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Abstract. This paper presents an analytical approach to investigate the free vibration of simply 
supported bridge with cracks under arbitrary number of vehicles. Calculation methods for natural 
frequencies and mode shapes are proposed based on Euler-Bernoulli beam theory, transfer matrix 
method and numerical assembly method. The vehicle is modeled as a half-car planar model. 
Equations of motion and displacement functions for bridge and vehicle are derived, respectively. 
The undermined coefficient matrices for wheels, vehicles and boundary conditions are obtained 
based on equilibrium and continuity conditions. Numerical assembly technique is adopted to 
construct the overall matrix of coefficients for bridge-vehicle vibration system. And natural 
frequencies and corresponding mode shapes are determined based on iterative method and overall 
matrix solution. Numerical simulation is presented to verify the effectiveness of the proposed 
method. The results reveal that solutions of the proposed method have favorable reliability. 
Natural frequencies and associate modal shapes of simply supported multi-girder bridge under the 
effects of crack and vehicle are investigated. The influences of crack and vehicle parameters on 
dynamic characteristics are also demonstrated. Meanwhile, a practical simply supported 
box-girder bridge model is analyzed by the proposed method and an effective crack identification 
algorithm is proposed. 
Keywords: simply supported bridge, free vibration, crack, vehicle, transfer matrix method. 

1. Introduction 

Vibration characteristics of bridge structures under the effects of vehicles have been an 
interesting topic. Kim [1] investigated the effect of vehicle on variation of dynamic characteristics 
through traffic-induced vibration tests on three bridges and found that the vehicle could cause the 
changes of dynamic characteristics. Besides, cracks often appear in bridges under the effects of 
external loads and environmental factors, which will lead to the variations of dynamic 
characteristics [2]. Therefore, investigation on dynamic characteristics of cracked bridge 
considering bridge-vehicle interaction is important for health monitoring and condition 
assessment of bridge structures. 

Dimarogonas [3] proposed a state of review on the dynamics of cracked structures. Many 
works in this fields deal with the cracked beam subjected to various boundary conditions. In some 
papers, the beam was subdivided into several parts and separated by cracks, which were simulated 
by massless rotational springs [4, 5]. The cracks lead to energy release and additional deformation 
of beam. Based on the simulation of crack using massless rotational spring, many methods 
including energy approach, transfer matrix method, etc. were proposed. The methods with 
exponentially decaying crack disturbance functions were proposed to develop vibration equations 
for continuous models [6-8]. The exponential function was firstly presented by Christides and Barr 
to model the stress-strain variation around the crack zone for one or more pairs of symmetric 
cracks [6]. 

Saavedra and Cuitino [9] proposed a modeling method for multi-beams systems containing a 
transverse crack. The flexibility matrix of cracked element given by strain energy density function 
is directly added to that of corresponding intact element to obtain the total flexibility matrix. 
However, results of this method are not quite accurate. Transfer matrix method is an efficient tool 
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for free vibration analysis of beams with cracks. This method was firstly introduced by Pestel and 
Leckie [10]. Modified transfer matrix methods are also developed to investigate the dynamic 
behaviors of beams with various attachments. Ostachowicz et al. [11] presented the relationships 
of parameters (deformations, moments, slope, etc.) at the position of cracks. Four integration 
constants of eigenfunctions between adjacent sub-beams can be determined. Lin et al. [12] studied 
the vibrations of a beam with arbitrary number of cracks using transfer matrix methods. An 
analytical form of eigenvalue problem was introduced. However, the effect of vehicle has not been 
taken into account in most of the studies for cracked structure. 

Vibration analysis of a beam-like structure subjected to moving loads has been a subject of 
interest in many fields [13, 14]. Bridges are generally modeled as elastic beams, while the models 
for vehicles can be divided into three categories [15]: the so-called moving load [16, 17], moving 
mass [18, 19] and moving sprung-mass models [20, 21]. Esmailzadeh et al. [22] studied the 
dynamic interaction between high-speed train and simply supported girders based on rigid-body 
dynamics theory, finite element analysis and wheel-rail displacement corresponding assumption. 
Song et al. [23] proposed a novel finite element model for simulating the interactions between 
high-speed train and bridge. Vehicle model devised for high-speed train is employed, which has 
an articulated bogie system. Nasrellah et al. [24] presented a strategy for structural system 
identification considering bridge-vehicle interaction by particle filtering algorithms, which can 
take into account measurement noise, guideway unevenness and incomplete information. Zhang 
et al. [25] proposed an inter-system iteration method for dynamic analysis of coupled 
bridge-vehicle system, which can avoid the interaction within time-step and improve computation 
efficiency. Yang et al. [26] investigated the vertical responses of bridge and moving vehicle using 
modal superposition, and corresponding closed-form solutions were determined. 

From above literature review, one can obtain that most of the researches on vibration analysis 
of bridge considering bridge-vehicle interaction are focused on dynamic response. Little attention 
is paid on free vibration characteristics, which are important for health monitoring of bridge. And 
most of the objects in these researches are undamaged beams, damage of beam is needed to be 
considered in practical studies. Bilello et al. [27] modeled the damage of beam through rotational 
springs and carried out theoretical and experimental studies on the response of damaged 
Euler-Bernoulli beam traversed by a moving mass. Lin and Chang [28] obtained an analytical 
solution of forced response for a cantilever beam with a crack subjected to a concentrated moving 
load by using equivalent rotational spring model, transfer matrix method and modal series 
expansion technique. Yoon and Son [29] investigated the effects of open crack and the moving 
mass on dynamic behavior of simply supported pipe conveying fluid. However, previous studies 
still have certain insufficiencies. Vehicle models are relatively simple and could not reflect their 
vibration characteristics. Therefore, free vibration analysis of simply supported cracked bridges 
considering bridge-vehicle interaction need to be investigated. 

In this paper, free vibration characteristics of cracked bridge considering bridge-vehicle 
interaction were investigated. Corresponding calculation method is proposed based on 
Euler-Bernoulli beam theory, transfer matrix method and numerical assembly method. Numerical 
simulations for simply supported bridges under the effects of crack and bridge are used to verify 
the reliability and accuracy of the proposed method. Changes of natural frequencies and modal 
shapes are used to demonstrate the influences of crack and vehicle parameters on simply supported 
bridge. Moreover, a practical simply supported box-girder bridge model is also analyzed using the 
proposed method and an algorithm is proposed for crack identification. 

2. Theoretical background 

2.1. Simplified models for bridge and vehicle 

Short-to medium-span bridges are the most widely used types for simply supported bridge in 
structural design. They can be divided into two categories as integral bridge and multi-girder 
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bridge according to the composition forms of girders. For integral bridge, there is only one piece 
of girder. Its characteristics of cross section are determined by this girder. For multi-girder one, 
some horizontal connections between girders are adopted to bear loads as shown in Fig. 1. Its 
characteristics of cross section are determined comprehensively by the girders. 

 
Fig. 1. Sketch for cross section of multi-girder bridge 

Assuming each girder in multi-girder bridge possesses the same geometry dimensions, and 
also the same crack position and depth. Multi-girder bridge can be simplified as integral one for 
vertical vibration analysis. Equivalent principles are listed as follows: 

(a) Height of simplified integral bridge is equal to that of multi-girder one. 
(b) Moment of inertia of simplified integral bridge is the sum of values for all girders in 

multi-girder bridge. It can be expressed as 

ܫ =  ܫ
ୀଵ , (1)

where ܫ is the moment of inertia of simplified integral bridge, ܫ is the moment of inertia for ݅th 
girder of multi-girder bridge. 

(c) Mass per unit length of simplified integral bridge is the sum of values for all girders in 
multi-girder bridge. It is calculated by: 

݉ =  ݉
ୀଵ , (2)

where ݉ is mass per unit length of simplified integral bridge, ݉ is mass per unit length for ݅th 
girder of multi-girder bridge. 

(d) The position and depth of cracks for simplified integral bridge are the same with 
multi-girder bridge. 

Based on above calculation, dynamic analysis of a multi-girder bridge can be simplified as 
corresponding integral one. 

There are several vehicle models, which possesses two degrees of freedom, four degrees of 
freedom and six degrees of freedom, respectively. In this study, a half-car planar model with four 
degrees of freedom is adopted. 

2.2. Equation of motion and displacement function 

Simply supported bridge with ݊ cracks and under s vehicles is shown in Fig. 2. A half-car 
planar model is used to simulate the moving vehicle, and 1, 2,…,  −  , ,1 +  are vehicle ݏ ,… ,1
numbers. As shown in Fig. 2, this bridge is divided into (2ݏ + 1) sections by vehicles, which can 
be expressed by ܾଵ, ܴଵ, ܾଶ, ܴଶ, …, ܴିଵ, ܾ, ܴ, ܾାଵ,ܴାଵ, …, ܴ௦, ܾ௦ାଵ. In each section, there 
are some cracks and crack numbers are ݏ ,ݎ, ݉,…, ݂, ݃, ݇,…, ݅, ݆. ݉, ܫ  and (݉௧ଵ , ݉௧ଶ ) are 
sprung mass, rotatory mass and wheel mass for the th vehicle, respectively; ݇௧ଵ  and ݇௧ଶ  are 
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suspension spring constants; ݇ଵ  and ݇ଶ  are tyre stiffness coefficients; ܽ is distance between 
the left and right wheels of the th vehicle. 

 
Fig. 2. Simply supported bridge with cracks and under multiple vehicles 

2.2.1. Equation of motion and displacement function for bridge 

Taking section ܾ for example, corresponding equation of motion and displacement function 
are established. Section ܾ is divided into (݁ + 1) parts by ݁ cracks, which can be denoted by 1, 
2,…, ݁, ݁ + 1, and ݈ܾ1 2ܾ݈ ,  .are the lengths of small parts (shown in Fig. 3) 1+ܾ݈݁ ,…,

 
Fig. 3. Sketch for division of sections ܾ, ܴ and ܾାଵ 

Assuming ߦ = ݔ − ଶିଵݔ) + ∑ ݈ିଵୀଵ ); for the section ܾ, 0 ≤ ߦ ≤ ݈ . Equation of motion 
for section ܾ can be established based on Euler-Bernoulli beam theory, which is given by: 

ܫܧ ∂ସߦ)ݕ, ସݔ∂(ݐ + ݉ ∂ଶߦ)ݕ, ଶݐ∂(ݐ = 0, (3)

where ܫܧ is flexural rigidity. ܧ is Young’s modulus of bridge, ܫ is moment of inertia, ݉ is mass 
per unit length. ߦ)ݕ,  .ݐ and time ߦ is vertical deflection of section ܾ at position (ݐ

Assuming the whole vibrating system shown in Fig. 2 performs harmonic free vibration at 
equilibrium position, it has: ߦ)ݕ, (ݐ = ߶ (ߦ) ⋅ ݁ఠ௧, (4)

where ߱ is angular frequency for bridge-vehicle system, ߶  is corresponding vibration mode (ߦ)
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function for section ܾ. 
The substitution of Eq. (4) into Eq. (3) obtains: ߶ (ߦ) = ܣ sinߦߚ + ܤ cosߦߚ + ܥ sinhߦߚ + ܦ coshߦߚ, (5)

where ܣ ܤ , ܥ , ܦ ,  are undetermined coefficients for section ܾ, and ߚସ = ߱ଶ݉ ⁄ܫܧ . 

2.2.2. Equation of motion and displacement function for vehicle 

Equations of motion for wheel masses ݉௧ଵ  and ݉௧ଶ  of the th vehicle are given by: 

ቊ݉௧ଵ ௧ଵݕ + ݇ଵ ൫ݕ௧ଵ + ଵ൯ݕ + ݇௧ଵ ൫ݕ௧ଵ − ݕ + ൯ߠଵܽݏ = 0,݉௧ଶ ௧ଶݕ + ݇ଶ ൫ݕ௧ଶ + ଶ൯ݕ + ݇௧ଶ ൫ݕ௧ଶ − ݕ − ൯ߠଶܽݏ = 0. (6)

The force balance equations for the th vehicle body (sprung mass, rotatory mass) are given 
by: 

ቊ݉ݕ + ݇௧ଵ ൫ݕ − ௧ଵݕ − ൯ߠଵܽݏ + ݇௧ଶ ൫ݕ − ௧ଶݕ + ൯ߠଶܽݏ = ߠܫ,0 − ଵܽ݇௧ଵݏ ൫ݕ − ௧ଵݕ − ൯ߠଵܽݏ + ଶܽ݇௧ଶݏ ൫ݕ − ௧ଶݕ + ൯ߠଶܽݏ = 0. (7)

The equilibrium equations of motion for the th vehicle is composed of Eqs. (6-7). ݕ௧ଵ ௧ଶݕ ,  are 
deformations for wheel masses ݉௧ଵ  and ݉௧ଶ , respectively; ݕ is deformation for sprung mass; ߠ 
is rotation angle for vehicle body; ݕଵ ଶݕ ,  are deformations at positions ݔଵ  and ݔଶ  of bridge, 
respectively. 

Because the whole vibrating system performs harmonic free vibration, it can obtain: 

۔ۖەۖ
௧ଵݕۓ = ௧ܻଵ ⋅ ݁ఠ௧,ݕ௧ଶ = ௧ܻଶ ⋅ ݁ఠ௧,ݕ = ܻ ⋅ ݁ఠ௧,ߠ = ߠ ⋅ ݁ఠ௧,  (8)

where ௧ܻଵ , ௧ܻଶ , ܻ  and ߠ  are the amplitudes of ݕ௧ଵ ௧ଶݕ ,    respectively. They areߠ   andݕ ,
undetermined coefficients for amplitudes. 

3. Equations of undetermined coefficients 

3.1. Equations of bridge sections 

Taking section ܾ for example (shown in Fig. 3), continuity of deformations and equilibrium 
of moments and forces are satisfied at the right end of ݍth part and left end of (ݍ + 1)th part at the ݍth crack of section ܾ. It has: 

۔ۖەۖ
߶ۓ ቀ݈ ቁ = ߶ାଵ(0),߶ᇱᇱ ቀ݈ ቁ = ߶ᇱᇱାଵ(0),߶ᇱᇱᇱ ቀ݈ ቁ = ߶ᇱᇱᇱାଵ(0). (9)

The slope has a jump at the crack location: 
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߶ᇱାଵ(0) − ߶ᇱ ቀ݈ ቁ = ߠ ߶ᇱᇱ ቀ݈ ቁ, ߠ(10) = 5.346ℎ݂ ቀܿ ℎ⁄ ቁ. ߠ(11)  is called the flexibility function for open crack. For a rectangular-sectional beam, ݂(ܿ ℎ⁄ ) could be expressed as [30]: ݂(ܿ ℎ⁄ ) = 1.862(ܿ ℎ⁄ )ଶ − 3.95(ܿ ℎ⁄ )ଷ + 16.375(ܿ ℎ⁄ )ସ − 37.226(ܿ ℎ⁄ )ହ       +76.81(ܿ ℎ⁄ ) − 126(ܿ ℎ⁄ ) + 172(ܿ ℎ⁄ )଼ − 143.97(ܿ ℎ⁄ )ଽ + 66.56(ܿ ℎ⁄ )ଵ. 
in which ℎ is height of cross-section for bridge at crack position, ܿ  is depth of the ݍth crack in 
the section ܾ. 

The Eq. (10) can also be applicable for other sections, such as box-girder, circular-sectional 
beam, etc. Corresponding flexibility function in Eq. (11) varies according to the type of 
cross-section. In this paper, a numerical example of box-girder is shown in Section 5.3. 

The substitutions of Eq. (5) into Eqs. (9-10) obtain: 

ەۖۖ
۔ۖ
ାଵܤۓۖ + ାଵܦ = ܣ sin݈ߚ + ܤ cos݈ߚ + ܥ sinh݈ߚ + ܦ cosh݈ߚ ାଵܣ, + ାଵܥ = ߠ ܣ−)ߚ sin݈ߚ − ܤ cos݈ߚ + ܥ sinh݈ߚ + ܦ cosh݈ߚ )+ ቀܣ cos݈ߚ − ܤ sin݈ߚ + ܥ cosh݈ߚ + ܦ sinh݈ߚ ቁ ାଵܤ−, + ାଵܦ = ܣ− sin݈ߚ − ܤ cos݈ߚ + ܥ sinh݈ߚ + ܦ cosh݈ߚ ାଵܣ−, + ାଵܥ = ܣ− cos݈ߚ + ܤ sin݈ߚ + ܥ cosh݈ߚ + ܦ sinh݈ߚ ,

 (12)

or: ܈ାଵ܃ାଵ = ܈ ܃ , (13)

where: ܃ = ൛ܣ ܤ ܥ ܦ ൟ், ାଵ܃ = ቄܣାଵ ାଵܤ ାଵܥ ,ାଵቅ்ܦ (14)

ାଵ܈ = ൦ 0 1 0 11 0 1 00 −1 0 1−1 0 1 0൪, (15)

܈ = ێێۏ
ۍ ଵݐ ଶݐ ଷݐ ଶݐସݐ − ߠ ଵݐߚ ଵݐ)− + ߠ (ଶݐߚ ସݐ + ߠ ଷݐߚ ଷݐ + ߠ ଵݐ−ସݐߚ ଶݐ− ଷݐ ଶݐ−ସݐ ଵݐ ସݐ ଷݐ ۑۑے

,ې (16)

and ݐଵ = sin݈ߚ ଶݐ     , = cos݈ߚ , ଷݐ = sinh݈ߚ , ସݐ    = cosh݈ߚ .
Eq. (13) can be changed into: ܃ାଵ = ܈ଵି[ାଵ܈] ܃ = ܂ ܃ , (17)
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where ܂  is transfer matrix for undetermined coefficients at the right end of ݍth part and left end 
of (ݍ + 1)th part for section ܾ: 

܂ = ൦ݐଵଵ ଵଶݐ ଵଷݐ ଶଵݐଵସݐ ଶଶݐ ଶଷݐ ଷଵݐଶସݐ ଷଶݐ ଷଷݐ ସଵݐଷସݐ ସଶݐ ସଷݐ ,ସସ൪ݐ (18)

where: 

ଵଵݐ = cos݈ߚ − 12 ߠ ݈ߚsinߚ , ଵଶݐ = −sin݈ߚ − 12 ߠ ݈ߚcosߚ ଵଷݐ, = 12 ߠ ݈ߚsinhߚ , ଵସݐ = 12 ߠ ݈ߚcoshߚ ଶଵݐ , = sin݈ߚ , ଶଶݐ = cos݈ߚ , ଶଷݐ = 0, ଶସݐ = ଷଵݐ ,0 = − 12 ߠ ݈ߚsinߚ ଷଶݐ    , = − 12 ߠ ݈ߚcosߚ ଷଷݐ , = cosh݈ߚ + 12 ߠ ݈ߚsinhߚ , ଷସݐ = sinh݈ߚ + 12 ߠ ݈ߚcoshߚ ସଵݐ, = 0, ସଶݐ = 0, ସଷݐ = sinh݈ߚ , ସସݐ = cosh݈ߚ .
The transfer relationship from the 1st part to (݁ + 1)th part in section ܾ can be given by: ܃ାଵ = ܂ ିଵ܂ ⋅⋅⋅ ଶ܂ ଵ܂ ଵ܃ . (19)

Assuming: ܂ = ܂ ିଵ܂ ⋅⋅⋅ ଶ܂ ଵ܂ . (20)

Eq. (19) can be expressed by: ܃ାଵ = ଵ܃܂ , (21)

where ܂ is transfer matrix for undetermined coefficients of section ܾ. If section ܾ has no crack, 
division is not necessary. One group of underdetermined coefficients is able to represent the mode 
function. In order to obtain the uniform representation of coefficients in each section, Eq. (21) is 
also used to represent its coefficient equation even if the section of ܾ has no crack. Here, ܃ାଵ 
has the same meaning with ܃ଵ , and ܂ is identity matrix. 

3.2. Equations at wheels 

As shown in Fig. 3, sections ܾ, ܴ and ܾାଵ are divided into (݁ + 1), (݂ + 1) and (݃ + 1) 
parts, respectively. The last parts for ܾ, ܴ and ܾାଵ can be denoted by ܾାଵ, ܴାଵ and ܾାଵାଵ, 
while their lengths are ݈ାଵ, ݈ோାଵ and ݈శభାଵ . ߶ଵ , ߶ோଵ  and ߶శభଵ  are used to represent the mode 

functions of the first part for sections ܾ , ܴ  and ܾାଵ . ߶ାଵ , ߶ோାଵ  and ߶శభାଵ  are used to 
represent the mode functions of the last part for sections ܾ, ܴ and ܾାଵ.  

Continuity of deformations and equilibrium of moments and forces are satisfied at the position 
of left wheel of the th vehicle (ݔଵ), it has: 
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۔ۖۖەۖۖ
ାଵ߶ۓ ቀ݈ାଵቁ = ߶ோଵ (0),߶ᇱାଵ ቀ݈ାଵቁ + ܹାଵ = ߶ோᇱଵ (0),߶ᇱᇱାଵ ቀ݈ାଵቁ = ߶ோᇱᇱଵ(0),ܫܧ߶ᇱᇱᇱାଵ ቀ݈ାଵቁ − ߱ଶ݉௧ଵ ௧ܻଵ + ݇௧ଵ ൫ ௧ܻଵ − ܻ + ൯ߠଵܽݏ − ோᇱᇱᇱଵ(0)߶ܫܧ = 0.

 (22)

The substitution of Eq. (5) into Eq. (22), it has: 

۔ۖۖەۖۖ
ோଵܤۓ + ோଵܦ = ାଵ݈ߚାଵsinܣ + ାଵ݈ߚାଵcosܤ + ାଵ݈ߚାଵsinhܥ + ோଵܣ,ାଵ݈ߚାଵcoshܦ + ோଵܥ = ାଵ݈ߚାଵcosܣ + ାଵ݈ߚାଵsinܤ + ାଵ݈ߚାଵcoshܥ + ାଵ݈ߚାଵsinhܦ + ܹାଵ,−ܤோଵ + ோଵܦ = ାଵ݈ߚାଵsinܣ− − ାଵ݈ߚାଵcosܤ + ାଵ݈ߚାଵsinhܥ + ோଵܣ−,ାଵ݈ߚାଵcoshܦ + ோଵܥ = ାଵ݈ߚାଵcosܣ−) + ାଵ݈ߚାଵsinܤ + ାଵ݈ߚାଵcoshܥ + −  (ାଵ݈ߚାଵsinhܦ ൣ߱ଶ݉௧ଵ ௧ܻଵ − ݇௧ଵ ൫ ௧ܻଵ − ܻ + ൯൧ߠଵܽݏ ⁄ଷߚܫܧ ,

 (23)

where ܣାଵ, ܤାଵ, ܥାଵ and ܦାଵ are undetermined coefficients for the last part ((݁ + 1)th part) 
of section ܾ , while ܣோଵ ோଵܤ , ோଵܥ ,  and ܦோଵ  are coefficients for the first part of ܴ .  ܹାଵ = ାଵ݈ߚାଵsinܣ−)ߚାଵߠ − ାଵ݈ߚାଵcosܤ + ାଵ݈ߚାଵsinhܥ +  .(ାଵ݈ߚାଵcoshܦ

Eq. (23) can be represented by matrix form, it is: 

[۶]{܃} = ൣ۶ଵ ۶ଶ ۶ଷ൧ ൞܃ାଵ܃ோଵ܃௩ ൢ = 0, (24)

here: 

ൣ۶ଵ൧ = ێێێۏ
ۍێ sin݈ߚାଵ cos݈ߚାଵ sinh݈ߚାଵ cosh݈ߚାଵcos݈ߚାଵ + ܹଵ −sin݈ߚାଵ + ܹଶ cosh݈ߚାଵ + ܹଷ sinh݈ߚାଵ + ܹସ−sin݈ߚାଵ −cos݈ߚାଵ sinh݈ߚାଵ cosh݈ߚାଵ−ߚܫܧଷcos݈ߚାଵ ାଵ݈ߚଷsinߚܫܧ ାଵ݈ߚଷcoshߚܫܧ ାଵ݈ߚଷsinhߚܫܧ ۑۑۑے

(25) ,ېۑ

ൣ۶ଶ ۶ଷ൧ = ൦ 0 −1 0 −1 0 0 0 0−1 0 −1 0 0 0 0 00 1 0 −1 0 0 0 ଷߚܫܧ0 0 ଷߚܫܧ− 0 −߱ଶ݉௧ଵ + ݇௧ଵ 0 −݇௧ଵ ଵܽ݇௧ଵݏ ൪, (26)

ቄ܃ାଵቅ = ൛ܣାଵ ାଵܤ ାଵܥ ோଵ܃ାଵൟ்,ቄܦ ቅ = ൛ܣோଵ ோଵܤ ோଵܥ ோଵܦ ൟ், ൛܃௩ൟ = ൛ ௧ܻଵ ௧ܻଶ ܻ ൟ், ܹଵߠ = ,ାଵ݈ߚsinߚାଵߠ− ܹଶ = ାଵ,ܹଷ݈ߚcosߚାଵߠ− = ,ାଵ݈ߚsinhߚାଵߠ ܹସ = .ାଵ݈ߚcoshߚାଵߠ
(27)

When the left wheel is just at the crack position, ܹାଵ, ܹଵ, ܹଶ, ܹଷ and ܹସ are not equal 
to zero; on the contrary, ܹାଵ, ܹଵ, ܹଶ, ܹଷ and ܹସ are equal to zero. 

The substitution of Eq. (21) into Eq. (24), it has: 
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[۶]{܃} = ൣ۶ଵ܂ ۶ଶ ۶ଷ൧ ൞܃ଵ܃ோଵ܃௩ ൢ = 0, (28)

where ቄ܃ଵ ቅ = ൛ܣଵ ଵܤ ଵܥ ଵܦ ൟ்
, which is the undetermined coefficient vector for mode 

shape of the first part of section ܾ     is transfer matrix for undetermined coefficients܂ ;
of section ܾ. 

At the right wheel of th vehicle (ݔଶ), it can also obtain that: 

ەۖۖ
ۖۖۖ
۔ۖ
ۖۖۖۖ
శభଵܤۓ + శభଵܦ = ோାଵ݈ߚோାଵsinܣ + ோାଵ݈ߚோାଵsinhܥ+      ோାଵ݈ߚோାଵcosܤ + శభଵܣ,ோାଵ݈ߚோାଵcoshܦ + శభଵܥ = ோାଵ݈ߚோାଵcosܣ + ோାଵ݈ߚோାଵcoshܥ+      ோାଵ݈ߚோାଵsinܤ + ோାଵ݈ߚோାଵsinhܦ + ோܹோାଵ,−ܤశభଵ + శభଵܦ = ோାଵ݈ߚோାଵsinܣ− − ோାଵ݈ߚோାଵsinhܥ+      ோାଵ݈ߚோାଵcosܤ + శభଵܣ−,ோାଵ݈ߚோାଵcoshܦ + శభଵܥ = ோାଵ݈ߚோାଵcosܣ−) + ோାଵ݈ߚோାଵsinܤ + (ோାଵ݈ߚோାଵsinhܦ+      ோାଵ݈ߚோାଵcoshܥ − ൣ߱ଶ݉௧ଶ ௧ܻଶ − ݇௧ଶ ൫ ௧ܻଶ − ܻ + ൯൧ߠଶܽݏ ⁄ଷߚܫܧ .

 (29)

Eq. (29) can be represented by matrix form, it is: 

[۶ோ]{܃ோ} = ൣ۶ଵோ ۶ଶோ ۶ଷோ൧ ൞܃ோାଵ܃௩܃శభଵ ൢ = 0, (30)

here: 

ൣ۶ଵோ൧ =
ێێۏ
ۍێێ sin݈ߚோାଵ cos݈ߚோାଵ sinh݈ߚோାଵ cosh݈ߚோାଵcos݈ߚோାଵ + ோܹଵ −sin݈ߚோାଵ + ோܹଶ cosh݈ߚோାଵ + ோܹଷ sinh݈ߚோାଵ + ோܹସ−sin݈ߚோାଵ −cos݈ߚோାଵ sinh݈ߚோାଵ cosh݈ߚோାଵ−ߚܫܧଷcos݈ߚோାଵ ோାଵ݈ߚଷsinߚܫܧ ோାଵ݈ߚଷcoshߚܫܧ ோାଵ݈ߚଷsinhߚܫܧ ۑۑے

(31) ,ېۑۑ

ൣ۶ଶோ ۶ଷோ൧ = ൦0 0 0 0 0 −1 0 −10 0 0 0 −1 0 −1 00 0 0 0 0 1 0 −10 −߱ଶ݉௧ଶ + ݇௧ଶ −݇௧ଶ ଶܽ݇௧ଶݏ− ଷߚܫܧ 0 ଷߚܫܧ− 0 ൪, (32)

ቄ܃ோାଵቅ = ቄܣோାଵ ோାଵܤ ோାଵܥ ோାଵቅ்ܦ , ൛܃௩ൟ = ൛ ௧ܻଵ ௧ܻଶ ܻ శభଵ܃ൟ்,ቄߠ ቅ = ൛ܣశభଵ శభଵܤ శభଵܥ శభଵܦ ൟ், 
ோܹோାଵ = ߚோାଵߠ ቀ−ܣோାଵsin݈ߚோାଵ − ோାଵ݈ߚோାଵcosܤ + ோାଵ݈ߚோାଵsinhܥ  ,ோାଵቁ݈ߚோାଵcoshܦ+
ோܹଵ = ,ோାଵ݈ߚsinߚோାଵߠ− ோܹଶ = ோାଵ, ோܹଷ݈ߚcosߚோାଵߠ− = ,ோାଵ݈ߚsinhߚோାଵߠ ோܹସ =  .ோାଵ݈ߚcoshߚோାଵߠ

(33)
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When the right wheel is just at the crack position, ோܹோାଵ, ோܹଵ, ோܹଶ, ோܹଷ and ோܹସ are not 

equal to zero; on the contrary, ோܹோାଵ, ோܹଵ, ோܹଶ, ோܹଷ and ோܹସ are equal to zero. 
The substitution of Eq. (21) into Eq. (30), it has: 

[۶ோ]{܃ோ} = ൣ۶ଵோ܂ோ ۶ଶோ ۶ଷோ൧ ൞ శభଵ܃௩܃ோଵ܃ ൢ = 0, (34)

where ܂ோ is transfer matrix for undetermined coefficients of section ܴ. 

3.3. Equations from motion of vehicles 

The substitutions of Eqs. (4-5, 8) into Eqs. (6-7), one obtains: 

۔ۖەۖ
ଵ݇ۓ ቀܤோଵ + ோଵܦ ቁ − ߱ଶ݉௧ଵ ௧ܻଵ + ݇ଵ ௧ܻଵ + ݇௧ଵ ൫ ௧ܻଵ − ܻ + ൯ߠଵܽݏ = 0,݇ଶ ቀܤశభଵ + శభଵܦ ቁ − ߱ଶ݉௧ଶ ௧ܻଶ + ݇ଶ ௧ܻଶ + ݇௧ଶ ൫ ௧ܻଶ − ܻ − ൯ߠଶܽݏ = 0,−߱ଶ݉ ܻ + ݇௧ଵ ൫ ܻ − ௧ܻଵ − ൯ߠଵܽݏ + ݇௧ଶ ൫ ܻ − ௧ܻଶ + ൯ߠଶܽݏ = 0,−߱ଶܫߠ − ଵܽ݇௧ଵݏ ൫ ܻ − ௧ܻଵ − ൯ߠଵܽݏ + ଶܽ݇௧ଶݏ ൫ ܻ − ௧ܻଶ + ൯ߠଶܽݏ = 0, (35)

or: 

[۶]{܃} = ൣ۶ଵ ۶ଶ ۶ଷ൧ ൞ శభଵ܃௩܃ோଵ܃ ൢ = 0, (36)

where: 

ൣ۶ଵ൧ = ൦0 ݇ଵ 0 ݇ଵ0 0 0 00 0 0 00 0 0 0 ൪, (37)

ൣ۶ଶ൧ 
   = ێێۏ

ଶ݉௧ଵ߱−ۍێ + ݇ଵ + ݇௧ଵ 0 −݇௧ଵ ଵܽ݇௧ଵ0ݏ −߱ଶ݉௧ଶ + ݇ଶ + ݇௧ଶ −݇௧ଶ ଶܽ݇௧ଶ−݇௧ଵݏ− −݇௧ଶ −߱ଶ݉ + ݇௧ଵ + ݇௧ଶ ଶܽ݇௧ଶݏ − ଵܽ݇௧ଵݏଵܽ݇௧ଵݏ ଶܽ݇௧ଶݏ− ଶܽ݇௧ଶݏ − ଵܽ݇௧ଵݏ −߱ଶܫ + (ܽ)ଶ൫(ݏଶ)ଶ݇௧ଶ + ଶ݇௧ଵ(ଵݏ) ൯ۑۑے
(38) ,ېۑ

ൣ۶ଷ൧ = ൦0 0 0 00 ݇ଶ 0 ݇ଶ0 0 0 00 0 0 0 ൪. (39)

3.4. Equations from boundary conditions 

At the left end, displacement and moment are zero, and it has: 

ቊ߶భଵ (0) = 0,߶భᇱᇱଵ(0) = 0, (40)
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where ߶భଵ  is mode function for the first part of section ܾଵ. 
The substitution of Eq. (5) into Eq. (40), one obtains: 

ቊܤభଵ + భଵܦ = భଵܤ−,0 + భଵܦ = 0, (41)

or: [۶௦ଵ]൛܃భଵ ൟ = 0, (42)

where: [۶௦ଵ] = ቂ0 1 0 10 −1 0 1ቃ, (43)൛܃భଵ ൟ = ൛ܣభଵ భଵܤ భଵܥ భଵܦ ൟ். భଵܣ(44) భଵܤ , భଵܥ ,   and ܦభଵ   are undetermined coefficients for mode shape of the first part of  
section ܾଵ. 

Section ܾ௦ାଵ is divided into (݆ + 1) parts, the length for (݆ + 1)th part is ݈ೞశభାଵ . According to 
the boundary condition of right end of bridge, it has: 

൝߶ೞశభାଵ ൫݈ೞశభାଵ ൯ = 0,߶ೞశభᇱᇱାଵ൫݈ೞశభାଵ ൯ = 0. (45)

The substitution of Eq. (5) into Eq. (45), one obtains: 

൝ܣೞశభାଵ sin݈ߚೞశభାଵ + ೞశభାଵܤ cos݈ߚೞశభାଵ + ೞశభାଵܥ sinh݈ߚೞశభାଵ + ೞశభାଵܦ cosh݈ߚೞశభାଵ = ೞశభାଵܣ−,0 sin݈ߚೞశభାଵ − ೞశభାଵܤ cos݈ߚೞశభାଵ + ೞశభାଵܥ sinh݈ߚೞశభାଵ + ೞశభାଵܦ cosh݈ߚೞశభାଵ = 0, (46)

where ܣೞశభାଵ ೞశభାଵܤ , ೞశభାଵܥ ,  and ܦೞశభାଵ  are undetermined coefficients for mode shape of the (݆ + 1)th 
part of section ܾ௦ାଵ. 

Eq. (46) is represented by matrix form, it obtains: [۶௦ଶ]൛܃ೞశభାଵ ൟ = 0, (47)

where: 

[۶௦ଶ] =  sin݈ߚೞశభାଵ cos݈ߚೞశభାଵ sinh݈ߚೞశభାଵ cosh݈ߚೞశభାଵ−sin݈ߚೞశభାଵ −cos݈ߚೞశభାଵ sinh݈ߚೞశభାଵ cosh݈ߚೞశభାଵ ൩, (48)൛܃ೞశభାଵ ൟ = ൛ܣೞశభାଵ ೞశభାଵܤ ೞశభାଵܥ ೞశభାଵܦ ൟ. (49)

The substitution of Eq. (21) into Eq. (47), one obtains: [۶௦ଶ]ൣ܂ೞశభ൧൛܃ೞశభଵ ൟ = 0, (50)൛܃ೞశభଵ ൟ = ൛ܣೞశభଵ ೞశభଵܤ ೞశభଵܥ ೞశభଵܦ ൟ், (51)

where ܣೞశభଵ ೞశభଵܤ , ೞశభଵܥ ,  and ܦೞశభଵ  are undetermined coefficients for mode shape of the first part 
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of section ܾ௦ାଵ; ܶೞశభ is transfer matrix for coefficients of section ܾ௦ାଵ. 

4. Determination of natural frequencies and modal shapes 

For cracked simply supported bridge under s vehicles (shown in Fig. 2), the bridge is divided 
into 2ݏ + 1 sections by vehicles, which can be represented by ܾଵ, ܴଵ, ܾଶ, ܴଶ…ܴିଵ, ܾ, ܴ, ܾାଵ, ܴାଵ,…, ܴ௦, ܾ௦ାଵ. At one section, undetermined coefficients of mode shape for each part can be 
represented by four coefficients of the first part (shown in Eq. (21)). Therefore, there are four 
undetermined coefficients for each section. For 2ݏ + 1 sections, there are totally 4 × ݏ2) + 1) 
coefficients. Moreover, there are four undetermined coefficients for each vehicle. The whole 
system possesses 4 × ݏ2) + 1) + 4 × ݏ = ݏ12 + 4 undetermined coefficients. 

There are four equations for undetermined coefficients at the left wheel of vehicle (shown in 
Eq. (28)); and four equations for undetermined coefficients at the right wheel of vehicle (shown 
in Eq. (34)). Four equations for coefficients can be obtained by equation of motion of vehicle 
(shown in Eq. (36)). Therefore, there are totally twelve equations for each vehicle, and 12ݏ 
equations for ݏ vehicles. At the left end and right end of bridge, there are two equations for 
undetermined coefficients, respectively (shown in Eqs. (42, 50)). In general, there are totally 12ݏ + 4  equations for undetermined coefficients. Numerical assembly method is adopted to 
obtain the matrix equation of all undetermined coefficients, one has: [۶]{܃} = 0, (52)

where: 

[۶] =
1 → 4 …   ݊ + 1 → ݊ + 5 → ݊ + 9 → ݊ + 13 → … ݊ᇱ + 1 →          ݊ + 4 ݊ + 8 ݊ + 12 ݊ + 16 ݊ᇱ + 4

ێێۏ
ێێێ
۶௦ଵۍێێ ⋱ ۶ଵ܂ ۶ଶ ۶ଷ۶ଵோ܂ோ ۶ଶோ ۶ଷோ۶ଵ ۶ଶ ۶ଷ ⋱ ۶௦ଶ܂ೞశభۑۑے

ۑۑۑ
ېۑۑ

1 → 2…݉ + 1 → ݉ + 4݉ + 5 → ݉ + 8݉ + 9 → ݉ + 12…݉′ + 1 → ݉ᇱ + 2
 (53)

1 → 4 ݊ + 1 → ݊ + 5 → ݊ + 9 → ݊ + 13 → ݊′ + 1 →݊ + 4 ݊ + 8 ݊ + 12 ݊ + 16 ݊′ + {܃}4 = భଵ܃} ଵ܃ ோଵ܃ ܃ శభଵ܃ ೄశభଵ܃ }, (54)

۔ە
݉ۓ = )12 − 1) + 2,݊ = 4൫2( − 1) + ) − 1)൯ = )12 − 1),݉′ = ݏ12 + 2,݊ᇱ = ݏ2)4 + (ݏ = ,ݏ12 (55)

here, ݏ , are vehicle numbers. 
In the process of assembling matrix [H], position for each element can be determined by 

identification number shown at the right side and top of matrix shown in Eq. (53). Identification 
numbers for undetermined coefficients are shown in Eq. (54). 

Non-trivial solution of Eq. (52) requires that: |۶| = 0. (56)

Half-interval method is used to determine the natural frequencies ߱  (݅ = 1, 2, ...) of cracked 
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simply supported bridge under multiple vehicles. For each order of natural frequency, it satisfies 
Eq. (56). Mode shapes can be obtained by substituting natural frequencies ߱  (݅ = 1, 2, ...) into 
Eq. (5). The detailed process for determining lowest natural frequencies is as follows: Firstly, an 
initial value of frequency coefficient ߱  is assumed, the values of coefficient matrix |۶| 
corresponding to ߱ are obtained and the values of |۶| are calculated, ܦ = ห۶ఠೌห. Then a new 
value ߱ = ߱ + ∆߱ with ∆߱ (e.g. ∆߱ = 0.5) representing the increment of ߱ is assumed, and 
the same calculations are repeated to determine the new value of determinant corresponding to ߱, ܦ = ห۶ఠ್ห. If ܦ and ܦ have opposite signs, there is at least one frequency coefficient in 
the interval [߱, ߱]; if ܦ and ܦ have the same sign, let ߱ = ߱, it needs to continue the above 
procedure until ܦ and ܦ have opposite signs. For the next step, let ߱ = (߱ + ߱) 2⁄ , if ܦ 
and ܦ  have the same sign, let ߱ = ߱ ; if ܦ  and ܦ  have opposite signs, ߱ = ߱ , a new 
interval [߱, ߱] is obtained. The same calculations are repeated to determine the new interval 
[߱, ߱] until the rank of matrix |۶| is equal to ݍ − 1. The accurate values of ߱ are obtained 
respectively using the half-interval method. The substitution of the obtained frequency ߱ into Eq. 
(5) will determine the corresponding mode shape of the bridge. 

5. Numerical simulation and discussions 

5.1. Reliability of the proposed method 

5.1.1. Cracked simply supported beam without vehicle 

In order to illustrate the proposed method, numerical example will show how to determine the 
natural frequencies of a simply supported beam with uniform cross-section and with cracks. 

Structural parameters [31]: length ܮ = 800 mm, width = 10 mm, height = 60 mm, Young’s 
modulus ܧ = 2.0×1011 Pa, mass density ߩ = 7.8×103 kg/m3. 

The first two order natural frequencies are obtained through the proposed method in this paper. 
Corresponding reduction coefficient ߟ is calculated by Eq. (57), which can be used to demonstrate 
the effect of crack on natural frequencies of simply supported beam without vehicle: ߟ = ߱߱ , (57)

where ߱ and ߱ are the ݆th natural frequency of the cracked and un-cracked beams, respectively, ߟ is the reduction coefficient of the ݆th natural frequency. 
In this paper, four different crack depths (ܿ = 10, 15, 20 and 25 mm) at four different locations 

ଵݔ) = 100, 200, 300 and 400 mm, ݔଵ is the distance between crack location and the left end of the 
beam) are investigated. Corresponding ߟଵ and ߟଶ are calculated and shown in Fig. 4. The results 
obtained by Liang et al. [31] are also presented in Fig. 4, which are denoted by “·”. 

 
a) Reduction coefficient for 1st  

natural frequency (ߟଵ) 

 
b) Reduction coefficient for 2nd  

natural frequency (ߟଶ) 
Fig. 4. Crack-induced eigen-frequency changes for various crack locations and depths 
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As can be seen from Fig. 4, ߟଵ and ߟଶ decrease with the increasing of crack width for simply 
supported beam with the same crack location. It indicates that the bigger the crack depth is, the 
greater the frequency reduction is. As for the effect of crack location, ߟଵ and ߟଶ present different 
variations. For ߟଵ, the minimum value is at the mid-span (ݔଵ = 400 mm) for simply supported 
beam with the same crack depth. For ߟଶ, the minimum value is at the 1/4 span (ݔଵ = 200 mm). 
The phenomena coincide with the change rules for 1st and 2nd mode shapes. The results are 
consistent with those obtained by Liang et al. [31], which can validate the effectiveness of the 
proposed method for dynamic analysis of simply supported cracked beam without vehicle. 

5.1.2. Intact simply supported beam with vehicle 

Two numerical examples are used to verify the accuracy of proposed method for simply 
supported beam with vehicles through the comparison of results calculated by proposed method 
and FEM (shown in Fig. 5). 

 
a) Case 1: Simply supported beam with single vehicle 

 
b) Case 2: Simply supported beam with two vehicles 
Fig. 5. Simply supported beam with vehicle (unit: m) 

For finite element model, the beam is divided into 40 beam elements with length 0.5 m and 
each element has two nodes, in which each node has rotational and vertical displacements. The 
mass matrix ۻ and stiffness matrix ۹ of beam elements are formed using Lagrange interpolation 
function, and equation of vibration is derived as follows: ۻܙሷ + ۹ܙ = ۴, (58)

where ۻ = ۻ, ۹ = ۹, ܙሷ  is the 2nd order derivation of modal coordinates for beam,  is the first ݊th order mode shape matrix of free vibration for beam, ۴ is the beam-vehicle 
interaction force: ۴ = ۶ ൜ ଵܲܲଶൠ, (59)

here, ۶ is the location matrix of external force point; ଵܲ and ଶܲ are the forces of front and back 
wheel on the beam, respectively. 

Eq. (59) is substituted into Eq. (58). Equation of beam-vehicle system can be obtained 
combining with Eqs. (6-7), which is shown as follows [32]: 

ۻ 00 ௩൨ۻ ൜ܙሷܝሷ ൠ +  ۹ ۹௩۹௩ ۹௩ ൨ = 0, (60)
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where ۻ௩ and ۹௩ are the mass and stiffness matrices of vehicle, respectively. ۹௩ is coupling 
stiffness matrix of the beam-vehicle interaction system. Based on the finite element program 
constructed using MATLAB, modal properties of beam-vehicle system can be obtained by solving 
Eq. (60). 

For the parameters of vehicle model, wheel masses ݉௧ଵ = ݉௧ଶ =  1500 kg, sprung mass  ݉ =  1.77×104 kg, rotatory mass ܫ =  2.4×105 kg·m2, suspension spring constants  ݇௧ଵ = ݇௧ଶ = 3.0×106 N/m, tire stiffness coefficients ݇ଵ = ݇ଶ = 4.4×106 N/m, wheel distance ܽ = 4.2 m and ݏଵ = ଶݏ = 0.5. The parameters of the beam are: length ܮ = 20 m, moment of inertia ܫ = 0.0647 m4, Young’s modulus ܧ = 3.0×1010 Pa, mass per unit length ݉ = 948 kg. 
The first three natural frequencies for cases 1 and 2 are calculated by the proposed method and 

FEM, respectively. The results are listed in Tables 1-2. 

Table 1. Calculation results of natural frequencies for case 1 
Methods 1st 2nd 3rd 

Present (rad/s) 38.4155 142.7383 318.2813 
FEM (rad/s) 38.3898 142.6731 317.6233 

Relative error (%) 0.0671 0.0457 0.2067 

Table 2. Calculation results of natural frequencies for case 2 
Methods 1st 2nd 3rd 

Present (rad/s) 38.8867 145.9531 319.2813 
FEM (rad/s) 38.8237 145.9751 318.8869 

Relative error (%) 0.1619 -0.0150 0.1235 

As can be seen from the calculation results, relative errors for the first three natural frequencies 
for cases 1 and 2 are lower than 0.21 %. It reveals that the proposed method possesses favorable 
accuracy for vibration analysis of simply supported beams with vehicle. 

5.2. Numerical simulation for simply supported multi-girder bridge 

5.2.1. Simply supported bridge model 

A simply supported bridge with uniform cross-section and 30 m span is adopted for numerical 
simulation and the bridge is composed of 4 girders (shown in Fig. 6(a)). According to the 
equivalent principle listed in section 2.1, cross section for this model can be simplified as a 
rectangular with width 0.8 m, height 1.5 m (shown in Fig. 6(b)). Elastic modulus is 3×1010 Pa, 
material density is 2500 kg/m3. The first three natural frequencies are calculated by the proposed 
method and listed in Table 3. 

 
a) Sketch of cross section for simply supported bridge 

 
b) Simply supported bridge model and cross section 

Fig. 6. Simply supported bridge for numerical simulation (unit: m) 
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Table 3. Natural frequencies for simply supported bridge without vehicle ߱ 1st 2nd 3rd 
Frequencies (rad/s) 16.4493 65.7974 148.0441 

5.2.2. Cracked simply supported bridge without vehicle 

Cracked simply supported bridge without vehicle is shown in Fig. 7. Its cross section is 
consistent with Fig. 6(b) and crack locations are 2, 4, …, 28 m from the left end of bridge, 
respectively. In order to demonstrate the effects of crack depth, crack position and crack number 
on natural frequencies of cracked simply supported bridge without vehicle, change ratio of natural 
frequencies considering cracks (∆߱) is used, which can be calculated by: Δ߱ = ߱ − ߱߱ × 100 %, (61)

where ߱ and ߱ are natural frequencies calculated by the proposed method for cracked and intact 
simply supported bridge without vehicle, respectively. 

 
Fig. 7. Cracked simply supported bridge without vehicle 

In order to demonstrate the effect of crack depth, the case of crack at position (1) (mid-span) 
with ratio of crack depth (ܿ) to cross section height (ℎ) (ܿ/ℎ) varying from 10 % to 70 % (shown 
in Fig. 7) is adopted. The first three natural frequencies of bridge are calculated by the proposed 
method. Corresponding results are shown in Fig. 8. 

In order to demonstrate the effect of crack position, the cases of crack with ܿ/ℎ = 15 % located 
at 2 m, 4 m, …, 26 m, 28 m from the left end of the bridge are used, respectively. Corresponding 
results are shown in Fig. 9. 

As for the effect of crack number, ܿ/ℎ = 15 %, number of crack is 1 to 15, respectively. The 
results are shown in Fig. 10. 

As can be seen from Fig. 8, ∆߱ of the first and third frequencies decrease nonlinearly with 
the increasing of crack depth. The greater crack depth is, the larger ∆߱ presents. However, crack 
depth has little influence on the second order frequency because crack is located at zero point for 
this mode. 

In Fig. 9, ∆߱ is the largest if crack position is closer to the antinodal points of corresponding 
mode shape. Meanwhile, when the crack is located at the zero point of a certain mode, ∆߱ of 
corresponding frequencies are close to zero, which indicates that the crack has little influence. 

 
Fig. 8. Relationships between ∆߱ and crack depths for the first three natural frequencies 
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Fig. 9. Relationships between ∆߱ and crack positions for the first three natural frequencies 

In Fig. 10, ∆߱ decreases with the increasing of crack number. It indicates that the variation 
in frequency becomes larger as the number of crack increases and the influence of crack number 
on frequency is obvious. 

 
Fig. 10. Relationships between ∆߱ and crack numbers for the first natural frequency 

5.2.3. Cracked simply supported bridge with one vehicle 

Cracked simply supported bridge with one vehicle is shown in Fig. 11, in which cross section 
is consistent with Fig. 6(b). For the parameters of vehicle model, wheel masses  ݉௧ଵ = ݉௧ଶ = 1500 kg, sprung mass ݉ = 1.7735×104 kg, rotatory mass ܫ = 2.4×105 kg·m2, 
suspension spring constants ݇௧ଵ = ݇௧ଶ = 2.0×106 N/m, tire stiffness coefficients  ݇ଵ = ݇ଶ = 1.4×106 N/m, wheel distance ܽ = 4.2 m and ݏଵ = ଶݏ = 0.5. Crack positions are 
shown in Fig. 11, and crack depth is the same, ܿ/ℎ = 30 %. The first three natural frequencies for 
intact bridge without vehicle and cracked bridge with vehicle are calculated by the proposed 
method and listed in Table 4. Corresponding normalized modal shapes are shown in Fig. 12. 

 
Fig. 11. Cracked simply supported bridge with single vehicle (unit: m) 

As can be seen from Fig. 12, mode shapes of cracked bridge have significant changes at the 
crack positions, which is because the slopes of mode shapes at crack positions are discontinuous. 
Mode shapes calculated by the proposed method are coincident with the factual data, and it can 
be used for damage detection of bridge. 
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Table 4. The first three natural frequencies for intact bridge without vehicle  
and cracked bridge with vehicle 

Case 1st 2nd 3rd 
Intact bridge without vehicle (rad/s) 16.4493 65.7974 148.0441 
Cracked bridge with vehicle (rad/s) 17.0996 62.9297 147.7051 

 

a) 1st normalized mode shape 
 

b) 2nd normalized mode shape 

 
c) 3rd normalized mode shape 

Fig. 12. The first three normalized mode shapes (▲: crack position) 

5.2.4. Simply supported bridge with one vehicle at different positions 

Different vehicle parameters are determined and listed in Table 5. For these vehicles, each has 
four freedoms. Therefore, four natural frequencies (߱௩௩ଵ , ߱௩௩ଶ , ߱௩௩ଷ

 and ߱௩௩ସ ) can be calculated for 
each vehicle model. Calculation results of natural frequencies for vehicles are listed in Table 6. 

Table 5. Four different vehicle parameters 

Vehicle parameters ݉௧ଵ (݉௧ଶ) 
(kg) 

݉ 
(kg) 

 ܫ
(kg·m2) 

݇௧ଵ (݇௧ଶ) 
(N/m) 

 ݇ଵ (݇ଶ) 
(N/m) 

ܽ 
(m) ݏଵ (ݏଶ) 

Vehicle 1 1500 17735 2.4×105 2×106 1.4×106 4.2 0.5 
Vehicle 2 1500 17735 2.4×105 1×106 0.6×106 4.2 0.5 
Vehicle 3 1500 17735 2.4×105 0.2×106 0.3×106 4.2 0.5 
Vehicle 4 1500 17735 2.4×105 0.1×106 0.4×106 4.2 0.5 

Table 6. First four natural frequencies of vehicle models 

Vehicle parameters ߱௩௩ଵ  
(rad/s) 

߱௩௩ଶ  
(rad/s) 

߱௩௩ଷ  
(rad/s) 

߱௩௩ସ  
(rad/s) 

Vehicle 1 5.48 9.50 47.83 48.32 
Vehicle 2 3.70 6.42 32.79 33.06 
Vehicle 3 2.08 3.57 18.44 18.83 
Vehicle 4 1.68 2.85 18.58 19.24 

As for bridge model, it is consistent with Fig. 6(b) (shown in Fig. 13). The first natural 
frequencies are calculated by the proposed method for cases that the centerline of vehicle moves 
from support A to B (shown in Fig. 13). Change ratio of the first natural frequency considering 
vehicle (∆߱௩ଵ) is used to demonstrate the effect of vehicle, which can be calculated by: 

Δ߱௩ଵ = ߱ଵ − ߱ଵ߱ଵ × 100 %, (62)
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where ߱௩ଵ is the first natural frequency of simply supported bridge with one vehicle calculated by 
the proposed method, ߱ଵ is the first natural frequency of intact bridge without vehicle calculated 
by the proposed method.  

Results of ∆߱௩ଵ for vehicle moving from A to B are shown in Fig. 14. 

 
Fig. 13. Simply supported bridge under one vehicle 

 
Fig. 14. Relationship between ∆߱௩ଵ and position of vehicle centerline 

As can be seen from Fig. 14, ∆߱௩ଵ > 0, when vehicle 1 or 2 is used. It indicates that the first 
natural frequency of simply supported bridge under vehicle 1 or 2 is higher than that without 
vehicle. However, ∆߱௩ଵ ൏ 0 , when vehicle 3 or 4 is adopted. For all vehicle parameters,  ߱ଵ = 16.4493 rad/s, which is between ߱௩௩ଶ  and ߱௩௩ଷ . When parameters of vehicle 1 or 2 is adopted, (߱ଵ − ߱௩௩ଶ ) ൏ (߱௩௩ଷ − ߱ଵ); while (߱ଵ − ߱௩௩ଶ ) > (߱௩௩ଷ − ߱ଵ) for vehicle 3 or 4. Based on above 
analysis, one conclusion can be obtained for assessing relative size of ߱ଵ and ߱ଵ . The closest 
vehicle frequency (߱௩௩ ) with ߱ଵ should be determined firstly. Then, ߱௩௩  and ߱ଵ are compared. If ߱௩௩ > ߱ଵ , ߱ଵ ൏ ߱ଵ ; if ߱௩௩ ൏ ߱ଵ , ߱ଵ > ߱ଵ . Other cases are also simulated to verify above 
results and that is effective. Moreover, the influence of vehicle on natural frequency decreases 
with the increasing of distance between the vehicle centerline and mid-span. 

5.2.5. Cracked simply supported bridge with one vehicle at different positions 

Model for cracked simply supported bridge with one vehicle at different positions is shown in 
Fig. 15. The first natural frequencies are calculated for cracked simply supported bridge with one 
vehicle in which the crack is located at mid-span and centerline of vehicle moves from A to B. In 
order to demonstrate the effect of bridge-vehicle interaction, change ratio of natural frequency 
considering crack and vehicle (∆߱௩ଵ ) is calculated by: 

Δ߱௩ଵ = ߱௩ଵ − ߱ଵ߱ଵ × 100%, (63)

where ߱௩ଵ  is the first natural frequency of cracked simply supported bridge with one vehicle 
calculated by the proposed method. 

In this paper, vehicle 1 and vehicle 3 (as listed in Table 6) are used, while crack depths (ܿ/ℎ) 
are 0 %, 15 %, 20 %, 25 %. ∆߱௩ଵ  for 8 cases are calculated and shown in Fig. 16. 
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In Fig. 16, coupled effects of vehicle and crack are presented for ∆߱௩ଵ  of simply supported 
bridge. Increasing of crack depth leads to the reduction of ∆߱௩ଵ  regardless of vehicle 1 or 3. If 
vehicle 3 is used, ∆߱ଵ ൏ 0, ∆߱௩ଵ ൏ 0 and ∆߱௩ଵ ൏ 0. If vehicle 1 is adopted, ∆߱ଵ ൏ 0, ∆߱௩ଵ > 0 
and ∆߱௩ଵ  (> or ൏) 0. As can be seen from Fig. 16, there are specific points for ∆߱௩ଵ = 0 when 
crack depth ܿ/ℎ =  15 %, 20 % and 25 %, respectively. Therefore, vehicle effect must be 
considered for crack identification of bridge. 

In order to demonstrate the effect of vehicle on crack identification, change ratio of the first 
natural frequency (∆߱ଵ) for simply supported bridge under vehicle 1 at mid-span, under vehicle 
1 and with crack depth ܿ/ℎ = 15 % at mid-span, only with crack depth ܿ ℎ⁄ = 15 % at mid-span 
are calculated by the proposed method, respectively. Corresponding results are shown in Fig. 17. 

As shown in Fig. 17, difference of ∆߱ଵ caused by (1) and (2) ((1)-(2)) is equal to that of 15 % 
crack depth without vehicle. Therefore, bridge-vehicle vibration system can be considered as a 
linear one, and crack-induced ∆߱ଵ  is comparable for bridge identification under the same 
parameters of vehicle. 

 
Fig. 15. Simply supported bridge with crack and vehicle 

 
Fig. 16. ∆߱௩ଵ  under different vehicle parameters and crack depths 

 
Fig. 17. Change ratio of the first natural frequency due to bridge-vehicle interaction. 
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5.3. Numerical simulation for simply supported box-girder bridge 

5.3.1. Simply supported box-girder bridge model 

In order to verify the applicability of proposed method in integral bridge, a practical simply 
supported box-girder bridge is used for discussion. Geometrical parameters for this bridge are 
(shown in Fig. 18): ܮ = 30 m, ܾ = 6.5 m, ܾଵ = 7.5 m, ℎ = 1.5 m, ݐ = 0.18 m, ݏ = 0.20 m,  ݁ = 0.08 m, and ܿ denotes the penetration depth of a sectional crack. The material parameters are: ܧ = 3×1010 Pa, ߩ = 2500 kg/m3. The first three natural frequencies are calculated by the proposed 
method and listed in Table 7. 

 
a) 

 
b) 

Fig. 18. Simply supported box-girder bridge: a) longitudinal section; b) cross section 

Table 7. Natural frequencies for simply supported box-girder bridge without vehicle ߱ 1st 2nd 3rd 
Frequencies (rad/s) 23.5925 94.3699 212.3323 

The local flexibility ߠ due to a sectional crack can be calculated according to reference [33]. 
For a shallow open crack, the penetration depth ‘ܿ’ is contained within the bottom solid-sectional 
region [0 ≤ ܿ ≤  :[ݏ

ߠ = ݎ]ℎݎߨ6 − ݎ) − ௧)(1ݎ2 − [௦)ଷݎ2 න /బݔଶ݀ܨݔ . (64)

For a deeper open crack, depth ‘ ܿ ’ goes into the middle hollow-sectional region  
ݏ] ≤ ܿ ≤ (ℎ −  :[(ݏ

ߠ = ݎ]ℎߨ6 − ݎ) − ௧)(1ݎ2 − [௦)ଷݎ2 ቈݎ න ೞݔଶ݀ܨݔ + ௧ݎ2 න /బೞݔଶ݀ܨݔ , (65)

where ݎ = ܾ/ℎ , ݎ௧ = ݐ ℎ⁄ ௦ݎ , = ݏ ℎ⁄ , and ܨ is a function of the relative depth ݔ: 

ܨ = ඥ2/ݔߨtan0.923]2/ݔߨ + 0.199(1 − sin2/ݔߨ)ସ]cos2/ݔߨ . (66)

Substituting the local flexibility coefficient ‘ߠ’ into Eq. (10), transfer matrix can be calculated 
by the proposed method in this paper. Therefore, natural frequency and modal shape can be further 
obtained. 

5.3.2. Cracked simply supported box-girder bridge without vehicle 

Cases of various crack depths, positions and numbers are studied. Changes of crack depths, 
positions and numbers are the same as Section 5.2.2 and the results of ∆߱  are shown in 
Figs. 19-21. 

As can be seen from Figs. 19-21, relationships between ∆߱  and crack depths, positions, 
numbers are similar with the conclusions obtained in Section 5.2.2. It reveals that the proposed 
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method is general for different bridge type. For ∆߱ in Fig. 19, mutation point can be found due 
to crack going into the middle hollow-sectional region. 

 
Fig. 19. Relationship between ∆߱ and crack depth for box-girder bridge 

 
Fig. 20. Relationship between ∆߱ and crack position for box-girder bridge 

 
Fig. 21. Relationship between ∆߱ and crack numbers for box-girder bridge 

5.3.3. Cracked simply supported box-girder bridge with one vehicle 

The parameters of vehicle are the same with Section 5.1.2. The depths of cracks are 30 %. 
Layouts of vehicle and cracks are shown in Figs. 22-23. The first three natural frequencies 
calculated by the proposed method are listed in Table 8, and normalized modal shapes are shown 
in Fig. 24. 
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Table 8. Natural frequencies for box-girder bridge with and without vehicle ߱ (rad/s) 1st 2nd 3rd 
Intact bridge without vehicle 23.5925 94.3699 212.3323 

Cracked bridge without vehicle 22.9241 92.1462 211.9678 
Intact bridge with vehicle 24.4643 94.4995 212.4756 

Cracked bridge with vehicle 23.8520 92.2852 212.0898 

 
Fig. 22. Intact box-girder bridge with vehicle (unit: m) 

 
Fig. 23. Cracked box-girder bridge with vehicle (unit: m) 

a) 1st normalized mode shape 
 

b) 2nd normalized mode shape 

 
c) 3rd normalized mode shape 

Fig. 24. The first three order normalized mode shapes (▲: crack position) 

As shown in Fig. 24, the variation laws of normalized mode shapes are similar to that in 
Section 5.2.3 and there are also significant changes at crack positions. 

5.3.4. Diagnosis of crack for a cracked simply supported box-girder with one vehicle 

As discussed above, presence of cracks changes the characteristic equation and has influences 
on mode shapes and natural frequencies of the beam. In an inverse problem, crack positions and 
depths are unknown parameters, however, natural frequencies and mode shapes of damaged beam 
could be obtained through various testing techniques, and the 1st natural frequency and 
corresponding normalized mode shape can easily be determined experimentally. Because no 
experiment is carried out in this paper, a numerical example shown in Fig. 25 is used to identify 
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the crack positions and depths. The 1st natural frequency ‘߱ଵ’ and corresponding normalized 
mode shape ‘۲ଵ’ in Section 5.3.3 are adopted as input data for crack identification. ߱௨௧ = ߱ଵ, ۲௨௧ = ۲ଵ(1 + ߪߙ ×  is the random generator function in MATLAB with a ݊݀݊ܽݎ .(݊݀݊ܽݎ
zero mean and a standard deviation of ߙ ,ߪ is error lever. 

According to the matrix equation of all undetermined coefficients in Eq. (53),  = ݏ = 1, one 
can obtain the assembly matrix [۶] with dimension of 16×16. The undetermined coefficients 
correspond to ܾଵଵ , ܴଵ , ܾଶଵ  and vehicle, respectively. Finally, there are 16 equations and 16 
undetermined coefficients. Assuming crack positions and depths are known and ܣభଵ  is a constant 
‘ܿ’, other undetermined coefficients could be solved by using any other fifteen equations. The 
undetermined coefficients of ܾଵଶ  and ܾଶଶ  are obtained by Eq. (21), the substitution of the 
undetermined coefficients and ‘߱௨௧’ into Eq. (5) will determine the normalized mode shape of 
the bridge ‘܌’. The iterative algorithm is used to obtain the crack positions and depths by 
comparing normalized ‘۲௨௧’ and ‘܌’, and calculation process for this algorithm is as follows. 

 
Fig. 25. Simply supported box-girder bridge with vehicle and double cracks 

(a) Assume initial values of crack positions ‘ܠ’ and depths ‘ી’, which is a column vector with 
two elements respectively; 

(b) According to ‘߱௨௧’, ‘ܠ’ and ‘ી’, the normalized mode shape ‘܌’ can be obtained,  ∆܌ = ۲௨௧ −  fixed ݍ are consist of ’܌‘ note that all normalized mode shapes ‘۲௨௧’ and ,܌
position points; 

(c) Sensitivity matrix [܁] can be calculated by Perturbation method [34]: 

[܁] =
ێێۏ
ێێێ
ଵܠ∂ଵ܌∂ۍێ ଶܠ∂ଵ܌∂ ଵ∂ીଵ܌∂ ଵܠ∂ଶ܌∂ଵ∂ીଶ܌∂ ଶܠ∂ଶ܌∂ ଶ∂ીଵ܌∂ ⋮ଶ∂ીଶ܌∂ ⋮ ⋮ ଵܠ∂܌∂⋮ ଶܠ∂܌∂ ∂ીଵ܌∂ ۑۑے∂ીଶ܌∂

ۑۑۑ
(67) ,ېۑ

where: ∂܌∂ܠଵ = ,(߱௨௧܌ ଵܠ + ,ߝ ,ଶܠ ીଵ, ીଶ) − ,(߱௨௧܌ ,ଵܠ ,ଶܠ ીଵ, ીଶ)ε ଶܠ∂܌∂, = ,(߱௨௧܌ ,ଵܠ ଶܠ + ,ߝ ીଵ, ીଶ) − ,(߱௨௧܌ ,ଵܠ ,ଶܠ ીଵ, ીଶ)ε ଵߠ∂܌∂ , = ,(߱௨௧܌ ,ଵܠ ,ଶܠ ીଵ + ,ߝ ીଶ) − ,(߱௨௧܌ ,ଵܠ ,ଶܠ ીଵ, ીଶ)ε ∂ીଶ܌∂ , = ,(߱௨௧܌ ,ଵܠ ,ଶܠ ીଵ, ીଶ + (ߝ − ,(߱௨௧܌ ,ଵܠ ,ଶܠ ીଵ, ીଶ)ε , |ߝ| ≪ 1, ݅ = 1,2, … ,  .ݍ
(d) Solve the residuals Δܠ and Δી: 



2148. FREE VIBRATION ANALYSIS OF A CRACKED SIMPLY SUPPORTED BRIDGE CONSIDERING BRIDGE-VEHICLE INTERACTION.  
GUOJIN TAN, WENSHENG WANG, YUBO JIAO 

3632 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. SEP 2016, VOL. 18, ISSUE 6. ISSN 1392-8716  

ቄΔܠΔીቅ = ା[܁] ⋅ Δ(68) ,܌

where [܁]ା is the generalized inverse matrix of [܁] using singular value decomposition. [܁] = [܃] ቂΣ 00 0ቃ ୌ[܄] [܃] ,  and [܄]  are unitary matrices, Σ = diag(ߪଵ, ,ଶߪ ⋯ , (ߪ ߪ ,  is 

singular value of [܁], ߪ > ݎ ,0 = ା[܁] So .([܁])݇݊ܽݎ = [܄] ቂΣିଵ 00 0ቃ  .ு[܃]
(e) Update the crack parameters: ܠ୬ୣ୵ = ୭୪ୢܠ +  ⋅ Δܠ,   ી௪ = ીௗ +  ⋅ Δી, (69)

where   is an underrelaxation parameter and can be used to avoid overshoots and increase 
reliability of the algorithm in early steps of iterations. 

(f) Iterate the procedures (b)-(e) until the residuals of Δܠ and Δી become sufficiently small and 
satisfactorily. 

The actual and predicted crack parameters calculated from the proposed identification 
algorithm are listed in Table 9. 

Table 9. Crack identification of a simply supported bridge with vehicle and double cracks ߙ Crack parameters Actual Initial value Predicted Relative error (%) 

0 % 
Crack position (m) 11.00 9.00 10.967 –0.30 

20.00 23.00 20.090 0.45 

Crack depth (%) 30.00 20.00 30.117 0.39 
30.00 20.00 29.877 –0.41 

5 % 
Crack position (m) 11.00 9.00 10.769 –2.10 

20.00 23.00 20.380 1.90 

Crack depth (%) 30.00 20.00 29.070 –3.10 
30.00 20.00 31.140 3.80 

10 % 
Crack position (m) 11.00 9.00 11.473 4.3 

20.00 23.00 19.160 –4.2 

Crack depth (%) 30.00 20.00 28.470 –5.1 
30.00 20.00 28.530 –4.9 

From Table 9, the maximum relative error for crack position identification is 0.45 %, and it is 
0.41 % for crack depth identification when ߙ = 0 %. Relative error increases with increasing of ߙ, and it is within 5.5 % for both position and depth identifications when ߙ = 10 %. The results 
reveal that the proposed algorithm for crack identification possesses favorable accuracy and 
robustness to noise. 

6. Conclusions 

In this paper, free vibration analysis of cracked simply supported bridge under arbitrary 
number of vehicles is presented. The exact solutions for natural frequencies and mode shapes of 
cracked bridge considering bridge-vehicle interaction are derived based on Euler-Bernoulli beam 
theory and numerical assembly method. Numerical simulation on simply supported bridge is used 
to verify its feasibility. Following conclusions can be obtained: 

1) The first two natural frequencies of simply supported bridge with different crack depths are 
calculated by the proposed method. Reduction coefficients for natural frequencies are consistent 
with the present study. The first three natural frequencies of simply supported bridge under one 
and two vehicles are analyzed, respectively. The results are in good agreement with FEM. It 
reveals that the proposed method possesses favorable reliability. 

2) Simply supported multi-girder bridge is adopted and simplified. Change ratio of natural 
frequencies considering cracks (∆߱) is presented to investigate the influences of crack depth, 
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position and number, respectively. For crack depth, the greater depth is, the larger ∆߱ presents 
for the first and third frequencies. However, it has little influence on the second order frequency. 
For crack position, ∆߱  is the largest if crack position is closer to the antinodal points of 
corresponding mode shape. For crack numbers, ∆߱  decreases with the increasing of crack 
number. Moreover, significant changes of modal shapes occur at the crack positions. 

3) The influences of vehicle parameters on modal properties are also investigated. For intact 
bridge under one vehicle with four different parameters, the first natural frequencies present 
different change rules, which are closely associated with vehicles parameters. Corresponding 
judgment method is also proposed based on frequencies of vehicle and bridge without vehicle. 
Moreover, the influence of vehicle on natural frequency decreases with the increasing of distance 
between the vehicle centerline and mid-span. For cracked simply supported bridge with one 
vehicle at different positions, coupled effects of vehicle and crack are presented for frequency 
changes, and vehicle effect must be considered for crack identification of bridge. Meanwhile, 
bridge-vehicle vibration system can be considered as a linear one, and crack-induced frequency 
changes are comparable for bridge identification under the same parameters of vehicle. 

4) The proposed method is applicable for simply supported box-girder bridge. An effective 
approach for crack identification is proposed, which presents favorable accuracy. 
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