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Abstract. The paper presents modelling and the process of dynamic model identification of 
crankshaft system. At the beginning some information about design, operation and test of 
crankshaft systems is shown. The next section describes the process of crank-piston mechanism 
with a vibration damper modelling and the method of obtaining the motion equation. The last but 
one section demonstrates some aspects of the process of dynamic model identification. Moreover, 
tests and numerical simulation are presented. At the end, there is a summary of the whole paper. 
Conclusions about modelling and identification of dynamic model of crankshaft systems are 
shown. 
Keywords: identification of dynamic models, dynamics and vibrations of the crankshaft, torsional 
vibration damper. 

1. Introduction 

The engineers face a difficult task because of current trends in design of modern internal 
combustion engines and increasingly stricter rules on emissions. It is necessary to design a drive 
system with a number of detailed assumptions which are often contradictory. The mass reduction 
of particular elements of the engine is usually the effect of all these actions. In most practical cases, 
it is associated with a change in the geometry or the use of modern materials in the design process. 

It is clear that all changes of elements of drive system can change the behaviour of dynamics 
and statics of a given object. Moreover, it is likely that there may appear a significant change in 
the spectrum of the whole device. Thus, there arises a question about the changes of the spectrum 
of device vibrations when the constructional changes are introduced. Positive answer gives new 
possibilities of forming spectral structure of a given machine. 

Modification of the vibrational structure, in many cases technical ones, is implemented by the 
use of a damper of torsional vibrations. It is widely known that such a device is a dynamic 
vibration eliminator. The changes of basic frequencies of vibrations of the whole engine result 
directly from the principle of working of a damper. However, without a detailed analysis it is 
impossible to predict how the spectrum of vibrations will look like after applying a damper of 
vibrations. Furthermore, in practice, the use of torsional vibration eliminator influences the 
remaining degrees of freedom because of lateral-torsional coupling. This problem is especially 
important in the case of car engine crank systems with high power, where torsional vibration 
dampers are often used. 

Selection of parameters of such a damper is relatively difficult. As previously noted, it is 
necessary to make a detailed analysis of a discussed engine, including a chosen technique of 
vibration elimination. For this purpose, it is important to use a dynamic model (the simplest in this 
case) of drive system. Unfortunately, due to the multitude of construction details of this type of 
device, it is not possible to determine all parameters of such a model directly. Of course, it is 
possible to attempt to make a very detailed modelling of the system. However, in practice it usually 
does not improve the quality of obtained results. In such cases, it is much more convenient to 
identify a model [1] with a high degree of abstraction rather than analyse a very detailed system 
of dynamics equations [2, 3].  
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2. Dynamic model of crank system 

Despite its apparent simplicity, the crank system is a mechanism with very complicated 
dynamics. It involves the deformability of all elements of its component, a nonlinear geometry of 
movement and of a very complex nature of the load of the crankshaft. Theoretically, the whole 
should be treated as a set of mutually interacting continuous systems described with distributions 
of density and stiffness tensor. 

It turns out, however, that for the reasons mentioned earlier this solution is not feasible in 
practice. It is much simpler to present this mechanism as a series of stiff elements (material points 
or rigid bodies) connected by massless continuous system. The errors resulting from the assumed 
simplifications will be eliminated in the identification of a dynamic model which is discussed. The 
analysed crank system may be presented in the following way: 

 
Fig. 1. The model of the crankshaft of one piston:  

1 – flywheel, 2 – crankshaft, 3 – torsional vibration damper 

The following system of generalized coordinates is introduced to the proposed model (Figs. 1 
and 2): ߶ – rotation angle of flywheel of the engine, ߮ – rotation angle of the disk of torsional 
vibration damper, ℎ –horizontal deformation of the crank, ݒ – vertical deformation of the crank. 

 
Fig. 2. Crank of shaft global displacement 

Due to high stiffness of crankshafts used in automotive, it is possible to simplify the use of 
small deformations of the object, and as a result, of the linear elastic model. In such a system the 
relation between vector of generalized forces and the displacement vector is linear. Moreover, 
Clappeyron systems theory shows that these relations may be presented as follows: ܨ௡ = ݇௡௡ݑ௡+݇௡ఛݑఛ+݇௡఍ߞ, (1)
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ఛܨ = ݇௡ఛݑ௡+݇ఛఛݑఛ+݇ఛ఍ߞ, ఍ܯ(2) = ݇௡఍ݑ௡+݇ఛ఍ݑఛ+݇఍఍ߞ, (3)

or more generally: ܨ = (4) .ݑܭ

Theoretical considerations show that dependencies in the considered segment of crank system 
Eqs. (1)-(4) will simplify. Some elements of stiffness matrix will be zero for the assumed system 
of forces and moments: ݇௡ఛ = ݇௡఍ = 0. (5)

The interaction of gas forces and piston inertia in the assumed model of crank system is shown 
as a system of forces affecting the crank. 

3. The general form of the equations of motion of the crankset with a torsional vibration 
damper 

The previous considerations show that a seemingly simple mechanism, which is the crank 
system, is characterized by a very complicated mechanical structure. The main cause for this, is 
strongly nonlinear geometry of motion of individual elements of a discussed object. Obviously, 
obtaining equations of motion of this system is not simple, especially with the use of balance 
methods (vector methods). It is much more convenient to use formalisms of analytical mechanics, 
such as Lagrange or Hamilton formalism. The experiments show that in the case of mechanical 
systems with holonomic constraints (in the analysed problem all constraints are geometric) the 
Lagrange equations of second kind are very effective. 

The formalism of Lagrange equations is based on the analysis of the system and total kinetic 
and potential energy. This is especially convenient because of the simplicity in determining 
mechanical quantities. Having calculated the individual parts of Lagrange formalism, the 
following equations of motion of the analysed crankset are obtained: ሺܫ௥௘ௗ+݉௪௞ܴଶሻ߶̈ − ݉௪௞ℎܴ̈sin߶ + ݉௪௞ܴ̈ݒcos߶      +݇௡௡ሺℎcos߶ + ߶cosݒsin߶ሻሺݒ − ℎsin߶ሻ      + ൬݇ఛఛሺℎsin߶ − cos߶ሻ+݇ఛഅሺ߮ݒ − ߶ሻ൰ ሺℎcos߶ + −       sin߶ሻݒ ቀ݇఍ఛሺݔsin߶ − cos߶ሻ+݇఍఍ሺ߮ݕ − ߶ሻቁ = ሻ, (6)ݐேሺܯ

݉௪௞ℎ̈ − ݉௪௞ܴsin߶߶̈ − ݉௪௞ܴcos߶߶̇ଶ + ݇௡௡ሺℎcos߶ + +      ߶sin߶ሻcosݒ ൬݇ఛఛሺℎsin߶ − cos߶ሻ+݇ఛഅሺ߮ݒ − ߶ሻ൰ sin߶ = ௛ܲሺݐሻ, (7)݉௪௞̈ݒ+݉௪௞ܴcos߶߶̈ − ݉௪௞ܴsin߶߶̇ଶ + ݇௡௡ሺℎcos߶ + −      ߶sin߶ሻsinݒ ൬݇ఛఛሺℎsin߶ − cos߶ሻ+݇ఛഅሺ߮ݒ − ߶ሻ൰ cos߶ = ௩ܲሺݐሻ, ߶௧ł߮̈+݇ఛఛሺℎsinܫ(8) − cos߶ሻ+݇ఛഅሺ߮ݒ − ߶ሻ+ థ݂௥௘௦ሺΦሻ = 0, Φ̈ܫ(9) = ݂௥௘௦ሺΦሻ, (10)

where: Φ – vector of generalized coordinates of torsional vibration damper, ܫ – inertia matrix of 
torsional vibration damper, ݂௥௘௦ሺ ሻ – operator of the right side of equation of dynamics of torsional 
vibration damper. 
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4. The problem of identifying a dynamic model 

The model of dynamics of the crankset may describe the dynamics of a real crank system [4]. 
It happens under the condition of precise determining its particular parameters. There does not 
exist the possibility of direct measurement of unknown quantities because of the simplifications 
used in the model. Therefore, such a model would be worthless in structural or diagnostic 
applications. The only effective method to enforce the compliance of theoretical and experimental 
results is the identification of a dynamic model. The parametric identification (one in which the 
structure of the model is precisely determined) can be defined as follows: ݓሺݐ, ௜ሻݖ − ܵ௧ሼݓௗሺݐሻሽ ≤ ,ߜ (11)

where: ݓሺݐ,  ሻ – the result of the experiment, ܵ௧ሼ ሽ – the selectionݐௗሺݓ ,௜ሻ – a model solutionݖ
operator in time domain, ߜ – permissible total error of identification process. 

The use of selection operator in time domain ܵ௧ሼ ሽ is necessary because of the existence of 
additional information present in the measurement, which is not connected with the identified 
model. The transformation of Eq. (11) to the frequency domain is also possible: ܹሺ݂, ௜ሻݖ − ௙ܵሼݓௗ௢ś௪ሺݐሻሽ ≤ Δ + Ψ, (12)

where: ܨሼ ሽ – the result of the experiment, ௙ܵሼ ሽ – selection and averaging operator in frequency 
domain. 

Dependencies Eqs. (11) and (12) make no sense without defining the relevant metrics. It is 
convenient to define the distance in time and frequency domain in the following way: 

,ሻݐሺݔ൫ߩ ሻ൯ݐሺݕ = ቆන ൫ݔሺݐሻ − ߨሻ൯sinሺ2ݐሺݕ ௜݂ݐሻ்݀ݐ
଴ ቇଶ

      + ቆන ൫ݔሺݐሻ − ߨሻ൯cosሺ2ݐሺݕ ௜݂ݐሻ்݀ݐ
଴ ቇଶ. (13)

Making a comparison of theoretical solution (Fig. 3) with the results of experiments (Fig. 4), 
the unknown parameters of discussed system in the process of parametric identification are 
designated. 

 
Fig. 3. The spectrum of transverse vibration 
accelerations of the model of crank system 

 
Fig. 4. The registered spectrum of transverse 

vibration accelerations of the body of a car engine 

5. Conclusions 

Modelling of crank system dynamics is very difficult. The main problem is the “accuracy” of 
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the model. It is possible to propose a very complex model, the analysis of which will be very 
difficult, or a model simple in construction and analysis. On the other hand, it is easier to identify 
individual elements of the system for more advanced modelling. However, for models with a high 
level of abstraction such a process may not be directly feasible because of generality of this 
research. For this reason, it is worth to make an identification process of a dynamic model. 

The paper presents the numerical solution of the analysed model of crank system and the 
results for the real object. Furthermore, there were described the details of the process of “tuning” 
of the considered system of equations. 

Bending-torsional coupling of vibrations present in the model is the reason for a complicated 
frequency structure of the analysed object. Moreover, it is possible to use this phenomenon in 
practical applications. 

The model proposed in the paper, identified on the basis of experiments, may serve as an 
important tool in the design process of systems eliminating vibrations and the measurements of 
engine vibrations. It can also serve as a valuable source of diagnostic information about the 
technical condition of piston engines, in particular torsional vibration dampers [5]. 
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