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Abstract. In this paper a nonlinear dynamic model for drill string in inclined well drilling is
developed. Effects of drilling mud flow rate, weight on bit, angular velocity along with viscous
damping on stability and vibration of the drill string are studied. Findings indicate the nonlinear
effects are significant on the results. The effects of drilling mud flow rate and weight on bit on the
natural frequencies and time responses are evaluated. Enhancement of drilling mud flow rate
results in decreasing of natural frequencies and vibrational amplitude, while increasing the weight
on bit, leads to decrease of the natural frequencies and increase the vibrational amplitude.
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1. Introduction

Investigation of vibrations in drill string like every other rotary machine is very important.
Impact and friction at the borehole/drill string, wall contact, stick-slip, initial curvature in the drill
collar section and the deviation angle of the borehole are the main causes of drill string vibrations.

Drill string vibrations are generally complex because all axial, lateral and torsional vibrations
are present and coupled linearly and nonlinearly. Dunayevsky et al. [1] studied modal
characteristics of the drill string using finite element method to analyze instability. They
considered linear coupling between the axial and transverse vibrations. Jansen [2, 3] studied the
transverse vibrations of drill string caused by whirling considering contacts with the wellbore wall.
In the next work, he designed a control system for reduction of torsional vibration using torsional
pendulum model. He did not consider the effects of axial force. Yigit and Christoforou [4-6]
worked on dynamic models of nonrotating and rotating drillstring. They studied coupled
vibrations between axial-transverse and torsional-transverse separately.

Khulief and Al-Naser [7] used Lagrangian approach to formulate the finite element model of
a rotating drill string considering the effect of the neutral point position. Apostal et al. [§]
developed a three dimensional finite element model to study the forced frequency and harmonic
response of a non-rotating BHA. Berlioz et al. [9] used finite element method with the rotor
dynamics theory to formulate dynamic model for the drill string. Many researches were carried
out regarding bending vibration and stability [10, 11], modeling of mud [12, 13] and modeling of
rotating beam and its dynamics [14, 15].

In modeling the drilling mud, Paidoussis [12, 13] studied dynamics of a hanging tubular
cantilever conveying fluid downwards in inner of the cantilever and upwards in the outer annular
region contained by the cantilever and a rigid cylindrical channel.

The main purpose of this paper is to develop a nonlinear model and investigation of time
response for a drill string system dynamics in an inclined well with considering mud flow rate by
FEM. In this article for the first time nonlinear formulation of directional drilling dynamics is
developed and effects of mud flow rate, WOB and angular velocity are considered simultaneously
on drill string stability and time response.
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2. Material and method
2.1. General method of solution

First kinetic and potential energies of an element of drill string are derived. In these equations
the effect of geometrical shortening, which couples axial and lateral vibration, is considered and
nonlinear coupling terms are retained. Because natural frequencies of axial vibrations are several
orders of magnitude higher than those of the torsional vibrations [14], torsional vibrations are not
considered. The motion equation of the drill string system is derived through Hamilton's principle.
To find static stability first we have to find equilibrium points of the system. This would be done
by taking the first order derivative of the potential energy. And after that to find the stability of
equilibrium points, sign of the second order derivative should be examined.

In this paper the eccentricity of drill string is omitted and the system is assumed to be balanced.
Also helical buckling is neglected and contact between the drill string and the wellbore is assumed
to be only in the stabilizer’s position and the clearances between stabilizers and borehole wall are
neglected. In deviated hole, drill string is supposed as a straight beam and the effect of well
curvature is not being included. Numerical solutions obtained in this study are compared with the
available experimental data to validate the theoretical results.

2.2. Equation of motion

Each part of drill string (pipe or collar) is assumed to be hollow solid cylinder with uniform
cross section (Fig. 1). Gyroscopic moments due to rotation of the drill string and transverse
vibration are included through external virtual work terms.

Stabilizer

L.

WOB
Fig. 1. Presentation of general model of drill string

2.3. Kinetic and potential energies

Kinetic and potential energies of a rotating beam element with constant angular velocity can
be written as [15]:

1 XetLe
T, = Ef (pahe@? + V% + W?) + pal,(v'? +Ww'?)
Xe

+2p41.QQ — v'W' — v'w"))dx,

)

where p, is the mass density of the drill string, L, is the length of the element whether in drill pipe
or drill collar, x, is the global coordinate of the first node of element, 4, is the element
cross-sectional area, @, 7, W are components of mass center velocity of an element and (") denotes
a partial derivatives with respect to x. The potential energy of an element of drill string is
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expressed as below. Note that  is the deviation angle of the borehole:

1 2

Xe+L
eTle 1 1
U, = —f EI,(v"? +w"?) + EA, (u’ +ovP+ —w’2>
Xe

2 2
1 1 (@)
—(P+ A (pg — prm)g(L — x) cos a) <u’ + Ev’z + Ew’2>

+24,.(pg — pm)g sin a w)dx.

From Eq. (2) coupling between transverse and axial deformations is evident. Using finite
element method to convert non-linear integral of energies to non-linear scalar ones, and finding
the minimum path of variation by the equilibrium position of Lagrangian, equations of motion can
be written. To model lateral and axial vibrations, beam’s and bar’s shape functions are used.

2.4. Virtual work

The virtual work due to gyroscopic moments can be written as [5]:
XetLe
Wy = Zpdﬂf I,(W"sv —v"sw)dx. ?3)
Xe

For the virtual work done by drilling mud, all of hydrodynamic forces on drill string which are
in-viscid, viscid and frictional forces should be calculated. These forces are formulated in [12, 13].
By evaluation the works done by external forces associated to each element, the appropriate
matrixes would be assembled and the final form of works done by external forces would be
achieved.

2.5. Assembled potential and kinetic energy

Using Lagrangian principle by combination of kinetic and potential energy with works done
by external forces, equations of motion can be developed. Stabilizers are assumed to limit any
displacement in lateral directions and prevent drill collar from bending in y or z directions. To
apply boundary conditions, the whole drill string is supposed to be a simply supported rotor. The
equations of motion can now be derived by using Lagrangian method. In order to find the stability
condition of the drillstring, it is needed to find the equilibrium position of the string, dropping
time dependent terms from equations of motion.

2.6. Investigation of equilibrium regions

To find the stability of these positions, the second order derivative of the system’s Lagrangian
should be examined. If the matrix of the second order derivatives of the system’s Lagrangian is
positive definite, the equilibrium position is stable; otherwise it is unstable.

3. Results and discussions
3.1. Results

This simulation is based on Khulief’s drillstring model [7] in which inclination of the string is
not included. The drill string configuration is listed in Table 1.

In drilling process, the angular velocity is about 100-300 rpm [6], consequently effects of
angular velocity can be neglected for static stability analyses. In all figures, height of the neutral
point which causes buckling is known as the critical height of neutral point and represented

by (H).
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In Fig. 2 effects of deviation angle of the well on drill strings stability is presented. Different
flow rates and angular velocities are compared. It is shown increasing mud flow rate and angular
velocity of drill string will decrease the ultimate of weight on bit for stable drilling.

Table 1. Drill string configuration used by Khulief [7] (aside from lengths
Drill pipe specification Material specification
Length (m) 1000 | Drill string density kg/m? 7850
Outer diameter (mm) | 127 | Modulus of elasticity (GPa) 210
Inner diameter (mm) 95 | Drilling mud density kg/m3 1500

Drill collar specification General specification
Length (m) 200 | Borehole diameter (mm) 300
Outer Diameter (mm) | 228 | Gravity acceleration m/s? 9.81
Inner Diameter (mm) 76 | Deviation angle (rad) 0.0524
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Fig. 2. Stability threshold of drill string with parameters according to Table 1 and length which are 20 m

for drill pipe and 100 m for drill collar with one stabilizer at xg;4;, = 70 m from the top
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Fig. 3. Comparing a) amplitude and b) velocity of vibration in vertical and inclined drill string with
deviation angle 3 degree in response to H = 10 + 10sin(10mt/3) with Q = 100 rpm and Q = 0
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Time response of a drill string in deviated well is compared to vertical well. To discuss the
nonlinear response of drill string in deviated wells, time responses of vibration in deviated and
vertical drilling are compared in Fig. 3. In this comparison the mud flow rate is neglected so that
the effects of deviation are easier to follow. As the Fig. 3 indicates, damping of system is low due
to static mud around the drill string and Fig. 4 shows that how mud flow rate would damped the
vibration of drill string either in vertical or deviated drilling.
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Fig. 4. Comparing a) amplitude and b) velocity of vibration in vertical and inclined drill string with
deviation angle 3 degree in response to H = 10 + 10sin(107xt/3) with Q = 100 rpm and Q = 50 lit/s

Also in deviated drilling, natural frequency of drill string would decrease, and amplitude of
lateral vibration would increase in comparison to vertical drilling. This behavior is the result
decrease of WOB.

In Fig. 5 velocity variation versus lateral deflection with and without mud flow rate in deviated
and vertical drillings are compared. It is shown damping effect of mud flow rate cause the drill
string to vibrate around its stable position as time passes. In vertical drilling, drill string vibrates
in an elliptical way around its stable point, however in deviated drilling not only it vibrates around
its stable center, but also it vibrates continuously around its temporary stable center with very low
frequency.

In Fig. 6, time response of the system in the lateral axis normal to the direction of the initial
displacement is shown. It should be noted that in deviated drilling aside of gyroscopic effects
which cause the drill string to vibrates in another axis, the components of weight force would
vibrate between two axes. This force causes vibrations with low frequencies and high amplitudes
compared to vertical drilling. In Fig. 6 effects of mud flow rate is not considered so that other
effects can be observed.

Instability and time response of a deviated drill string is considered using finite element
method and effects of drilling mud flow rate is studied which acts like a damper. Because of
deviation angle, weight of drill string causes deflection in drill string which rotates and makes
whirling in vibration. The results show how change of weight on bit, mod flow rate, angular
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velocity and deviation angle makes drill string instable.
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Fig. 5. Phase plan for a point in drill pipe (x = 200 m) in response to a H = 10 + 10 sin(107xt/3) with
Q=100rpm:a)a =0,Q = 0,b) a =0, Q = 50 lit/s, c) @ = 3°,Q = 0, d) a = 3°, Q = 50 lit/s
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Fig. 6. Amplitude of transverse vibration in the direction of w in response
to H = 10 4+ 10 sin(107t/3) with Q = 100 rpm: a) @ = 0, b) Q =50 lit/s

© JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. MAR 2016, VOL. 18, ISSUE 2. ISSN 1392-8716

1285



1970. NONLINEAR VIBRATION ANALYSIS OF DIRECTIONAL DRILL STRING CONSIDERING EFFECT OF DRILLING MUD AND WEIGHT ON BIT.
FARSHAD TAHERAN, VAHID MONFARED, SAEED DANESHMAND, ESMAEIL ABEDI

4. Conclusions

In this paper effects of mud flow rate, weight on bit, angular velocity and deviation angle on
stability and time response of an inclined drill string are analyzed. Considering rotation and
deviation angle and using Paidoussis formulations for modeling mud flow rate around drill string
makes this model unique and give results which is not considered yet. Finite element method is
used to discrete formulations. Angular velocity, mud flow rate and weight on bit are the main
parameters affecting the stability of the drill string. It is found that deviation angle causes stability
criteria curvature to be lower. This means the system is more sensitive to drill string parameters.
This phenomenon is more critical when nonlinear terms are considered. It should also be noted
that decreasing weight on bit and increasing mod flow rate as well as deviation angle lead to lower
natural frequencies.
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