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Abstract. In this paper, unlike the existing studies, vibro-acoustic modeling and analysis of a 
rectangular acoustic cavity bounded by a flexible panel is conducted by three modeling techniques 
in a broad frequency range (up to 6.4 kHz). The finite element method (FEM) and statistical 
energy analysis (SEA) are employed at the low and high frequency range respectively. For the 
mid-frequency range, a hybrid FE-SEA method is employed to deal with the drawbacks in 
application of single deterministic or statistical methods. In this case, studies of the interior sound 
pressure and panel vibration responses for the structure-acoustic coupled system are made under 
external normal concentrated force acting at the flexible plate. And then comparisons are used to 
validate the three models and verify their accuracy through experimental investigations. 
Deviations between the numerical and test results are also discussed. 
Keywords: vibro-acoustic modeling, rectangular enclosure, finite element method (FEM), 
statistical energy analysis (SEA), hybrid FE-SEA method. 

1. Introduction 

The interaction between a sound field in an enclosure and its flexible boundary is a critical 
problem, and a good understanding of it is particularly important to the control of sound field in 
an enclosure. Moreover, vibro-acoustic modeling of an enclosure is quiet importance in the design 
and analysis of an active noise control system. An approach to this modeling proposed by 
Montazeri, A. et al. [1, 2] is to consider an enclosure with rigid boundary conditions and the works 
of Al-Bassyiouni, M. [3] and Fang, B. [4] extend to the case where the enclosure with a flexible 
boundary is considered. Excitation of the flexible plate by external force or sound source will 
cause vibrations on the plate and induces noise inside the cavity. Due to the coupling between 
structural vibrations and acoustical field, these systems are termed vibro-acoustic systems. In early 
works of Dowell [5, 6], the modeling of vibrations of panel backed by an enclosure is studied 
considering the interaction between structural vibration and acoustical field. Pan and Bies [7] have 
studied the effect of structural-acoustic coupling on the sound field in an enclosure with flexible 
wall simply supported based on the classical modal coupling method. Asymptotic modal analysis 
technique is proposed by Peretti et al. [8] to analyze such problems. And it is shown that it has the 
advantage of solving dynamic problems with a large number of modes compared with traditional 
methods. A mechanics-based analytical model is developed to address the interactions of the 
coupling panel and sound field inside a rectangular enclosure by Balachandran, B. et al. [9]. In 
modeling the effect of coupling between the flexible plate and the enclosure, both simply 
supported and clamped boundaries have been used, but several studies [4, 10, 11] used only simply 
supported because the analytical derivation of the model for the coupled system is less complex. 

Computational techniques have been employed to solve the vibro-acoustic problems thanks to 
the rapid advancement of computing power. Finite element method (FEM) [12, 13] and boundary 
element method (BEM) [14, 15] are two examples of computational techniques, which can be 
used to study the characteristics of sound radiation from a box-type structure by identifying the 
structural modes of the surfaces and acoustical modes of the interior space. At low frequencies, 
where acoustic and structural wavelengths are long compared to the dimensions of the sidewall 
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structure and interior cavity, the vibro-acoustic response is deterministic and can be adequately 
described by a deterministic approach such as finite element analysis. However, at higher 
frequencies and associated shorter wavelengths, the required size of the finite elements becomes 
so small that the deterministic approach becomes impractical. This is not only due to a growth in 
the model size, but also because it is exceedingly difficult to model important variations in the 
structure that become significant at high frequencies, such as material property variations, 
dimensional variations, and random variations due to manufacturing. In light of such practical 
limitations, a statistical description named statistic energy analysis (SEA) [16, 17] becomes an 
essential tool to draw meaningful conclusions about high-frequency responses. However, this 
method cannot get results at individual locations and single frequencies instead only provide space 
and frequency averages. 

There is also a middle frequency range where a mixed behaviors exist. Often, in this band, 
some subsystems present a deterministic behavior, while some other subsystems require a 
statistical description due to a high modal density. As above, it is impossible to predict the 
responses of complex structure over a broad band of frequencies using a single method. Recently, 
Shorter et al. [18-22] have proposed a hybrid FE-SEA modeling technique to study the so-called 
mid-frequency problem, in which the deterministic parts are modeled by FEM, while the other 
components are modeled by SEA. On the one hand, each statistical subsystem is modeled by a 
single energy variable which leads to a large reduction in the size of computational model required. 
On the other hand, this method obtains results at space and frequency averages of the target 
quantities without the need for Monte Carlo simulations. The panel-cavity coupling structure of a 
wall surface and an acoustic space is a well representation of many engineering applications, for 
example, the cabins of car, ship and airplane. Hence, it is of critical importance to study the 
interactions between the structure vibration and interior sound pressure response before the launch 
of new productions. 

However, due to the vibro-acoustic properties of the excitations, taking the vehicles for 
example, its dynamic response extends to over a broad range of frequencies where there is not a 
single methodology able to account for. Motivated by above, an investigation on the 
vibro-acoustic responses of a coupled panel cavity system in a broad frequency range is presented. 
The system is driven by an external axial force at the flexible plate. In this paper, a rectangular 
acoustic cavity bounded by a flexible panel is examined. The vibro-acoustic response of this 
panel-cavity coupled system is further considered using three models in a broad frequency domain 
(up to 6.4k Hz). The procedures and coupled vibro-acoustic modeling techniques adopted to 
obtain the structure vibration and inner acoustic response of the given system are presented. The 
purpose of the present contribution is to check the modeling techniques feasibility for 
fluid-structural problems in a broad frequency domain and finally verify its accuracy through an 
experimental verification. 

2. Theoretical formulations 

2.1. Vibro-acoustic problems description 

Fig. 1(a) shows an elastically restrained plate as one of the surfaces enclosing a rectangular 
acoustical cavity. The cavity is of dimensions ܮ௫ × ௬ܮ × ௭ܮ = 1.135 m×0.880 m×0.715 m. The 
floor of cavity is taken at ݖ = 0 with one wall at ݖ =  ௭ being flexible plate. The five rigid panelsܮ
are made of isotropic plywood with Young’s modulus ܧ௣ = 6 GPa, Poison’s ration ݒ௣ = 0.25, 
mass density ߩ௣ = 700 kg/m3 and wall thickness ݀௣ = 0.017 m. While the flexible panel is made 
of steel with elastic properties: Young’s modulus ܧ௦ = 200 GPa, Poisson’s ration ݒ௣ = 0.3125, 
mass density ߩ௦ = 7800 kg/m3 and wall thickness ݀௦ = 0.001 m. The acoustic domain consists of 
an acoustic cavity filled with air at room temperature with elastic properties: mass density  ߩ௔ = 1.225 kg/m3, sound speed ܿ = 340 m/s. 
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a) a rectangular acoustic cavity bounded  

by a flexible panel 

 
b) reduced vibro-acoustic model 

 
Fig. 1. Plate-cavity structure 

Now, the linear vibration of a damped structure Ωௌ subjected to external loads, coupled with 
its interior acoustic cavity Ωி  is considered. The vibro-acoustic model, shown in Fig. 1(b), is 
developed in the context of the three dimensional linear elasto-acoustics for a coupled system 
which constitutes a damped elastic structure and a closed cavity filled with fluid. We denote the 
generic point of ܴଷ referred to a Cartesian reference system as ܠ = ሺݔଵ, ,ଶݔ  .ଷሻݔ

The structure Ωௌ of ܴଷ is the bounded domain with a sufficiently smooth boundary ∂Ωௌ = Γ 
and ܖௌ  is the outward unit normal to ∂Ωௌ  denoted as ܖௌ = ሺ݊ௌଵ, ݊ௌଶ, ݊ௌଷሻ . We denote the 
displacement field in Ωௌ as ܝሺܠ, ߱ሻ = ൫ݑଵሺܠ, ߱ሻ, ,ܠଶሺݑ ߱ሻ, ,ܠଷሺݑ ߱ሻ൯. The internal acoustic cavity 
occupies a bounded domain Ωி  of ܴଷ filled with a dissipative acoustic fluid. The boundary is ∂Ωி = Γ. Let ܖி = ሺ݊ிଵ, ݊ிଶ, ݊ிଷሻ is the outward unit normal to ∂Ωி and we have ܖி = ,ܠሺ݌ ௌ on ∂Ωௌ. The pressure field in Ωி is denoted asܖ− ߱ሻ. 

The equation governing the dynamics of the structure in Ωௌ is writen as [23]: −߱ଶߩௌݑ௜ − ௜௝,௝ߪ = ௜݃௩௢௟ in Ωௌ, ሻ݊ௌ,௝ܝ௜௝ሺߪ(1) = ௜݃௦௨௥௙ − ௌ,௜݊݌ on Γ, (2)

where ߪ௜௝  is the stress tensor, ߩௌ  is the mass density, ݃௩௢௟  represents the body force field,  ܝ = ሺݑଵ, ,ଶݑ  is the fluid pressure field at ݌ .ଷሻ represents the displacement field of the structureݑ
the coupling interface and ݃௦௨௥௙ is the surface force field. 

For interior acoustic fluid, the equation in terms of pressure ݌ሺܠ, ߱ሻ can be written as [24, 25]: ߱ଶߩிܿிଶ ݌ + ݅߱ ிߩ߬ ∇ଶ݌ + ிߩ1 ∇ଶ݌ = ிߩ߬ ܿிଶ∇ଶܵ − ݅ ிߩ߱ ܵ, ிߩ1(3) ሺ1 + ݅߱߬ሻ ிܖ∂݌∂ = ߱ଶܖܝி + ߬ ܿிଶߩி ,ிܖ∂ܵ∂ (4)

in which ܿி  represents the speed of air, ߩி  represents the mass density of the fluid, ߬  is the 
coefficient due to the viscosity of the fluid, ܵሺܠ, ߱ሻ represents the source term. 

2.2. FEM modeling at low frequencies 

At low frequencies, the FEM is one of the most appropriate numerical techniques to solve 
above vibro-acoustic problems. Here, the FE discretization of the displacement field ܝ of the 
structural part is denoted as ܷ = ሼ ଵܷ, ܷଶ, ⋯ , ܷ௡ሽ and corresponding to the pressure field ݌ of the 
fluid is denoted as ܲ = ሼ ଵܲ, ଶܲ, ⋯ , ௡ܲሽ. Therefore, the FE matrix equation can be defined by 
Eqs. (1-4) in terms of ܝ and ݌: 
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൤ሾܣௌሺ߱ሻሿ ݅߱ሾܥሿ݅߱ሾܥሿ் −ሾܣிሺ߱ሻሿ൨ ൤ܷሺ߱ሻܲሺ߱ሻ൨ = ቎ −ௌሺ߱ሻܨ 1݅߱ ܵிሺ߱ሻ቏, (5)

in which ሾܣௌሺ߱ሻሿ is a symmetric complex matrix corresponding to the dynaimcal stiffness matrix 
of the structure. ሾܣிሺ߱ሻሿ is a symmetric complex matrix corresponding to the dynamical stiffness 
matrix of the acoustic fluid. And: ሾܣௌሺ߱ሻሿ = −߱ଶሾۻௌሿ + ݅߱ሾ۲ௌሿ + ሾ۹ௌሿ, (6)ሾܣிሺ߱ሻሿ = −߱ଶሾۻிሿ + ݅߱ሾ۲ிሿ + ሾ۹ிሿ, (7)

here, ሾۻௌሿ,ሾ۲ௌሿ, ሾ۹ௌሿ is the mass matrix, damping matrix and stiffness matrix of the structure. ሾۻிሿ, ሾ۲ிሿ, ሾ۹ிሿ is the mass matrix, damping matrix and stiffness matrix of the acoustic cavity, 
respectively. 

2.3. SEA modeling at high frequencies 

In SEA modeling technique, the model is divided into many substructures which are described 
by space and frequency average energy response levels. It is worth noting that energy dissipation 
is assuming proportional to the vibration energy in a substructure. Therefore, the SEA equation 
expressing the energy balance of substructures is described as follows, and a simple 
two-substructure SEA model is shown in Fig. 2: ܲሺ߱ሻ = ሺ߱ሻ, (8)ܧሺ߱ሻܮ߱

ሺ߱ሻܮ =
ێێۏ
ێێێ
ۍ ∑௜ୀଵ௡ ଵ,௜ߟ ଶ,ଵߟ− ⋯ ଵ,ଶߟ−௡,ଵߟ− ∑௜ୀଵ௡ ଶ,௜ߟ ⋯ ⋮௡,ଶߟ− ⋮ ⋱ ଵ,௡ߟ−⋮ ଶ,௡ߟ− ⋯ ∑௜ୀଵ௡ ۑۑے௡,௜ߟ

ۑۑۑ
ې
, (9)

in which ܲሺ߱ሻ represents the external power input, ߱ represents angular frequency at the band 
center, and ܧሺ߱ሻ is the lumped total energies of a substructure. ܮሺ߱ሻ represents the loss factor 
matrix. And, here, ߟ௜  is the internal loss factor which is dependent on the frequency, and ߟ௜௝ 
represents the coupling loss factor from the substructure ݅ to ݆. 

 
Fig. 2. A simple two-substructure SEA model 

In general, ߟ௜ and ߟ௜௝ can be acquired by hammering test. And they are described by: 

௜ߟ = 1 − ߱ ∑ ൫ߟ௜௝ܧ௜௜/ ௜ܲ − /௝௜ܧ௝௜ߟ ௜ܲ൯௡௝ஷ௜ ௜௜ܧ߱ , (10)
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௜௝ߟ = /௝௜ܧ ௜ܲሺ߱ܧ௜௜/ ௜ܲሻ × ൫ܧ௝௝/ ௝ܲ൯, (11)

in which ܧ௜௝ represents the ݅th substructural energy from the substructure ݆. ܲ is the energy of the 
substructure which can be acquired by the hammer test. 

And: 

௜ܲ = Imሾܨ ⋅ ሿ߱ܣ , (12)

௜௝ܧ = ݉௜2 ⋅ ∑ ቀܣ௄߱ቁଶ௡௞ ݊ , (13)

where, ܣ ,ܨ respectively represents the external excitation force and the acceleration spectrum at 
a generic point. And ݉௜ represents the mass of substructure ݅. 

Therefore, at this frequency band, the frequency responses and vibration energy levels of the 
substructures can be acquired by solving the power balance Eq. (8). 

2.4. Hybrid FEM-SEA modeling at middle frequencies 

A key feature of the hybrid method is to divide the system into FE substructures and SEA 
substructures. The heart of hybrid modeling technique is the concept of a “diffuse field reciprocity 
principle” [22] as shown in Fig. 3, which is consist of one FE substructure and two SEA 
substructures. 

 
Fig. 3. Schematic diagram of a hybrid FE-SEA model 

In Fig. 3 ௙ܵ௙,௥௩௘ is the cross-spectral matrix of force written as: 

௙ܵ௙,௥௘௩ = ൬ ൰݊ߨ߱ܧ4 Imሼܦௗ௜௥ሽ, (14)

in which ݊  is the modal density. ܦௗ௜௥  represents the dynamic stiffness matrix of the SEA 
substructure expressed on the FE degrees of freedom which is given in cross-spectral form ܵ௤௤ by: 

ܵ௤௤ = ௧௢௧ିଵܦ ൤ ௙ܵ௙,ௗ + ෍ ൬ ௞൰݊ߨ௞߱ܧ4 Imቄܦௗ௜௥ሺ௞ሻቅ௞ ൨ ௧௢௧ܦ௧௢௧ି், (15)ܦ = ௗܦ + ෍ ௗ௜௥ሺ௞ሻ௞ܦ , (16)

where ௙ܵ௙,ௗ  represents the cross-spectral matrix of the external forces ܨ ௗܦ .  is the dynamic 
stiffness matrix corresponding to the FE model. 

By solving the power balance Eq. (17), in order to solve Eq. (15), we can obtain the average 
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energy response of the SEA substructures: 

௜ܲ௡,௝௘௫௧ = ߱൫ߟ௝ + ௝ܧௗ,௝൯ߟ + ෍ ௝ߟ௝௞ߟ߱ ቆܧ௝݊௝ − ௞݊௞ቇ௞ܧ , (17)

in which: 

ௗ,௝ߟ = ቆ ߨ2߱ ௝݊ቇ ෍ Im൛ܦௗ,௥௦ൟ௥,௦ ቀܦ௧௢௧ିଵIm ቄܦௗ௜௥ሺ௝ሻ ቅ ,௧௢௧ି்ቁ௥௦ܦ ௝௞ߟ(18) = ቆ ߨ2߱ ௝݊ቇ ෍ Im ቄܦௗ௜௥,௥௦ሺ௝ሻ ቅ௥,௦ ቀܦ௧௢௧ିଵImቄܦௗ௜௥ሺ௞ሻቅܦ௧௢௧ି்ቁ௥௦, (19)

where ߟௗ,௝, ߟ௝௞ is the damping loss factor and the coupling loss factors, respectively. 
Therefore, the response of the FE substructures can be calculated by Eq. (15) once the SEA 

substructures’ energy levels are found through Eq. (17). 

2.5. Frequency band division for the models 

In this section, the boundary between the three analyses is divided based on the modal densities 
(number of modes per band) studied by Shorter [26]. For ideal subsystems, such as bars, beams, 
flat plates, thin walled cylinders and acoustic volumes, the modal densities of which can be given 
by the analytical Eq. (20) and Eq. (21): 

݊ሺ݂ሻ = Δ݂ܰ, (20)

where ݊ሺ݂ሻ is number of modes per band, Δ݂ is the bandwidth of the frequency. 

 
Fig. 4. Number of modes per 1/3rd octave band for subsystems 

Taking the influence of the surface area and total length of edges of the acoustic field on the 
modal density into account, the modal density of three-dimensional acoustic cavity can be 
expressed as: 

݊ሺ߱ሻ = ߱ଶ ଴ܸ2ߨଶܿଷ + ߱ଶܣ௦16ܿߨଶ + ݈߱௥16ܿߨ, (21)
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where ܿ is the sound speed, ଴ܸ is the volume of the acoustic field, ܣ௦ is the surface area of the 
acoustic cavity and ݈௥ is the total length of the edges. 

Number of modes in 1/3rd octave band for the subsystems is plotted in Fig. 4. It is shown that 
the acceptable confidence interval of the SEA model is satisfied starting from 500 Hz, where the 
reliable structural-acoustic predictions have more than 5 modes in the bandwidth and the modal 
overlap factor starts to be accurate. In other words, the SEA effective working frequency range is 
beyond 500 Hz (namely ܰ > 5). Above 100 Hz, as can be observed, most of the substructures 
have at least one mode in band which develops a usable SEA subsystem. Consideration of the 
premise that each SEA subsystem should have at least one mode in the lowest band, therefore, a 
theoretical low frequency limit for the hybrid FEM-SEA analysis is set around 100 Hz. Thus, for 
the given system, the mid-frequency range is defined above 100 Hz to 500 Hz, in which the hybrid 
FE-SEA method is applicable (namely 1 < ܰ < 5). Below the 100 Hz, the full FE model can 
guarantee the prediction accuracy and less time consuming. 

3. Experimental investigations and discussion 

3.1. Experiment scheme 

In this paper, two different studies are made of the coupled rectangular enclosure panel-cavity 
system in order to demonstrate the validity of the given three models, plotted in Fig. 5, in the 
semi-anechoic room. 

The system is excited by a harmonic force locates at (ܮ௫/2, ,௬/2ܮ  ,௭) on the flexible panelܮ
over the frequencies up to 6.4 kHz. In this work, the panels’ vibration response and interior sound 
pressure response of the given panel-cavity coupled system are studied. It is shown in Fig. 4 that 
side panels vibration and noise levels inside the cavity are measured using several acceleration 
sensors and microphone for sake of a verification. The FE model and hybrid model are used to 
compute structure vibration responses below 500 Hz with a 1 Hz bandwidth and over the range 
500 Hz-6.4 kHz in one-third octave band for SEA model. On the other hand, the interior acoustic 
responses are only predicted over the full frequency range in one-third octave band. The interior 
noise signal is recorded using ݉ +  data acquisition front end and the noise signal is processed ݌
by A-weighted network. 

 
a) Acceleration sensors location 

 
b) Microphone location 

Fig. 5. Diagrammatic sketch of the experimental setup  

3.2. Panel vibration response 

Here, the vibration response of point (ܮ௫, ,௬/2ܮ  .௭/2) on the side panel 1 is consideredܮ
Comparisons between the simulated result and the measured value are plotted in Fig. 6. As shown 
in the graph, on the whole, the numerical results almost agree with the tests as to the frequency of 
the various peaks in the responses at low and middle frequencies (below 400 Hz) and the trend 
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across the high-frequency domain (500-6.4 kHz). However, the numerical result tends to be 
consistently overestimated at lower frequency (100-200Hz) and be deviated at higher frequency 
(400-500 Hz) of the hybrid model. This is possibly due to low modal density at lower frequencies, 
and the effect of stiffeners and lumped masses which are not modeled in hybrid model. In addition, 
another reason may be traced to the fact that the acoustic field is not diffuse at low frequencies. In 
other hand, the deviation of hybrid model (400-500 Hz) may be caused by uncertainties which 
increase with an increase in frequency. 

 
Fig. 6. Vibration response comparisons between the simulated and the test 

 
Fig. 7. Interior acoustic response comparisons between the simulated and tests 

3.3. Interior acoustic response 

As plotted in Fig. 7, the sound pressure data obtained from the microphone (ܮ௫/2, ,௬/2ܮ  (௭/2ܮ
in the cavity is compared with the simulation. It is observed that the results generally match within 
several dBs of tests for the given frequency range. However, some discrepancies (e.g. 400-600 Hz) 
are also observed which is likely due to the underlying assumptions for SEA, specifically that each 
structural component is sufficiently random and that the coupling between subsystems is 
sufficiently weak. On the other hand, the actual panel-cavity coupled system has tiny gap and 
holes due to the presence of flexible panel, whereas the model has assumption of hard-walled 
boundary conditions. Another possible reason could be the inaccurate acoustic modal damping 
values used in the model. namely, it can lead to the prediction of a stronger response if the damping 
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is too low. 

4. Conclusions 

Modeling and analysis of vibro-acoustic response for a rectangular cavity bounded by a 
flexible panel is addressed in this work. Three models are described to predict structural vibration 
and interior noise level of a coupled panel-cavity system in a broad frequency domain: an FEM 
model for low frequencies (below 100 Hz), a hybrid model for medium frequencies (100-500 Hz) 
and an SEA model for high frequencies (500-6.4 kHz). And then two studies of panels’ vibration 
response and interior acoustic response are made based on the three models. 

From the comparison between numerical and test results can be stated that in general each 
numerical model in its application frequencies is working correctly as well as a good continuity. 
Furthermore, it is worth noting that the accuracy of prediction depends strongly on the frequencies 
each method works in, which are determined by modal densities of substructures. 

The modeling techniques present in this paper can be applied to studies on the prediction of 
the vibration and noise of the complex structures with uncertainties at an early design stage. And 
this procedure for vibro-acoustic analysis can be further extended to structures comprising a 
number of substructures in wide frequency range without inaccuracy and time-consuming 
computation. A prime example of this situation arises in the automotive industry, where the 
conventional finite element models having several million degrees of freedom are often employed 
to represent a whole vehicle, while at the same time it is well known that the vibro-acoustic 
performance of vehicles is very sensitive to the uncertainties with an increase of the frequency. In 
addition, this study provides new and interesting insights into the reduction of the vibration and 
noise of the class of built-up box-type structures such as the cab of automobiles and engineering 
machineries, which are presently being pursued by the authors. 
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