rotates 
with the speed of the shaft ߱ݏ. The rolling ball approaches the defect either in the loaded zone or 
the unloaded zone; thus, the deflection ݅ߜ of the ݅th ball varies. The defect in the angular position 
of the ݅th rolling element can be given by: 

idD
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݅ߜ = ൝݀ݎ ,    ቚmod ቂ߶݅ − ቀ߮݀ + ߮2ܾ ቁ , ቃቚߨ2 < ߮2ܾ ,0,       else. (10)

The angular position of the defect can be given by ߮݀ = ݐݏ߱ + ߮݀0, for the defect on the inner 
race, the angular position of the defect changes with the shaft rotating, so the angular position of 
the defect is a function of time. 

2.4.3. Defect on the surface of the rolling element 

If the defect is on the surface of the rolling element, it contacts with the inner race and the 
outer race once per cycle, respectively. For the defect on the ݇th rolling element, the radical 
deformation caused by the defect can be given by: 

݅ߜ = ቐ0,        ݅ ≠ 0      ,ݎ݀,݇ < ߮݀ < ܾ߮, ߨ < ߮݀ < ൫ߨ + ܾ߮൯, ݅ = ݇0,        else, , (11)

where the angular position of the defect on the rolling element ߮݀ = mod(߱ݐݎ + ߮݀0,  in ,(ߨ2

which the rotating angular velocity ߱ݎ = 2߱ ܦ݀ ൤1 − ቀ݀ܦ cosߙቁ2൨, where ߙ is the contact angular. 

The parameters ݀, ܦ are shown in Fig. 2. To simulate the defect on the outer race, the inner 
race or the rolling element of the rolling bears, the radial deflection caused by the defect is 
considered to make the bearing clearance increase when the defect contacts with the surface of the 
bearing components. The increasing radial clearance leads to the Hertzain force between the 
contact surface decreasing or turning to zero. With the clearance changing, the excitation of the 
nonlinear time-varying system of the rolling element bearing mutates. To reflect the influence of 
the defect on the system output, the defect on the races or the rolling element is added to the total 
deformation of the angular position of the ݅ th rolling element. The total deformation can be  
given by: ݎߜ = 1ݔ) − ݅߶cos(2ݔ + ൫1ݕ − ݅߶2൯sinݕ − ݎܥ − .݅ߜ (12)

Substituting Eq. (12) into Eq. (5), the restoring force of the rolling element bearing can be 
obtained. Then the dynamic response of failure bearing can be calculated by substituting the 
restoring force into Eq. (8). 

3. Results and discussions 

The nonlinear equations are solved to obtain the radial displacements. The inputs used are 
shown in Table 1. The initial displacements set to the following values: 0ݔ =  10-6 m and  0ݕ = 10-6 m. The initial accelerations are assumed to be zero: ݔሶ 0 = 0 and ݕሶ 0 = 0. The input data 
related to shaft and bearing systems are provided in Table 1. And the Ball Pass Frequency on 
Outer race (BPFO) and the Ball Pass Frequency on Inner race (BPFI) are calculated as follows 
with different shaft speed. 

When ܰݏ = 1750 r/min (where ܰݏ is the shaft speed (r/min)): (ܱܨܲܤ) = ௓ேೞଶ×଺଴ ቀ1 − ௗ஽ cosߙቁ =104.3 Hz; (ܫܨܲܤ) = ௓ேೞଶ×଺଴ ቀ1 + ௗ஽ cosߙቁ =158.2 Hz. 
When ܰݏ = 1772 r/min: (ܱܨܲܤ) = ௓ேೞଶ×଺଴ ቀ1 − ௗ஽ cosߙቁ =105.6 Hz, (ܫܨܲܤ) = ௓ேೞଶ×଺଴ ቀ1 + ௗ஽ cosߙቁ =160.2 Hz. 
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Table 1. Input data 
Deep groove ball bearing SKF6205 
Inner race diameter (݀௜) 25 mm 
Outer race diameter (݀௢) 52 mm 
Pitch diameter (ܦ) 39 mm 
Ball diameter (݀) 8 mm 
Number of balls (ܼ) 9 
Contact angle (ߙ) 0° 
Mass of rotor (m) 5.5 kg 

3.1. Computational procedure 

In order to compute the vibration response, the governing equations of motion Eq. (8), relation 
for the ball positions Eq. (2), and deflection relation Eq. (4), Eq. (5) and Eq. (12) are solved 
iteratively for each steps of time. Displacements in ݔ and ݕ direction and ݔሶ  and ݕሶ  velocities at 
time (ݐ + Δݐ)are calculated using Eq. (8) by the Runge-Kutta method. The time step for the 
investigation is assumed as the time required for 0.01° of rotation. The system equations are 
iteratively solved for specified time period using MATLAB programming. Flow chart for the 
numerical computation is provided in Fig. 3. The ݐ௣௘௥௜௢ௗ is the simulation time. 

0i 0i 

r

 
Fig. 3. The flow chart of numerical computation 

3.2. Vibration response of defective bearing 

In order to verify the correctness and rationality of the nonlinear dynamic model, experiments 
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are carried out for four different cases, including defect on outer race with shaft speed at 1750 rpm 
and 1772 rpm, defect on inner race with shaft speed at 1750 rpm 1772 rpm. It has to be noted that 
the experimental setup is a complex system which contains interaction between different parts of 
system, particularly defective bearings. Moreover, the defective model is explained in the Fig. 2. 
The defect’s size at both inner race and outer race for single defect is kept as: depth ݀ܦ = 11 mils, 
the width of fault size ܹ݀ = 7 mils. The defect angle (ߙ) is kept at 0° for a single defect. The 
defects are created on races of the test bearings by electric discharge machining. In addition, to 
assure the validity of the proposed model, a number of simulated results are compared with 
experimental data. The results of this comparison are reported in the next section. The analytical 
model developed in this work is a simple model to study the principle features of a defective 
bearing. It has to be noted here that all vibration response which we plot in next subsection are in 
horizontal whether in the case of experiments or simulations. 

3.2.1. Defect on outer race  

The simulation results of localized outer race faults model at a shaft rotational speed of 
1750 rpm are shown in Fig. 4 including the time domain waveform and the envelope spectrum of 
the vibrations. The impact vibrations caused by the bearing clearance changing can be reflected 
in the time domain waveform. The defect can only increase the amplitudes of impact vibrations 
because the vibration frequency of varied flexibility is equal to the failure characteristic frequency 
of the outer race defect, BBFO and its frequency doubling are clearly reflected in the envelop 
spectrum. Although the response looks complex, it is still periodic. In the Fig. 4, peaks at the ball 
pass frequency of outer race BPFO = 104.2 Hz, and its harmonics at 2BPFO, 3BPFO are observed 
clearly. Fig. 5 illustrates the experimental vibration spectrum with single defect on outer race 
defect. The experiments are performed at a shaft rotational speed of 1750 rpm. The BPFO peak is 
found at 105 Hz. The small variation in two frequencies appears due to shaft speed variation. 

 
a) Time domain waveform 

 
b) Envelope spectrum 

Fig. 4. Simulated vibration response and envelope spectrum in radial ܺ direction  
with single defect on outer race (ܰݏ = 1750 r/min) 

It can be noted that all the frequency components as predicted by the simulated spectrum 
shown in Fig. 4, and the value of failure characteristic frequency of the outer race defect is almost 
consistent with the experimental results. In order to further verify the validity of proposed fault 
model, the simulations and experiments have been carried out with shaft speed at 1772 rpm. The 
simulated results and experimental results are shown in Fig. 6 and Fig. 7, respectively.  

It can be seen from Fig. 7 that the impact vibrations caused by the bearing clearance changing 
show the same vibration characteristics with the simulation results. In Figs. 6 and 7, the frequency 
spectrum of experimental data has a peak at 105.9 Hz, and in the frequency response obtained 
from the proposed model, a peak occurs at 105.5 Hz. Meanwhile, the BBFO and its frequency 
doubling are also clearly reflected in the envelop spectrum, which is similar to the case of shaft 
speed at 1750 rpm. In addition, to further demonstrate the validity of the proposed models, we 
compare the simulation results and the experimental results on the fault characteristic frequencies 
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of outer race. The comparison of characteristic defective frequencies has been listed in Table 2. It 
can be clearly observed in Table 2 that the simulation results of the proposed model are much 
closer to the theoretical value than the experimental results whether in the case of ܰݏ = 1750 r/min 
or ܰݏ = 1772 r/min. As a result, the comparison of frequency content of simulated model and 
experimental results confirms the successful modeling of the effect in this analysis. 

 
a) Time domain waveform 

 
b) Envelope spectrum 

Fig. 5. Experimental vibration response and envelope spectrum in radial ܺ direction  
with single defect on outer race (ܰݏ = 1750 r/min) 

 
a) Time domain waveform 

 
b) Envelope spectrum 

Fig. 6. Simulated vibration response and envelope spectrum in radial ܺ direction  
with single defect on outer race (ܰݏ = 1772 r/min) 

 
a) Time domain waveform 

 
b) Envelope spectrum 

Fig. 7. Experimental vibration response and envelope spectrum in radial ܺ direction  
with single defect on outer race (ܰݏ = 1772 r/min) 

Table 2. Comparison of characteristic defective frequencies (on outer race) ௦ܰ = 1750 r/min BPFO 2BPFO 3BPFO 
Simulated results 104.2 Hz 208.4 Hz 312.6 Hz 

Experimental results 105 Hz 210.1 Hz 315.1 Hz 
Theoretical value 104.3 Hz 208.6 Hz 312.9 Hz ௦ܰ = 1772 r/min BPFO 2BPFO 3BPFO 
Simulated results 105.5 Hz 210.9 Hz 316.4 Hz 

Experimental results 105.9 Hz 211.8 Hz 317.7 Hz 
Theoretical value 105.6 Hz 211.2 Hz 316.8 Hz 
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3.2.2. Defect on inner race 

Complicated vibration takes place when the defect lies on the surface of the rotating inner race. 
It happens due to rotation of both defect and ball. In case of inner race defect, amplitudes of the 
vibrations are not constant due to varying loadings on ball and defect contacts. The deformation 
magnitude increases when defect and ball contact occurs in the loaded zone and it decreases in the 
unloaded zone. A series of impact vibration of varying amplitudes can be found in Fig. 8. The 
amplitudes of the impact vibrations are modulated by the shaft rotation frequency, because the 
position of the inner race defect constantly changes with the rotating of the rotor. Moreover, the 
envelop spectrum shows the rotating frequency and its frequency doubling, along with BPFI and 
its frequency doubling. The BPFI peak is found at 158.2 Hz, and their harmonics are clearly visible 
in Fig. 8. And the shaft rotation frequency and its harmonics are observed clearly. During the 
experimentation, the acceleration of vibration is captured on top of test bearing housing. Fig. 9 
illustrates the experimental vibration spectrum with inner race defect in the bearing. The BPFI 
peaks are found at 157.5 Hz. This small variation in frequency appears due to variation in shaft 
speed. The shaft frequency of rolling bear is about 26.2 Hz, which is also clearly observed in 
Figs. 8 and 9. 

 
a) Time domain waveform 

 
b) Envelope spectrum 

Fig. 8. Vibration response and Envelope spectrum in radial ܺ direction  
with single defect on inner race (ܰݏ = 1750 r/min) 

 
a) Time domain waveform 

 
b) Envelope spectrum 

Fig. 9. Experimental vibration response and Envelope spectrum in radial ܺ direction  
with single defect on inner race (ܰݏ = 1750 r/min) 

It can be seen that all the frequency components, as predicted by the simulated spectrum shown 
in Fig. 8, find existence in the experimental spectrum, too. In addition, further simulations and 
experiments are implemented with the shaft speed at 1772 rpm to test the proposed model. As they 
can be seen in Figs. 10 and 11, the acceleration response of proposed model and the envelope 
spectrum included the expected frequencies. The envelope spectrum of experimental data have a 
peak at 161.5 Hz, and in the frequency response obtained from the proposed model, a peak occurs 
at 160.6 Hz. Similar with the inner race defect with the shaft speed at 1750 rpm, the envelop 
spectrum in Fig. 10 shows the rotating frequency and its frequency doubling, along with BPFI and 
its frequency doubling.  
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a) Time domain waveform 

 
b) Envelope spectrum 

Fig. 10. Simulated vibration response and envelope spectrum in radial ܺ direction  
with single defect on inner race (ܰݏ = 1772 r/min) 

 
a) Time domain waveform 

 
b) Envelope spectrum 

Fig. 11. Experimental vibration response and envelope spectrum in radial ܺ direction  
with single defect on inner race (ܰݏ = 1772 r/min) 

Moreover, good correlations of simulated and experimental extracted frequencies can be seen 
in Table 3. It can be found that the BPFI and its harmonics which we simulated are much closer 
to the theoretical results than the experimental results whether in the case of 1750 rpm or  
1772 rpm, which shows the rationality of proposed model. As a result, overall good matching of 
simulated and experimental results develops good confidence in the proposed dynamic model. But 
the comparison of simulation results and experimental results shows poor agreement for vibration 
amplitude at shaft frequency. This is expected due to residual unbalance, misalignment, etc. which 
has not been considered in theoretical. 

Table 3. Comparison of characteristic defective frequencies (on inner race) ௦ܰ = 1750 r/min BPFI 2BPFI 3BPFI 
Simulated results 158.2 Hz 316.4 Hz 474.6 Hz 

Experimental results 157.5 Hz 315 Hz 472.5 Hz 
Theoretical value 158.2 Hz 316.4 Hz 474.6 Hz ௦ܰ = 1772 r/min BPFI 2BPFI 3BPFI 
Simulated results 160.6 Hz 321.2 Hz 481.8 Hz 

Experimental results 161.5 Hz 323 Hz 484.5 Hz 
Theoretical value 160.2 Hz 320.4 Hz 480.6 Hz 

3.3. The consistency on the defect size between simulations and experiments 

Fig. 12 shows the simulating results of localized outer race faults of the dynamic nonlinear 
model. The impact vibrations caused by the bearing clearance changing can be reflected in the 
time domain waveform. The defect on the races or the rolling element is added to the total 
deformation of the angular position of the ݅th rolling element. The fault model is shown in the 
Fig. 13. While the rolling element enters and exits the defect, there will be two obvious impact 
signals because of mutational clearance. The time interval of the two obvious impact signals can 
reflect the defect size as shown in Fig. 14. 
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Fig. 12. The fault model 
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Fig. 13. Reflection of the defect size 

Fig. 14 shows the results of the bearing with defect on its outer race. Compared the 
experimental data with the simulation results, the fault size is reflected clearly in the time domain 
waveform. It can be seen in Fig. 14 that, the fault size shown in simulation of propose model and 
experiment is very close and consistent. This also indicates that the fault dynamic model we have 
established is correct and reasonable. It has to be noted that there are differences between the 
amplitudes of vibration predicted by the model and obtained by the experiment because it is 
difficult to take into account the effects of the total rotor bearing system in the theoretical model. 
As a result, the consistency of fault size between simulation results and experimental results 
verifies the validity of the proposed models. 
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Fig. 14. a) Comparison between model simulating results and b) experimental results 

4. Conclusions 

In this paper, the effect of local surface defects on the dynamic response of a rolling bear 
system is investigated using an analytical model. The vibration amplitudes and frequencies are 
simulated by solving coupled equations of motions using the Runge-Kutta method in Matlab. 

The main conclusions can be concluded as follow: 
1) The simulation results of dynamic model for the outer race defect and the inner race defect 

indicates that the defect positions can be diagnosed by the characteristic frequency of the 
vibrations. The frequency spectrum of the bearing vibrations due to the defects comprises mainly 
BPFO and its harmonics for outer race defect, BPFI and the combination of BPFI and the shaft 
frequency for the inner race defect. The accordance of the frequency components obtained from 
the mathematical model with those appeared in the frequency spectrum of the experimental data 
verifies the validity of the proposed model. 
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2) The prediction of the actual amplitudes of vibration is not possible by the model because it 
is difficult to incorporate the effect of the rotor bearing system into the model. However, it helps 
to predict the effect of the defect position and the spectral components due to this. 

3) The good correlations between the numerically simulated and experimental results amply 
demonstrates that this dynamic model can be used with confidence for the study and prediction of 
vibrations of defective deep groove ball bearings. Meanwhile the proposed models provide 
theoretical basis for monitoring and fault diagnosis of rolling element bearing to some extent. 

Acknowledgements 

This work was supported by the National Natural Science Foundation of China (Grant 
No. 51475407), Hebei Provincial Natural Science Foundation of China (No. E2015203190), The 
Education Department of Hebei Province Outstanding Youth Fund (No. YQ2013020) and Key 
Project of Natural Science Research in Colleges and Universities of Hebei Province (Grant 
No. ZD2015050) 

References 

[1] Feng Z., Liang M., Chu F. Recent advances in time-frequency analysis methods for machinery fault 
diagnosis: a review with application examples. Mechanical Systems and Signal Processing, Vol. 38, 
Issue 1, 2013, p. 165-205. 

[2] McFadden P. D., Smith J. D. Model for the vibration produced by a single point defect in a rolling 
element bearing. Journal of Sound and Vibration, Vol. 96, 1984, p. 69-82. 

[3] Sassi S., Badri B., Thomas M. A numerical model to predict damaged bearing vibrations. Journal of 
Vibration and Control, Vol. 13, Issue 11, 2007, p. 1603-1628. 

[4] Lu C., Tao L., Fan H., Wang Z. Approach to health monitoring and assessment of rolling bearing. 
Journal of Vibroengineering, Vol. 15, Issue 2, 2013, p. 747-761. 

[5] Tadina M., Bolte M., Ar V. Z. Improved model of a ball bearing for the simulation of vibration 
signals due to faults during run-up. Journal of Sound and Vibration, Vol. 330, Issue 17, 2011, 
p. 4287-4301. 

[6] Choudhury A., Tandon N. Vibration response of rolling element bearings in a rotor bearing system 
to a local defect under radial load. Journal of Tribology, Vol. 128, Issue 2, 2006, p. 252-261. 

[7] Baydar N., Ball A. A comparative study of acoustic and vibration signals in detection of gear failures 
using Wigner-Ville distribution. Mechanical Systems and Signal Processing, Vol. 15, Issue 6, 2001, 
p. 1091-1107. 

[8] Hong H., Liang M. Fault severity assessment for rolling element bearings using the Lempel-Ziv 
complexity and continuous wavelet transform. Journal of Sound and Vibration, Vol. 320, Issue 1, 
2009, p. 452-468. 

[9] Zhao S., Liang L., Xu G., Wang J., Zhang W. Quantitative diagnosis of a spall-like fault of a rolling 
element bearing by empirical mode decomposition and the approximate entropy method. Mechanical 
Systems and Signal Processing, Vol. 40, Issue 1, 2013, p. 154-177. 

[10] Tomasz B., Nader S. Fault detection enhancement in rolling element bearings using the minimum 
entropy deconvolution. Archives of Acoustics, Vol. 37, Issue 2, 2012, p. 131-141. 

[11] Patil M. S., Mathew J., Rajendrakumar P. K., Desai S. A theoretical model to predict the effect of 
localized defect on vibrations associated with ball bearing. International Journal of Mechanical 
Sciences, Vol. 52, Issue 9, 2010, p. 1193-1201. 

[12] Singh S., Köpke U. G., Howard C. Q., Petersen D. Analyses of contact forces and vibration response 
for a defective rolling element bearing using an explicit dynamics finite element model. Journal of 
Sound and Vibration, Vol. 333, Issue 21, 2014, p. 5356-5377. 

[13] Cui L., Zhang Y., Zhang F., Zhang J., Lee S. Vibration response mechanism of faulty outer race 
rolling element bearings for quantitative analysis. Journal of Sound and Vibration, Vol. 364, Issue 3, 
2016, p. 67-76. 

[14] Harris T. A. Rolling Bearings Analysis. Third Edition, Wiley, New York, 1991. 
[15] Genta G. On a persistent misunderstanding of the role of hysteretic damping in rotor dynamics. 

Journal of Vibration and Acoustics, Vol. 126, Issue 3, 2004, p. 459-461. 



2150. NONLINEAR DYNAMIC MODEL AND VIBRATION RESPONSE OF FAULTY OUTER AND INNER RACE ROLLING ELEMENT BEARINGS.  
PEIMING SHI, XIAO SU, DONGYING HAN 

 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. SEP 2016, VOL. 18, ISSUE 6. ISSN 1392-8716 3667 

 

Peiming Shi received Ph.D. degree in Information Science and Engineering Institute from 
Yanshan University, Qinhuangdao, China, in 2009. Now he is an Associate Professor in 
Institute of Electrical Engineering of Yanshan University. His current research interests 
include fault diagnosis and signal processing. 

 

Xiao Su received Bachelor’s degree in Electrical Engineering Institute from Yanshan 
University, Qinhuangdao, China, in 2015. Now he is a postgraduate student in Yanshan 
University. His current research interests include machinery fault diagnosis. 

 

Dongying Han received Ph.D. degree in Mechanical Engineering Institute from Yanshan 
University, Qinhuangdao, China, in 2008. Now she is an Associate Professor in Institute 
of Vehicles and Energy of Yanshan University. Her current research interests include fault 
diagnosis and signal processing. 

 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /UseDeviceIndependentColor
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages true
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth 8
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [4000 4000]
  /PageSize [612.000 792.000]
>> setpagedevice


