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Abstract. Herein, the pull-in instability of cantilever NEMS is studied considering the presence
of dispersion forces and squeezed film damping. Recently developed consistent couple stress
theory in combination with the Gurtin-Murdoch elasticity is employed to incorporate the coupled
effects of size phenomena and surface energy. The governing equation was solved using
Rayleigh-Ritz method. Effects of various parameters including surface layer, size dependency,
dispersion forces and damping on the pull-in characteristics of the nano-actuator are discussed.
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1. Introduction

Beam-type nano-actuators have become one of the common components in developing
nano-electromechanical systems (NEMS). A typical NEMS actuator consists of a conductive
beam suspended above a rigid conductive plate, by a dielectric spacer between the two
components. By exceeding voltage beyond upper limit, the beam spontaneously collapses towards
the plate and the pull-in instability occurs. In recent decade, comprehensive studies have been
conducted on modeling the pull-in instability of micro-actuators [1-3]. With the decrease in device
dimensions to the nano-scale the dispersion forces, i.e. Casimir and van der Waals (vdW)
attractions, appear [4, 5]. At separations typically less than several tens of micrometers, the
attraction between two surfaces could be described by the Casimir interaction [6]. Previous
researchers studied the effect of the Casimir force on the instability of electromechanical systems
[7-10]. However, when separation is less than several tens of nanometers, the Casimir force should
be replaced by the vdW force. Some investigators have studied the effect of vdW attraction on the
instability of electromechanical systems [11-13].

In addition, with dispersion forces, the surface layer characteristics might highly affect the
behavior of nano-beams. Gurtin and Murdoch [14, 15] developed a continuum theory for modeling
both residual surface stress and surface elasticity. This theory has been previously applied to
investigate the effect of surface energy on the buckling [16], bending [17] and vibration [18] of
nano-structures. In recent years, some researchers have investigated the influence of surface
energy on the pull-in characteristics of electromechanical nano-bridge [19], nano-switches
[20, 21], graphite NEMS [22] and micro-plates [23, 24].

Besides the surface energy, the effect of size i.e. microstructure-dependency of material
characteristics at small scale might be necessary to be considered in modeling the nano-actuators.
Experimental works [25-27] demonstrate that the size dependency is an inherent property of
conductive metals. The classical continuum theory is not able to model the effect of microstructure.
To overcome this shortcoming, the non-classical theories such as couple-stress theory [28],
modified couple-stress theory [29], consistent couple stress theory (CCST) [30] etc. have been
developed to consider the size effect. According to the modified couple stress theory the materials
are in equilibrium if the applied forces, classical couples and moments of couples equal zero. The
last premise is just an assumption and was not considered in the classical elasticity theories.
Although the theory predicts stiffer models of micro/nanostructures, its correctness is still under
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question. In addition, this assumption results in a symmetric stress and couple-stress tensors that
are not so reasonable due to the nature of the original theory especially for the couple-stress tensor.
Since this additional consideration might not be acceptable, some researchers tried to find another
reasonable solution. This could be achieved by using CCST [30, 31].

In this work, a modified beam model is developed for investigating the pull-in behavior of
nano-actuators. The coupled effects of surface energy and microstructure are incorporated
Analytical Rayleigh-Ritz method is employed to solve the nonlinear governing equation.

2. Theory

Fig. 1 shows the schematic representation of a nano-actuator. The NEMS actuator is modeled
by a nano-beam of length L, and a uniform cross-section of thickness h and width b.

I

1: Moveable Electrode
SitEacs |Aes 2: Dielectric Spacer
3: Fixed Electrode

Fig. 1. Schematic representation of a cantilever nanoactuator
2.1. Fundamentals of consistent couple stress theory (CCST)
In the CCST, the equations of the isotropic materials are formulated as [30]:

O'i]"]' + Fi = 0, (13)
Ujii T eijoj +C; =0, (1b)

where o;; and p;; represent the force-stress tensor (classical) and couple-stress tensors,
respectively. In addition, F; and C; are the body force and the body couple per unit volume of the
body, respectively. Here e, is the permutation tensor or Levi-Civita symbol.

The stress tensor is generally non-symmetric. Thus, it can be decomposed to the symmetric
and skew-symmetric components as following:

0ij = 0(ij) + oyij), )

where g(;j) is the symmetric part and oy; ) is the skew-symmetric part of the force-stress tensor.
In order to define the elements of Egs. (1) and (2), the kinematic parameters should be utilized.
The displacement gradient can be decomposed into two distinct parts:

Uy ; = &j + wyj, 3

where the strain tensor and the rotation tensor can explain as:
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1

&j =5 (ui +w0) = & )
1

wij =5 (W —w) = —wji ®)

The rotation tensor is skew-symmetrical and a vector can be defined dual to it as:

1
gi = Eeijk(j)kj. (6)

The gradient of rotation tensor can be decomposed into two sub-tensors as:

0;j = Kij + Xij» @)
where:

1 1
Xij =06y =500 +6:),  xiy =0y =505 = 6). ®)

The corresponding dual vector of the skew-symmetric curvature tensor (k;;) can be
formulated as:

1
ki = Eejklkkj' (9)

Substituting Eq. (6) in (8) one obtain:

1
Kij = Eejklul,ki- (10)

The symmetrical part of the force-stress tensor in Eq. (2) is same as the force-stress tensor in
classical elasticity and can be obtained as:

O'ij :ASmmSij +2ﬂ€ij, (11)

where A and p are the Lame’s constants. The couple-stress tensor is skew-symmetrical and a
vector m; can be introduced dual to the tensor:

1
m; = €ijkH;j- (12)

2
For the isotropic linear materials, the couple stress can be computed as [30]:

The parameter, [, varies from one scale to another scale. Hadjesfandiari and Dargush [30]
showed that the skew-symmetric component of the stress tensor can be obtained as:

Olij) = TMijl- (14)
Therefore, the strain energy density can be written as [31]:

_ 1

Up =35 (owpeis + mijkij). (15)
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2.2. Fundamentals of surface elasticity

According to the surface elasticity the strain energy in the surface layer (Us) is [32]:
1 L
US zzf fTijgidedX' (16)
0 Ga

The governing equations for the surface layer of zero thickness can be explained as [32]:
ta = aﬁanﬁ; ta = _Tﬁaj’ﬂi O-ijninj = TBC!K,B(Z’ (17)

where ¢, are the components of the traction vector on the surface, kg are the components of the
surface curvature tensor, n; are the components of the outward unit normal to the surface
(n = n;e;) (with ng being the in-plane components of n), and 7,4 are given by:

Tap = Ho (ua,ﬁ + uﬁ’.a) + (Ao + To)Uppbap + To (611!? - uﬁﬂ)' (18)

where u, and 4, are the surface elastic constants, and 7, is the residual surface stress and the
out-of-plane components of the surface stress tensor are given by [15]:

Tra = To(tna). (19)
2.3. Nonlinear constitutive equation

For a Euler-Bernoulli beam, the displacement field can be expressed as [33]:

oW (X, t
U = Z%, u, =0, u3;=W(X,0), (20)

where w is the centerline deflection of the beam in the Z direction and u,, u, and us are the
displacement components in the X, Y and Z directions, respectively.

2.3.1. Size dependent strain energy of the bulk
Substituting Eq. (20) in Egs. (4)-(6) and (13) the nonzero components are obtained as:

10%°wW 262W o*w o*w 1
Kxy = Kyx = T2 x2’ Uxy = —Hyx = 4ul axz’ Exx = _ZW: oxx = —EZ X2 €2y

By substituting Eq. (21) in Eq. (15) after some elaboration and integrating over the beam
volume, the bending strain energy is obtained as the following:

L
_ 1 2w\
Ug = fUBdV = —J- (EI + 4uAl?) > dX. (22)
v 2 aX
0
2.3.2. Strain energy in the surface layer
By substituting Eq. (20) in Egs. (17)-(19), one obtains:

o*w ou,

Txx = To — ZEj Fxz Tnx =Togy (23)

© JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. MAY 2016, VOL. 18, ISSUE 3. ISSN 1392-8716 1409



1979. A NEW MODEL FOR STABILITY ANALY SIS OF ELECTROMECHANICAL NANO-ACTUATOR BASED ON GURTIN-MURDOCH AND CONSISTENT
COUPLE-STRESS THEORIES. MARYAM KEIVANI, ALI KOOCHI, MOHAMADREZA ABADYAN

where Ey = A9 + 21, is the surface eclastic modulus. By substituting Eq. (23) in Eq. (16) the
surface energy conclude as:

U—lLEI _62W2 SaWZdX

s = Efo olol\xz ) T 0(&) ' 24)
For rectangular cross section we have:

It =fzzds=1bhz+lh3 S =fn2ds=2b

0 ) 6t 0 z . (25)

N N

2.3.3. Work of external forces

The work by the external forces can be obtained as:

Wexe = ff Forr (X, t)dWdX. (26)
00

The external force (F,,;) is the summation of electrical and dispersion forces.
The electrostatic force per unit length of the nano-beam can be written as [21]:

Eo&r

fetee = —— 2 (g W)z

[1+065< b )], 27

where g, = 8.85%107'2 ¢ N''mis the vacuum permittivity and &, is the permittivity of dielectric.
The Casimir force per unit length of beam can be obtained as [32]:
n?hch

feas = 220(g — W)* (28)

where h = 1.055x10734 Js is the reduced Planck’s constant and ¢ = 2.998x10% m/s is the light
speed.
The vdW force per unit length of beam can be explained as [4]:

Ab
— 29
fUdW 67T(g _W)3’ ( )
where 4 is the Hamaker constant.

2.3.4. Kinetic energy and squeezed film damping

The kinetic energy of the beam can be expressed as:

L

T= % f f p ("’(,j_vf) dAdX. (30)

0 A

The squeezed film damping of parallel plates per unit length can be defined as [34]:
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Kob3 oW (X,t)
g-wE )2 ot '

Foqg = — 31

where Kk is viscosity coefficient. Therefore, the virtual work W, performed by damping effects
can be expressed as:

Keffb ow
—_— 32
ff s S WX (32)

2.4. Dimensionless energy of system

The total energy of system can be summarized as:

L

1f A dX f Kepsb? WaWdX
p at — W)
2

1LEI rw +SaW)2dX 33
ZL olo | Fxz To °(ax (33)
L
d|
2
0

Now, by substituting Egs. (27)-(29) in Eq. (33), considering x = X/L and w = W /g and
some mathematical elaboration the dimensionless total energy can be explained as:

2w\*
(EI+4yAl2)( )

LW
7 ) |aX + J j F, (X)dWdx.
00

1 2 1 w . 1 2
4 [t
_% f I( %)2 + e0> (%’Z)Zl dx (34)
0
[, o

where the dimensionless parameters are identified as:

,  EobV2LY S |EL Bl _ SoTol?

T 2g%El ' " |pbhi*” °T EI’ °T EI’
_ (35)

L1 g _ AbL* _ m?hchL?

¢=cal® CoEr Y=y P = engiEr P = 2a0g5ET

3. Solution methods

To solve the governing equation using Rayleigh-Ritz method the displacement is expressed as
a combination of independent basis functions ¢;(x) in the form of:
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n
W) = ) au(®) $:00), (36)
i=1
where the index i refers to the number of modes included in the simulation.
We use the linear mode shapes (based on the classic theory) as basic functions:

cosh(w;) — cos(w;)
sinh(w;) — sin(w;)

$:(§) = cosh(w;§) — cos(w;§) — (sinh(w;§) = sin(w;$)), €0

where w; is the ith root of characteristic equation of the cantilever beams in the classical theory.
For minimize the total energy of the system we must have:

on
—=0,i=01,..,N. (38)
aq;

This leads to a system of time-dependent equations which can be solved numerically.
Substituting Egs. (34) and (36) into Eq. (38), assuming the orthogonality of ¢;(x) and following
some mathematical operations, a system of governing equations is found as:

N

G; + ¢ “+[1+ 24 l2+ ]4 tf1¢>az ) ¢
qi 3Cq; _<—) €| Wi q; — of ia_2 ZCI/' §
r}(1-2)19;9)) L+vih S =

) - ~ k N (39)
d de; .
—fo q,')iZAk qu¢j dx -+ to = ququ = =0, i=12..N,
k=0 j=1 j=1 =1

where:
ok a? B

Ay =—1—" [1+0.65/(1— L

. awk{(l—w)z[ +0.65y( w)]+(1_W)n}W=0 (40)

The Maple software is employed to numerically solve the system of equations.
4. Results and discussion

Fig. 2a shows the variation of static deflection of the actuator. The deflection of the actuator
increases by increasing the applied voltage from zero to the pull-in value, ap;. The time history
and phase plane is shown in Fig. 2b and 2c¢. By increasing the voltage, the maximum amplitude
of the tip deflection increases. If the applied voltage exceeds its critical value, ap;, the pull-in
occurs. The phase plane has two fixed points; the stable center point and the unstable saddle node.

The impact of surface energy on the pull-in voltage is shown in Fig. 3a. As seen, by increasing
the surface residual stress (t), the pull-in voltage enhances. Surface stresses induce hardening or
softening effect depends on its sign; when it is positive, surface effect increase the pull-in voltage
and if it is negative, the surface effect reduces the pull-in voltage. The dynamic pull-in voltage is
smaller than the static pull-in voltage due to inertia forces.

The influences of microstructure and dispersion forces on the pull-in voltage is shown in
Fig. 3b. This figure reveals that the size parameter (I/h) results in increasing the pull-in voltage.
While for lower values of the size parameter the presence of dispersion forces reduces the pull in
voltage, for larger size parameter the effects of dispersion force are negligible.
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Fig. 2. Behavior of nano-actuator by neglecting size, surface and damping effect for different values of a
from zero to pull-in voltage, a) Static deflection, b) Dynamic behavior, ¢) Phase plane
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Fig. 3. Influence of small scale effect on the pull-in voltage

Fig. 4 shows the influence of size parameter on the pull-in voltage when the positive and
negative surface stresses, t, = 1 and t, = —1, are considered as well as dispersion forces. This
figure reveals that consideration of the size effect increases the pull-in voltage and has hardening
effect. Fig. 4 reveals that the size effect always has hardening effect i.e. increases the pull-in
voltage. For positive surface stress the surface effect increases the pull-in voltage (hardening effect)
but for negative surface stress this effect decreases the pull-in voltage (softening effect).
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a) vdW regime b) Casimir regime

Fig. 4. Influence of size effect on pull-in voltage
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Fig. 5. Influence of damping on the dynamic behavior

To investigate the effect of damping, the time history and phase plane are plotted for t, = 0.1,
e =0.05B,=0.5,y=1,1/h=0.2 and ¢ = 0.5. As seen in Fig. 5, the system returns to the
stable focus point. By considering the damping effect, the actuator will oscillate with decreasing
amplitude and converges to equilibrium. For the pull-in voltage, the trajectories which are
attracted to the stable focus point, diverge and the actuator becomes unstable.

4.1. Validation

Consider an actuator with L =1 ym, b = 5 h, g = 50 nm and h = 50-100 nm made of silver
where the v, I, E, 7, E, and A values are 0.37, 25 nm 76 GPa, 0.89 N/m, 1.22 N/m, 3.5x101° ]
respectively. Fig. 6 represents the comparison between available results in the literature and those
of our model. According to the present model, surface energy increases the pull-in voltage.
However, the model by Ma et al. [20] shows reversed trends due to ignoring the surface stress in
the boundary conditions. The results of the present model for classic state are in good agreement
with Ma et al. [20]. By considering the surface effect the results of present model are close to
those of Rokni and Lu [22] and Shaat and Mohamed [35].

28
Ve A
—
24 - A~ ~

Ma et al. (2010); considering surface effect

Rokniand Lu (2013); considering surface effect

Shaat and Mohamed (2013); classic

Shaat and Mok 1(2013); considering surface effect

Shaat and Mohamed (2013); MCST and surface effects(1=50 nm)
Presented model; classic

Presented model; considering surface effect

Presented model; CCST and surface effects (1=25 nm)

1 | | |
%0 60 70 80 90 J, (m) 100

Fig. 6. Comparison of results from the present model with those from literatures
5. Conclusions

The coupled effects of surface energy and microstructure on pull-in behavior of the
nano-actuators were studied. The obtained results revealed that the surface layer might
significantly affect the pull-in of the actuators and cannot be ignored in theoretical model. For
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positive surface stress, the surface layer increases the pull-in voltage. However, if the surface
stress be negative, the surface effect reduces the pull-in voltage. The size effect always increases
the pull-in voltage, while the dispersion forces decreases the pull-in voltage.
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