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Abstract. A linear single degree-of-freedom (SDOF) oscillator with fractional-order PID 
controller of acceleration feedback is investigated by the averaging method, and the approximately 
analytical solution is obtained. Moreover, the numerical solution of the system is obtained by the 
step-down order method and the power series method progressively. The effects of the parameters 
in fractional-order PID controller on the dynamical properties are characterized by some new 
equivalent parameters. The proportional component of fractional-order PID controller is 
characterized in the form of equivalent mass. The integral component of fractional-order PID 
controller is denoted in the form of the equivalent linear damping and equivalent mass. The 
differential component of fractional-order PID controller is denoted in the form of the equivalent 
linear negative damping and equivalent mass. Those equivalent parameters could distinctly 
illustrate the effects of the parameters in fractional PID controller on the dynamical response. A 
comparison between the analytical solution with the numerical results is made, and their 
satisfactory agreement verifies the correctness of the approximately analytical results. The effects 
of the parameters in fractional-order PID controller on control performance are further analyzed 
by some performance parameters of the time response. Finally, the robustness of the 
fractional-order PID controller based on acceleration feedback is demonstrated through the control 
of a SDOF quarter vehicle suspension model. 
Keywords: fractional-order PID controller, averaging method, approximately analytical solution. 

1. Introduction 

Fractional-order calculus includes the fractional-order integration and fractional-order 
differentiation, which is a natural generalization of traditional integer-order counterpart. The 
fractional-order calculus theory and numerical methods have made great progress in recent years 
[1-7]. Since many engineering problems can be described by fractional-order differential or 
integral equations, the application of fractional-order calculus in engineering is becoming more 
and more extensive. One of the important aspects is to add fractional-order feedback in the 
controlled system to improve the control performance, where the advantages of good robustness 
and strong anti-noise ability with fractional-order feedback are considered. For example, Chen et 
al. [8] studied the influence of fractional-order damping on the dynamic characteristics of van der 
Pol system. Song et al. [9] addressed the robust consensus problem of fractional-order linear 
multi-agent systems with positive real uncertainty. Wu et al. [10] studied the application of 
fractional-order calculus in the control of semi-active air suspension. Zeng et al. [11] applied 
fractional-order control to a fish processing machine and evaluated the performance through 
physical experiment. 

PID (Proportional Integral Derivative) controllers are the most popular controllers used in 
industry because of their simplicity, performance robustness, and the availability of many 
effective and simple tuning methods based on minimum plant model knowledge. Podlubny [12] 
extended the traditional integer-order PID controller to the fractional-order counterpart. Compared 
with the traditional integer-order PID controller, the fractional-order PID controller has great 
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advantages in stability and dynamic performance. At present, the research on fractional-order PID 
controller was mainly focused on the design method, stability analysis and parameters 
optimization of the controller [13-19].  

Due to the application of acceleration feedback control is very extensive [20-24], a linear single 
degree-of-freedom (SDOF) oscillator with fractional-order PID controller of acceleration 
feedback is studied in this paper. The paper is organized as follow. Based on the averaging method, 
Section 2 presents the approximately analytical solution of the SDOF oscillator with 
fractional-order PID controller of acceleration feedback, where the equivalent linear damping, 
equivalent linear negative damping and three equivalent mass parameters are defined. These five 
equivalent parameters could completely reveal the effects of the coefficients and the orders in 
fractional-order PID controller on convergence speed and frequency characteristic of the 
approximate solution. In Section 3 the numerical solution of the system is obtained by the 
step-down order method and the power series method progressively. And the comparison between 
the analytical and numerical solution is presented. In Section 4, the effects of the coefficients and 
the orders in fractional-order PID controller on system control performance are further analyzed 
by some performance parameters of the time response. In Section 5, the parameter tuning process 
of fractional-order PID is demonstrated through the control of a SDOF quarter vehicle suspension 
model. In the vehicle suspension model, the fractional-order integral controller is arranged in the 
negative feedback loop, and the fractional-order PD controller is arranged in the positive feedback 
loop. The main conclusions are drawn at last. 

2. Approximately analytical solution 

The mathematical model for fractional-order PID controller in time domain is: (ݐ)ݑ = (ݐ)௣݁ܭ + ௧ିܦ௜ܭ ఒ݁(ݐ) + ,(ݐ)௧ఋ݁ܦௗܭ (1)

where (ݐ)ݑ and ݁(ݐ) are the output and input for controller respectively. ܭ௣, ܭ௜ and ܭௗ are the 
proportional constant, integration constant and differentiation constant respectively. ߣ and ߜ are 
the orders of fractional-order integral and differential component respectively. Fractional-order 
calculus is a generalization of integer-order integration and differentiation to non-integer order 
with fundamental operator ܦ௧௥. And the ݎ-order continuous operator is defined as: 

௧௥ܦ = ۔ۖەۖ
ۓ ݀௥݀ݐ௥ , Re(ݎ) > 0,1, Re(ݎ) = 0,න (݀߬)ି௥,௧

଴ Re(ݎ) < 0, (2)

where ݎ could be a real number, and ݐ is the upper bound of the integral operation. 
Supposing that a fractional-order PID controller is arranged in the negative feedback loop, the 

considered SDOF oscillator with fractional-order PID controller of acceleration feedback is shown 
as: ݉ݔሷ(ݐ) + (ݐ)ݔ݇ + (ݐ)ሶݔܿ + (ݐ)ሷݔ௣ܭ + ௧ିܦ௜ܭ ఒ[ݔሷ [(ݐ) + ሷݔ]௧ఋܦௗܭ [(ݐ) = 0, (3)

where ݉ is the mass, ݇ is the linear stiffness, and ܿ is the linear damping. The initial values are 
generally considered as (0)ݔ = ܽ଴  and ݔሶ(0) = 0 . The fractional orders are restricted as  
0 ≤ ߣ ≤ 1 and 0 ≤ ߜ ≤ 1. The necessity, advantage, and realization methods of fractional-order 
PID controller could be found in [12] and other references. There are many definitions about 
fractional-order derivative, and the Caputo’s definition is adopted here. Then the fractional-order 
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components of Eq. (3) are defined as: 

ሷݔ]௧ఋܦ [(ݐ) = [(ݐ)ݔ]௧ଶାఋܦ = 1Γ(1 − (ߜ න ݐ)(߬)′′′ݔ − ߬)ఋ௧
଴ ݀߬, ௧ିܦ(4) ఒ[ݔሷ [(ݐ) = [(ݐ)ݔ]௧ଶିఒܦ = 1Γ(ߣ) න ݐ)(߬)ᇱᇱݔ − ߬)ଵିఒ௧

଴ ݀߬, (5)

where Γ(ݖ) is Gamma function satisfying Γ(ݖ + 1) =  .(ݖ)Γݖ
Eq. (3) can be transformed into: ݔሷ(ݐ) + ߱଴ଶ(ݐ)ݔ + (ݐ)ሶݔߤߝ2 + [(ݐ)ݔ]௧ଶିఒܦ௜݇ߝ + [(ݐ)ݔ]௧ଶାఋܦௗ݇ߝ = 0, (6)

where: 

߱଴ = ඨ ݇݉ + ௣ܭ ߤߝ2   , = ܿ݉ + ௣ܭ , ௜݇ߝ = ௜݉ܭ + ௣ܭ , ௗ݇ߝ = ௗ݉ܭ + .௣ܭ
Then Eq. (6) could be solved by averaging method. 
The solution for Eq. (6) could be supposed as: ݔ = ሶݔ   ,cos߮(ݐ)ܽ = −߱଴ܽ(ݐ)sin߮, (7)

where ߮ = ߱଴ݐ + Based on the averaging method, one could obtain the standard equations: ሶܽ .ߠ (ݐ) = − ଴ߝ߱ ሼ ଵܲ[ܽ(ݐ), [ߠ + ଶܲ[ܽ(ݐ), [ߠ + ଷܲ[ܽ(ݐ), ,ሽsin߮[ߠ (8a)ܽ(ݐ)ߠሶ = − ଴ߝ߱ ሼ ଵܲ[ܽ(ݐ), [ߠ + ଶܲ[ܽ(ݐ), [ߠ + ଷܲ[ܽ(ݐ), ,ሽcos߮[ߠ (8b)

where: 

ଵܲ[ܽ(ݐ), [ߠ = ,(ݐ)ܽ]sin߮,ଶܲ(ݐ)଴ܽ߱ߤ2 [ߠ = −݇௜ܦ௧ଶିఒ[ܽ(ݐ)cos߮],ଷܲ[ܽ(ݐ), [ߠ = −݇ௗܦ௧ଶାఋ[ܽ(ݐ)cos߮].
The amplitude ܽ and the phase ߠ are the same small order variables as ߝ, and they change 

slower than ߮. Accordingly, one could obtain the approximate forms of the amplitude ܽ and the 
phase ߠ  in certain time interval. From the averaging method [25], one could select the time 
terminal ܶ  as ܶ = ߨ2  when ௜ܲ[ܽ(ݐ), [ߠ  (݅ = 1, 2, 3) is periodic function, or ܶ = ∞  when ௜ܲ[ܽ(ݐ), ݅) [ߠ =1, 2, 3) is aperiodic one. Expanding the integrals, one could obtain another form 
of Eq. (8a): ሶܽ (ݐ) = ሶܽଵ(ݐ) + ሶܽଶ(ݐ) + ሶܽଷ(ݐ), (9)

where: 

ሶܽ ଵ(ݐ) = − ଴߱ߨ2ߝ න ଵܲ[ܽ(ݐ), sin߮ଶగ[ߠ
଴ ݀߮ = ,(ݐ)ܽߤߝ− (10a)ሶܽ ଶ(ݐ) = − lim்→ஶ ଴߱ܶߝ න ଶܲ[ܽ(ݐ), sin்߮[ߠ

଴ ݀߮, (10b)
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ሶܽ ଷ(ݐ) = − lim்→ஶ ଴߱ܶߝ න ଷܲ[ܽ(ݐ), sin்߮[ߠ
଴ ݀߮. (10c)

In order to calculate Eq. (10b) and Eq. (10c), some important results about the definite integrals 
in references [26-27] are presented as: 

ଵܤ = lim்→ஶ න sin(߱ݐ)ݐ௣்
଴ ݐ݀ = ߱௣ିଵΓ(1 − cos(݌ ቀ2ߨ݌ ቁ, (11a)ܤଶ = lim்→ஶ න cos(߱ݐ)ݐ௣்
଴ ݐ݀ = ߱௣ିଵΓ(1 − sin(݌ ቀ2ߨ݌ ቁ (11b)

Then one could obtain: 

ሶܽ ଶ(ݐ) = lim்→ஶ ଴߱ܶߝ න ݇௜ܦ௧ଶିఒ[ܽ(ݐ)cos߮]sin்߮
଴ ݀߮      = − (ߣ)Γ(ݐ)௜߱଴ܽ݇ߝ lim்→ஶ 1ܶ න ቈන cos(߱଴߬ + ݐ)(ߠ − ߬)ଵିఒ௧

଴ ݀߬቉ sin(߱଴ݐ + ்(ߠ
଴ =       ݐ݀ − 2(ݐ)௜ܽ݇ߝ ߱଴ଵିఒcos ൬1 − 2ߣ ,൰ߨ

(12a)

ሶܽ ଷ(ݐ) = lim்→ஶ ଴߱ܶߝ න ൣ݇ௗܦ௧ଶାఋ[ܽ(ݐ)cos߮]൧sin்߮
଴ ݀߮       = Γ(1(ݐ)ௗ߱଴ଶܽ݇ߝ − (ߜ lim்→ஶ 1ܶ න ቈන sin(߱଴߬ + ݐ)(ߠ − ߬)ఋ௧

଴ ݀߬቉ sin(߱଴ݐ + ்(ߠ
଴ =       ݐ݀ 2(ݐ)ௗܽ݇ߝ ߱଴ఋାଵsin ൬2ߜ  .൰ߨ

(12b)

Accordingly, one can get: 

ሶܽ (ݐ) = (ݐ)ܽߤߝ− − 2(ݐ)௜ܽ݇ߝ ߱଴ଵିఒcos ൬1 − 2ߣ ൰ߨ + 2(ݐ)ௗܽ݇ߝ ߱଴ఋାଵsin ൬2ߜ .൰ߨ (13)

Similarly, one could get the simplified result about generalized phase as: 

ሶߠ(ݐ)ܽ = − 2(ݐ)௜ܽ݇ߝ ߱଴ଵିఒsin ൬1 − 2ߣ ൰ߨ − 2(ݐ)ௗܽ݇ߝ ߱଴ఋାଵcos ൬2ߜ .൰ߨ (14)

Furthermore, the amplitude and the phase are solved as: 

(ݐ)ܽ = ܽ଴ exp ൜൤−ߤߝ − ௜2݇ߝ ߱଴ଵିఒ sin ൬2ߣ ൰ߨ + ௗ2݇ߝ ߱଴ఋାଵ sin ൬2ߜ ൰൨ߨ ,ൠݐ (15a)ߠ = ൤− ௜2݇ߝ ߱଴ଵିఒcos ൬2ߣ ൰ߨ − ௗ2݇ߝ ߱଴ఋାଵcos ൬2ߜ ൰൨ߨ (15b) .ݐ

Substituting the original system parameters into Eq. (15), one can get: 

(ݐ)ܽ = ܽ଴ exp ൤൜− 12[݉ + [(ܲ)ܯ [ܿ + (ܫ)ܥ + ൠ[(ܦ)ܥ ,൨ݐ (16a)ߠ = − (ܫ)ܯ + ݉]2(ܦ)ܯ + [(ܲ)ܯ ߱଴ݐ, (16b)
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where the five new equivalent parameters are defined as: ܯ(ܲ) = (ܫ)ܥ௣, (17a)ܭ = ௜߱଴ଵିఒsinܭ ൬2ߣ (ܦ)ܥ൰, (17b)ߨ = ௗ߱଴ఋାଵsinܭ− ൬2ߜ (ܫ)ܯ൰, (17c)ߨ = ௜߱଴ିܭ ఒcos ൬2ߣ (ܦ)ܯ൰, (17d)ߨ = ௗ߱଴ఋcosܭ ൬2ߜ ൰, (17e)ߨ

where ߱଴ = ට݇ ൫݉ + ⁄௣൯ܭ = ඥ݇ [݉ + ⁄[(ܲ)ܯ . 

Accordingly, the approximately analytical solution for the SDOF oscillator with 
fractional-order PID controller of acceleration feedback could be established as: 

(ݐ)ݔ = ܽ଴ exp ൤൜− 12[݉ + [(ܲ)ܯ [ܿ + (ܫ)ܥ + ൠ[(ܦ)ܥ ൨ݐ × cos ቊ߱଴ − (ܫ)ܯ + ݉]2(ܦ)ܯ + [(ܲ)ܯ ߱଴ቋ (18) .ݐ

From Eq. (18) it could be found that (ܫ)ܥ increases the damping of Eq. (3) so that (ܫ)ܥ is 
defined as the equivalent damping. (ܦ)ܥ decreases the damping of Eq. (3) and it could be defined 
as the equivalent negative damping. Moreover, (ܫ)ܯ ,(ܲ)ܯ and (ܦ)ܯ will increase the mass of 
Eq. (3), and decrease the natural frequency of Eq. (3), so that (ܫ)ܯ , (ܲ)ܯ  and (ܦ)ܯ  are all 
defined as the equivalent masses. The effects of the fractional-order PID controller on the 
dynamical properties of SDOF oscillator could be summarized as follow. 

1) The proportional component of fractional-order PID controller could increase the mass and 
reduce the natural frequency of the system.  

2) The integral component of fractional-order PID controller would increase the damping and 
limit the amplitude of the system by ܭ௜߱଴ଵିఒsin(2/ߨߣ), and decrease the natural frequency of the 
system by −ܭ௜߱଴ଵିఒcos(2/ߨߣ)/2൫݉ +  .௣൯ܭ

3) The differential component of fractional-order PID controller would decrease the damping 
and increase the amplitude of the system by −ܭௗ߱଴ఋାଵsin(2/ߨߜ) , and decrease the natural 
frequency of the system by −ܭௗ߱଴ఋାଵcos(2/ߨߜ)/2൫݉ +  .௣൯ܭ

From Eq. (17), it could also be found that the function of fractional-order PID controller is not 
only related to the feedback of the system, but also on the coefficients ܭ௣, ܭ௜, ܭௗ and the orders ߣ 
and ߜ. That is listed here. 

1) The proportional component of fractional-order PID controller regulates the mass and the 
natural frequency of the system by ܭ௣. 

2) The integral component of fractional-order PID controller affects the dynamic 
characteristics of the system by ܭ௜ and ߣ. When ߣ = 0, the integral component degrades as linear 
mass ܭ௜ , and decreases the natural frequency of the system by − ௜߱଴ܭ 2(݉ + ⁄(௣ܭ . When ߣ 
changes from 0 to 1, the integral component will gradually degrade into linear damping. When ߣ = 1, the integral component degrades into linear damping ܭ௜.  

3) The differential component of fractional-order PID controller affects the dynamic 
characteristics of the system by ܭௗ and ߜ. When ߜ = 0, the differential component degrades into 
linear mass ܭௗ, and decreases the natural frequency of the system by − ௗ߱଴ܭ 2(݉ + ⁄(௣ܭ . When ߜ changes from 0 to 1, the differential component gradually changes into linear negative damping. 
When ߜ = 1, the differential component degrades into linear negative damping, and decreases the 
damping of the system by −ܭௗ߱଴ଶ.  
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Supposing that the fractional-order PID controller is arranged in the positive feedback loop, 
the effect of fractional-order PID controller on the dynamic characteristics will be reversed, which 
will yield the negation of the equivalent parameters. This conclusion is easy to verify. 

3. Comparisons between the approximate analytical solution and numerical solution  

An illustrative example is studied herein as defined by the system parameters: ܽ଴ = –1,  ݉ = 5, ݇ = 10, ܿ = 0.3, ௣ܭ  = 0.5, ௜ܭ  = 1, ௗܭ  = 0.5, ߣ  = 0.6  and ߜ = 0.4.  Based on the 
approximately analytical solution as Eq. (18), one could analytically obtain the time history of the 
displacement for Eq. (3) denoted by the solid line shown in Fig. 1. 

 
Fig. 1. Comparison between the approximate analytical solution and numerical solution 

In order to verify the precision of the approximately analytical solution, we also present the 
numerical results. The relationship to the explicit numerical approximation of the power series 
method in reference [1-2] is: 

[(௡ݐ)ݕ]௣ܦ ≈ ℎି௣ ෍ ௡ି௝൯௡ݐ൫ݕ௝௣ܥ
௝ୀ଴ , (19)

where ݐ௡ = ݊ × ℎ is the sample points, ℎ is the sample step, and ܥ௝௣ is the binomial coefficient 
with the iterative relationship as: 

଴௣ܥ = ௝௣ܥ   ,1 = ൬1 − 1 + ݆݌ ൰ ௝ିଵ௣ܥ . (20)

However, we can’t directly use the power series method for Eq. (3). Because the 
fractional-order differentiation and integration are linear operations: ܦ௧௣[(ݐ)݂ߛ + [(ݐ)݃ߤ = (ݐ)௧௣݂ܦߛ + .(ݐ)௧௣݃ܦߤ (21)

Eq. (3) can be transformed into: (݉ + [(ݐ)ݔ]௧ଶିఋܦ(௣ܭ + [(ݐ)ݔ]௧ଵିఋܦܿ + ௧ିܦ݇ ఋ[(ݐ)ݔ] + [(ݐ)ݔ]௧ଶିఒିఋܦ௜ܭ + [(ݐ)ݔ]௧ଶܦௗܭ = 0, (22)

by step-down order. 
According to Eqs. (19), (20) and (22), the numerical scheme for Eq. (3) can be shown as: 

(௡ݐ)ݔ = ℎ(௡ିଵݐ)ݕ − ෍ ௡ି௝൯௡ݐ൫ݔ௝ଵܥ
௝ୀଵ , (23a)
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(௡ݐ)ݕ = −ൣ(݉ + (௡ିଵݐ)ଵݖ(௣ܭ + (௡ିଵݐ)ଶݖܿ + (௡ିଵݐ)ଷݖ݇ + ൧(௡ିଵݐ)ସݖ௜ܭ ℎܭௗ 

      − ෍ ௡ି௝൯௡ݐ൫ݕ௝ଵܥ
௝ୀଵ , (23b)

(௡ݐ)ଵݖ = −ൣ(݉ + (௡ିଵݐ)ଵݖ(௣ܭ + (௡ିଵݐ)ଶݖܿ + (௡ିଵݐ)ଷݖ݇ + ൧(௡ିଵݐ)ସݖ௜ܭ ℎఋܭௗ 

      − ෍ ௡ି௝൯௡ݐଵ൫ݖ௝ఋܥ
௝ୀଵ , (23c)

(௡ݐ)ଶݖ = ℎఋ[(௡ݐ)ݕ] − ෍ ௡ି௝൯௡ݐଶ൫ݖ௝ఋܥ
௝ୀଵ , (23d)

(௡ݐ)ଷݖ = ℎఋ[(௡ݐ)ݔ] − ෍ ௡ି௝൯௡ݐଷ൫ݖ௝ఋܥ
௝ୀଵ . (23e)

For ߣ + ߜ ≤ 1, one could obtain: 

(௡ݐ)ସݖ = −ൣ(݉ + (௡ݐ)ଵݖ(௣ܭ + (௡ݐ)ଶݖܿ + (௡ݐ)ଷݖ݇ + ൧(௡ିଵݐ)ସݖ௜ܭ ℎఒାఋܭௗ      − ෍ ௡ି௝൯௡ݐସ൫ݖ௝ఒାఋܥ
௝ୀଵ . (23f)

If 1 < ߣ + ߜ ≤ 2, one should use: 

(௡ݐ)ସݖ = ℎఒାఋିଵ[(௡ݐ)ݕ] − ෍ ௡ି௝൯௡ݐସ൫ݖ௝ఒାఋିଵܥ
௝ୀଵ . (23g)

Here we select ℎ = 0.001. And the initial values for the fractional-order terms could be roughly 
selected as [27]: ܦ௧௣[(0)ݔ] = ܽ଴cos ቀ2݌ .ቁߨ (24)

As a comparison, the time history by numerical solution is also shown in Fig. 1 by the circles. 
From the observation of Fig. 1, it could be concluded that the approximately analytical solution 
agrees very well with the numerical results. 

4. Analysis of the control performance 

In this section, we will study the effects on system control performance of the coefficients ܭ௣, ܭ௜  and ܭௗ,  and the orders ߣ  and ߜ  in fractional-order PID controller. The effects of 
fractional-order PID controller parameters on the rise time and peak value of system will be 
emphatically analyzed. 

4.1. Rise time  

The rise time ݐ௥  which is the time for the system response curve to reach the steady-state 
amplitude. Based on Eq. (18), one could get: 
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ܽ଴ exp ൤൜− 12[݉ + [(ܲ)ܯ [ܿ + (ܫ)ܥ + ൠ[(ܦ)ܥ ൨ݐ × cos ൜߱଴ݐ − (ܫ)ܯ + ݉]2(ܦ)ܯ + [(ܲ)ܯ ߱଴ݐൠ = 0. (25)

In order to get the simplified form, another two equivalent parameters are defined, i.e. the 
equivalent negative stiffness (ܫ)ܭ = (ܦ)ܭ ଴ଶ and߱(ܫ)ܯ− =  ଴ଶ. The effects on system߱(ܦ)ܯ−
dynamics of the equivalent negative stiffness and equivalent mass are consistent, which can be 
proved by the following method. By using the Taylor series expansion one could obtain: 

(ܫ)ܯ]ଵܨ + [(ܦ)ܯ = ඨ ݇݉ + (ܲ)ܯ + (ܫ)ܯ + (ܦ)ܯ ≈ ߱଴ − (ܫ)ܯ + ݉]2(ܦ)ܯ + [(ܲ)ܯ ߱଴, (26a)

(ܫ)ܭ]ଶܨ + [(ܦ)ܭ = ඨ݇ + (ܫ)ܭ + ݉(ܦ)ܭ + (ܲ)ܯ ≈ ߱଴ + (ܫ)ܭ + ݉]2(ܦ)ܭ + ,଴߱[(ܲ)ܯ (26b)

where ܨଵ(ݖ) = ඥ݇ [݉ + (ܲ)ܯ + ⁄[ݖ  and ܨଶ(ݖ) = ඥ(݇ + (ݖ [݉ + ⁄[(ܲ)ܯ  and ݖ is a variable. 
Letting ܯ be the equivalent mass of system and ܯ = ݉ +  be the equivalent stiffness ܭ ,(ܲ)ܯ

of system and ܭ = ݇ + (ܫ)ܭ + ௡߱ ,(ܦ)ܭ  be the equivalent natural frequency of system and  ߱௡ = ඥܭ ⁄ܯ , from Eqs. (25) and (26) one could obtain: ݐ௥ = 2ߨ ൜߱଴ − (ܫ)ܯ + ݉]2(ܦ)ܯ + [(ܲ)ܯ ߱଴ൠ ≈ ܯܭ2ටߨ = .2߱௡ߨ
(27)

Obviously, the rise time of system is related with the stiffness and the equivalent mass. The 
rise time will become longer with the increase of ܭ௣. The fractional-order PID controller will be 
changed into the traditional integer-order counterpart when ߣ = 1 and ߜ = 1. And the rise time 
will remain unchanged with the change of ܭ௜ and ܭௗ. Conversely, when ߣ ≠ 1 and ߜ ≠ 1, the rise 
time will last longer with the increase of ܭ௜ or ܭௗ. 

In order to analyze the effect of the fractional orders more intuitively, other two parameters 
are fixed as ܭ௜ = 1 and ܭௗ = 1. Henceforth we shall adopt the same initial value, except the 
parameter is specified as a variable. If the fractional order ߣ in integral component is changed 
from 0 to 1, one could obtain the equivalent natural frequency curve which is shown as Fig. 2. It 
could be found that the equivalent natural frequency tends to become larger with the increase of ߣ. Then the rise time will become shorter with the increase of ߣ. 

 
Fig. 2. Equivalent natural frequency curve with ߣ 

 
Fig. 3. Equivalent natural frequency curve with ߜ 

When the fractional order ߜ in differential component is changed from 0 to 1, one could obtain 
the equivalent natural frequency curve shown as Fig. 3. It could be found that the equivalent 
natural frequency remains almost unchanged for small ߜ and then tends to become larger with the 
increase of ߜ. Then the rise time will remain approximately invariant at first and then become 
shorter with the increase of ߜ. 
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4.2. Peak value  

The time of peak value ݐ௣ is the time for the system response curve to reach the first peak 
amplitude. From Eq. (18), one could get: ݀ݐ݀(ݐ)ݔ ቚ ௧ୀ௧೛ = 0. (28)

After expanding and simplifying Eq. (28), one could obtain: 

sin ൜߱଴ݐ௣ − (ܫ)ܯ + ݉]2(ܦ)ܯ + [(ܲ)ܯ ߱଴ݐ௣ൠ = 0. (29)

Then, one could get: ݐ௣ = ൜߱଴ߨ − (ܫ)ܯ + ݉]2(ܦ)ܯ + [(ܲ)ܯ ߱଴ൠ ≈ ܯܭටߨ = .௡ߨ߱
(30)

Substituting Eq. (30) into Eq. (18), the peak value could be obtained as: 

௣ܯ = −ܽ଴ exp ൜− ܭܯ√2ܥ ൠߨ = −ܽ଴݁ሼିకగሽ, (31)

where ܥ = ܿ + (ܫ)ܥ + (ܦ)ܥ  and ߦ = ܥ ⁄ܭܯ√2 . Here ܥ  is defined as the equivalent linear 
damping of system, and ߦ is defined as the equivalent damping ratio. Apparently, the peak value 
will become smaller with the increase of ߦ. 

The peak value will become larger with the increase of ܭ௣. When the integral component 
coefficient ܭ௜ is changed from 0 to 8, one could obtain the equivalent damping ratio curve of the 
fractional-order PID controller, which is shown in Fig. 4 by solid line. At the same time, the 
equivalent damping ratio curve of the traditional integer-order PID counterpart is shown by dotted 
line. From Fig. 4, it could be found that the equivalent damping ratio becomes larger with the 
increase of ܭ௜. The peak values of the two kinds of controllers will be almost the same at the 
beginning stage, and then the peak value of the fractional-order PID controller will be smaller than 
the traditional integer-order counterpart. 

If the differential component coefficient ܭௗ  is changed from 0 to 5, one could obtain the 
equivalent damping ratio curve of the fractional-order PID controller, which is shown in Fig. 5 by 
solid line. Meanwhile, the equivalent damping ratio curve of the traditional integer-order PID 
counterpart is shown by dotted line. From Fig. 5, it could be found that the equivalent damping 
ratios become progressively smaller with the increase of ܭௗ.  The peak values of the 
fractional-order PID controller will be smaller than the traditional integer-order counterpart at the 
beginning stage, and then it will be larger than the traditional integer-order counterpart. Obviously, 
when ߦ < 0, the system will be unstable.  

If the fractional order ߣ in integral component is changed from 0 to 1, one could obtain the 
equivalent damping ratio curve, which is shown in Fig. 6. From Fig. 6, it can be observed that the 
equivalent damping ratio will increase to the maximum and then decrease slightly. Therefore, the 
peak value will decrease to the minimum and then increase slightly. 

When the fractional order ߜ in differential component is changed from 0 to 1, one could obtain 
the equivalent damping ratio curve, which is shown in Fig. 7. From Fig. 7, it could be found that 
the equivalent damping ratio become smaller progressively with the increase of ߜ. Accordingly, 
the peak value will become larger with the increase of ߜ. 
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Fig. 4. Equivalent damping ratio curves with ܭ௜  

Fig. 5. Equivalent damping ratio curves with ܭௗ 
 

 
Fig. 6. Equivalent damping ratio curve with ߣ 

 
Fig. 7. Equivalent damping ratio curve with ߜ 

5. Control example 

When designing a closed-loop control system, one should determine the type of feedback and 
then select the components of controller and tune parameters according to the control objectives, 
so as to improve the control performance. The vehicle suspension could be simplified to a SDOF 
control system under some assumptions. Next, we will study the active control of a SDOF quarter 
vehicle suspension model by fractional-order PID controller with acceleration feedback.  

The selected basic system parameters are ݉ = 240, ݇ = 16000, ܿ = 1000, ܽ଴ = –0.01, and 
one can get the damping ratio ߦ = 0.2552 and the natural frequency ߱௡ = 8.165. A well-designed 
vehicle suspension should provide isolation by reducing forces transmitted from vehicle axle to 
vehicle body [28]. In order to improve the ride comfort and guarantee a certain rapidity of the 
dynamic response, the control objectives are designed for that, the damping ratio ߦ = 0.4, and the 
rise time remain unchanged, when the sprung mass is changed to ݉௙ = 320.  

Through the analysis of Section 4, one should arrange the fractional-order integral controller 
in the negative feedback loop, and arrange the fractional-order PD controller in the positive 
feedback loop. 

According to the control objectives of system, one could get: ܿ + ௜߱଴ଵିఒsinܭ ቀ2ߣ ቁߨ + ௗ߱଴ఋାଵsinܭ ቀ2ߜ ቁ2ට(݉௙ߨ − (௣ܭ ൤݇ − ௜߱଴ଶିఒcosܭ ቀ2ߣ ቁߨ + ௗ߱଴ఋାଶcosܭ ቀ2ߜ ቁ൨ߨ = 0.4, (32a)

ඩ݇ − ௜߱଴ଶିఒcosܭ ቀ2ߣ ቁߨ + ௗ߱଴ఋାଶcosܭ ቀ2ߜ ቁ݉௙ߨ − ௣ܭ = 8.165, (32b)

ඨ ݇݉௙ − ௣ܭ = ߱଴. (32c)
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Solving Eq. (32), one can obtain infinite sets of solutions. For convenience of calculations, one 
could let ߣ = ߜ ,0.5 = 0.5, and ܭ௜ = ௗ߱଴ܭ , then obtain a set of solutions, which is ܭ௣ = ௜ܭ  ,80 = 140.4774 and ܭௗ = 17.2049. The time histories of the vibration displacements before and 
after control are shown in Fig. 8. Obviously, the rise time of the system response is guaranteed, 
and the peak value is reduced, when the system is under the fractional-order PID control. The 
results show that, the fractional-order PID controller can achieve the control demands. 

 
Fig. 8. Comparison of before and after control 

 
Fig. 9. Comparison between fractional-order  

and integer-order PID controllers 

Letting ߣ = ߜ ,1 = 1, and ܭ௜ = ௣ܭ ௗ߱଴ଶ, one could obtain another set of solutions, which isܭ = ௜ܭ ,80 = ௗܭ ,283.8367 = 4.2576. The traditional integer-order PID controller can achieve 
the same control demands.  

Next, the control performances are compared between the fractional-order PID and the 
traditional integer-order PID controller. When the stiffness of vehicle suspension is changed as ݇ = 10000, one could obtain the time histories of the vibration displacements with the PID 
controller of the above parameters, which are shown in Fig. 9. Apparently, the fractional-order 
PID controller has better robustness for the change of the stiffness. 

6. Conclusions 

A linear single degree-of-freedom oscillator with fractional-order PID controller of 
acceleration feedback is studied in this paper. The approximately analytical solution is obtained 
by the averaging method. The numerical solution is obtained by the step-down order method and 
the power series method. The accuracy of the method and the analytical results are demonstrated 
by comparison with the numerical solution. The effects of the parameters in fractional PID 
controller on the dynamical properties are characterized by equivalent linear damping, equivalent 
linear negative damping and three equivalent mass parameters. The effects of the parameters in 
fractional-order PID controller on system control performance are analyzed in detail by some 
performance parameters. Finally, the robustness of the fractional-order PID controller based on 
acceleration feedback is demonstrated through a control example. The research method and results 
may be helpful to the design of fractional-order PID controller of acceleration feedback, and 
provide a foundation for the control of free vibration with fractional-order PID controller. 
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