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Abstract. The transverse vibration characteristics are studied for an axially moving beam, which 
is immovably simply supported at both ends and subjected to a thermal shock. Based on 
Timoshenko beam theory and Hamilton principle, the governing equations of transverse vibration 
are deduced. The transverse vibration problem of the beam is solved by using differential 
quadrature method. The effect of thermal shock and axial moving speed on natural frequencies is 
studied. This research shows: Among the two factors of equivalent thermal axial force and the 
changing of elasticity modulus induced by the thermal shock, the thermal axial force plays a 
dominant role to the natural frequencies of the beam, while the changing of elasticity modulus 
plays a secondary role. When the loads formed by thermal shock reach the critical load of the 
beam, the first order buckling mode will be excited; Thermal shock and axial moving speed can 
both reduce the natural frequencies of the beam, and their joint action leads to the phenomenon of 
modal coupling, which can make the beam easily reach instability status. 
Keywords: Timoshenko beam, thermal shock, axial motion effects, differential quadrature 
method. 

1. Introduction 

The axially moving system is a widely used structure in aerospace fields. For example, 
high-speed flight of missiles, rockets, artillery systems, these structures and their sub-structures 
are of characters with slenderness and axially moving, and all of them can be simplified into 
axially moving beams. Therefore, the study of lateral vibration characteristics and dynamic 
behavior has an important practical significance [1, 2].  

Because of the power required, the engine and the windward side of the aircraft will suffer a 
more severe heating condition in the acceleration process. The temperature of the nearby beam 
structures rises sharply, which makes a higher temperature and temperature gradients. This sudden 
change of temperature caused by the thermal shock often induces a strong vibration response of the 
structure. A number of studies [3-5] have been performed for the thermodynamic properties of beam 
model, but most of them are for the problems in steady state temperature field. The vibration 
characteristics of axially moving beam under thermal shock are not much concerned. Li and Fan [6] 
studied the transient dynamic response of Timoshenko beams under thermal shock. Wang [7] 
researched the dynamic response and control of an axially moving beam with supersonic speed under 
thermal shock. These studies are based on the effect of thermal shock, but the effect of the axial 
movement of the beam model is not considered comprehensively. Chen and Chen [8] studied the 
dynamic characteristics of axially moving Timoshenko beam with compressive load. This work 
considered the effect of the axial movement, but the effect of the thermal shock is not discussed. 

In summary, when the formers researched the issue of thermal shock, they did not consider the 
joint action of thermal shock and axial movement on the vibration characteristics of the beam 
structure. In this work firstly, based on the thermal shock model, the equivalent model is 
established. Secondly, according to Timoshenko beam theory and Hamilton principle, the 
governing equation of transverse vibration and boundary conditions are presented. Finally, the 
Differential Quadrature Method is applied to solve the transverse vibration problem. By 
simulating different thermal shock conditions, the effects of thermal shock and axial velocity to 
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the dynamic characteristics of the beam model are researched. 

2. Governing equations and boundary conditions 

Fig. 1(a) shows the rectangular section beam, which is immovably simply supported at both ends. 
Considering the thermal shock effect, the temperature of the beam’s upper surface suddenly roses 
from ܨ଴ to ܨ௨ and keeps for a long time, meanwhile, the temperature of the beam’s lower surface 
suddenly roses from ܨ଴ to ܨ௘ and keeps for a long time. When ܨ௨ =  ௘, because of the axial restraintsܨ
of both ends, the axial expansion of the beam is restricted and the pressurized thermal axial force 
will be formed consequently. However, there is no thermal bending moment, because the 
temperature distribution is symmetric to the beam section’s axis. The force condition can be simulated 
by the equivalent model as shown in Fig. 1(b), where ܰ is the equivalent thermal axial force. 

Fig. 1. Establishment of the equivalent beam model
 

 
Fig. 2. Model of axially moving Timoshenko beam 

under equivalent loads 

Generally, the response of structure under thermal shock involves fluid-solid-heat multi-physical 
field coupling and so accurate analysis is very difficult. This work only examines the changes of the 
natural characteristics of the beam’s lateral vibration in thermal shock process, so two assumptions 
are established for the problem. The first assumption is the temperature along the direct of the beam’s 
height of the beam is identical everywhere, so it can be simplified to a one-dimensional instantaneous 
temperature field problem. The second assumption is the thermal shock process can be discretized 
into numerous independent states, and at each time it corresponds to a dynamic problem in which 
the equivalent thermal axial force ܰ applies on the Timoshenko beam. 

As shown in Fig. 2, an axially moving Timoshenko beam travelling with speed ܸ(ܶ), the 
displacement in the transverse coordinate is ܹ(ܺ, ܶ). The stiffness of its cross section is set as (ܺ) 
and the shear stiffness is ܫ .ܣܩߢ௠(ܺ) is the moment of inertia of cross section and ܧ  is the 
modulus of elasticity. It is assumed that at a certain time the non-uniform temperature field of the 
beam which is under a thermal shock causes the equivalent thermal axial force ܰ. 

At a given time the total kinetic energy of the system is: 

௜ܦ = 12 න ܣߩ ൬∂∂ܹܶ + ܸ ∂∂ܹܺ ൰௅
଴

ଶ ݀ܺ + 12 න ௠௅ܫ
଴ ൬∂Θ∂ܶ൰ଶ ݀ܺ + 12 න ଶ݀ܺ௅ܸܣߩ

଴ . (1)

And the total potential energy of the system is: 

௜ܷ = 12 න −ܰ௅
଴ ൬∂∂ܹܺ ൰ଶ ݀ܺ + 12 න ௅ܧ

଴ I ൬∂Θ∂ܺ൰ଶ ݀ܺ + 12 න ܣܩߢ ൬Θ − ∂∂ܹܺ ൰ଶ ݀ܺ௅
଴ . (2)

According to Hamilton’s principle, the difference between the kinetic and potential energy is 
zero. The expression of governing equations for axially moving Timoshenko beam under thermal 
shock can be established based on the variational analysis, where for a uniform beam, ܫ௠(ܺ) =  .ܫߩ
Without considering the changes of axial force and axial velocity along the longitudinal direction, 
i.e. ߲ܰ ߲ܺ⁄ = 0 and ߲ܸ ߲ܺ⁄ = 0. So, by introducing the dimensionless parameters:  
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ݔ = ܺ ⁄ܮ ݓ   , = ܹ ⁄ܮ , ݐ = ܶඥܰ ⁄(ଶܮܣߩ) , ݒ = ܸඥܣߩ ܰ⁄ , ௧ݒ = ்ܸ ܮܣߩ ܰ⁄ ,݇ଵ = ଶܮܣܩߢܫܧ ,   ݇ଶ = ଶܮଶܣܩߢܫܰ , ݇ଷ = ଶܮܣܫ , ݇ସ = ଶܮܰܫܧ , ݇ହ = .ܣܩߢܰ
The partial differential equation of transverse vibration in dimensionless form is: ݒ௧ݓ௫ + ଶݒ) + 1 + 2݇ଶݒ௧ଶ)ݓ௫௫ + ௫௧ݓݒ2 + ௧௧ݓ − ݇ଵݒ௧ݓ௫௫௫ + 4݇ଶݒݒ௧ݓ௫௫௧       +5݇ଶݒ௧ݓ௫௧௧ + (݇ସ − ݇ଵ − ݇ଵݒଶ)ݓ௫௫௫௫ − 2݇ଵݓݒ௫௫௫௧ − (݇ଵ − ݇ଶݒଶ − ݇ଶ + ݇ଷ)ݓ௫௫௧௧       +2݇ଶݓݒ௫௧௧௧ + ݇ଶݓ௧௧௧௧ = 0. (3)

Similarly, the dimensionless boundary conditions can be obtained: ൜ݓ = 0,(1 − ݇ହݒଶ − ݇ହ)ݓ௫௫ − ݇ହݒ௧ݓ௫ − 2݇ହݓݒ௫௧ − ݇ହݓ௧௧ = 0, ݔ = 0, 1. (4)

3. One-dimensioned instantaneous temperature field 

This work adopts one-dimensional instantaneous temperature field under the second boundary 
condition [9], which assumes that the initial state of the axially moving beam is a rectangular 
section beam in the case of thermal equilibrium. The expression of governing equations and 
boundary conditions for the heat conduction are: 

ߩܥ ܶ∂ܨ∂ = ܭ ∂ଶܨ∂ܻଶ ,   ൬ܶ > 0, − 2ܪ < ܻ < ,2൰ܪ ,ܻ)ܨ(5) 0) = ܪ)ܨ   ,଴ܨ 2⁄ , ܶ) = ,௨ܨ −)ܨ ܪ 2⁄ , ܶ) = ,௘ܨ (6)

where ܨ presents temperature, ܶ is the time, ܥ is heat capacity, ߩ is density of beam material, ܭ 
is thermal conductivity, ℎ௥ is heat transfer coefficient, ܪ is the height of the rectangular section 
beam. The general solution in the form of separation of variables can be expressed as: 

,ܻ)ܨ ܶ) = ௘ܨ + ௨ܨ) − ܪ(௘ܨ ൬ܻ + 2൰ܪ + ෍ ߨ2݊ ௨ܨ) − ௘)expܨ ൤− ቀܽ݊ܪߨ ቁଶ ܶ൨ sin ܪߨ݊ ൬ܻ + 2൰ଶ௞ܪ
௡ୀଵ  

     + ෍ ൤1.273ܪ ଴ܨ) − (௘ܨ − ߨ2݊ ௨ܨ) − ௘)൨ܨ exp ൤− ቀܽ݊ܪߨ ቁଶ ܶ൨ sin ܪߨ݊ ൬ܻ + 2൰ଶ௞ିଵܪ
௡ୀଵ , (7)

where ܽଶ =   .ߩܥ/ܭ
In addition, elastic modulus and other mechanical parameters of the material will change in 

the thermal environment and the thermal softening effect will appear. The literature [10] shows 
that elastic modulus ܧி at temperature ܨ can be expressed as: ܧி(ܻ, ܶ) = ଴ሾ1ܧ + ,ܻ)ܨ)ாߙ ܶ) − ,଴)ሿܨ (8)

where the temperature-rise coefficient is ߙா = –4×10-4. The mechanical parameters of beam 
material need to be corrected, so the average elastic modulus and the average shear modulus are 
respectively used as the elastic modulus and shear modulus of the beam: 

ܧ = න ிܻ݀ு/ଶܧ
ିு/ଶ ൗܪ , ܩ = 1)2ܧ + .(ߤ (9)

So, the formula for thermal axial force is: 
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ܰ = න ,ܻ)ܨΔߙܧ ܶ)ு/ଶ
ିு/ଶ .ܻ݀ܦ (10)

4. Approximate solution 

Equation (3)’s general solution in the form of separation of variables can be expressed as: ݔ)ݓ, (ݐ = ఒ௧. (11)݁(ݔ)߶

where, ߶  is the mode shape function, ߣ  denotes the natural frequency of beam. Substituting 
Eq. (11) into Eq. (3) and Eq. (4) yields: ݇ଶ߶ߣସ + 2݇ଶݒ߶ᇱఒయ + ሾ߶ + 5݇ଶݒ௧߶ᇱ − (݇ଵ − ݇ଶݒଶ − ݇ଶ + ݇ଷ)߶ᇱᇱሿߣଶ      +ሾ2ݒ߶′ + 4݇ଶݒݒ௧߶′′ − 2݇ଵݒ߶′′′ሿߣ + ′߶௧ݒ + ଶݒ) + 1 + 2݇ଶݒ௧ଶ)߶′′       −݇ଵݒ௧߶′′′ + (݇ସ − ݇ଵ − ݇ଵݒଶ)߶′′′′ = 0, (12)

൜߶ = 0,(1 − ݇ହݒଶ − ݇ହ)߶ᇱᇱ − ݇ହݒ௧߶ᇱ − 2݇ହݒ߶ᇱߣ − ݇ହ߶ߣଶ = 0, ݔ = 0, 1. (13)

According to the differential quadrature method, ݎth order derivative value of function ݂(ݔ) 
at point ݔ௜ can be expressed as a weighted sum of the value of all the nodes [11]: 

௫݂(௥)(ݔ௜) = ෍ ௜௝(௥)ܣ ௝݂௡
௝ୀଵ ,   ݅ = 1, 2, … , ݊, (14)

where, ܣ௜௝(௥) presents the ݎth order weight coefficients of derivative, ௝݂ is the function value at ݔ௝, ݊ is the number of nodes. 
According to the interpolation principle the Lagrange interpolation polynomial is adopted to 

determine the weight coefficients. Eq. (12) can be translated to the matrix form as: ൫۰(ସ)ߣସ + ۰(ଷ)ߣଷ + ۰(ଶ)ߣଶ + ۰(ଵ)ߣ + ۰(଴)൯Φ = 0. (15)

So, solving of Eq. (15) is transformed to the generalized eigenvalue problem. The eigenvalues 
of Eq. (15) represents the dimensionless natural frequency of beam system. 

5. Numerical example analysis 

An axially moving beam with rectangular section is used for solutions and discussions, it’s 
configuration and material parameters are: ܮ = 1 m, ܪ = 0.04 m, ܦ = 0.03 m, ܧ଴ = 70 GPa,  ߤ ߩ ,0.3 = = 2.7×103 kg/m3, and initial temperature ଴ܶ is equal to ambient temperature. Table 1 
shows the thermal parameters of structural material. 

Table 1. Thermal parameters of structural material 
Material ܭ (W/mK) ܥ (J/kgK) ߙ (1/K) ℎ௥ (W/m2K) 

AL 230 897 23.6e-6 50 

According to Eq. (7), the temperature distribution function along the direction of the height 
can be calculated. Fig. 3 shows the temperature profile of each time when the heat inputs of upper 
and lower surfaces are 100 centigrade. It can be found that in the initial moment of thermal shock 
loading the upper and lower surfaces’ temperatures quickly reach the temperature of heat input, 
while the middle of the region remains the initial temperature. 

When the temperature of entire section increases gradually, the thermal softening effect will 
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appear and lead to the decrease of elastic modulus. Therefore, it will cause the stiffness degradation 
of the material. The modified elastic modulus’ variation with time in the case of different heat input 
can be calculated by Eq. (9), just as Fig. 4. With the heat conduction, it can be found that the greater 
the heat input, the more decrease of elastic modulus decreases at the same time. 

 
Fig. 3. Temperature vs. position in the thickness 

direction and time (ܨ௨ = ௘ܨ = 100 °C) 

 
Fig. 4. Elastic Modulus vs. time and heat input 

 

According to Eq. (10), we obtain the distribution of the thermal axial force versus time. Fig. 5 
shows the time response curve of thermal axial force in the case of different heat input. Seen from 
the distribution, the greater the thermal shock, the greater the thermal axial force generates. 

In order to study the main influence factors of the natural frequencies under thermal shock, 
Fig. 6 shows the comparison of 1st natural frequency under the two conditions, where the first 
condition is an actually thermal condition and the second condition is an assumption condition 
without the changing of elasticity modulus. It can be found that the coincidence of these two 
curves is very good. Looking at the distribution of the second condition, the natural frequency 
decreases with the increasing thermal axial force. When the loads formed by thermal shock 
reaches the critical load of the beam, the first order buckling mode will appear. On the basis of the 
above analysis, under this slight thermal shock, the thermal axial force plays a dominant role to the 
natural frequencies of the beam, while the changing of elasticity modulus plays a secondary role. 

 
Fig. 5. Thermal axial force vs. time and heat input

 

 
Fig. 6. 1st natural frequency vs. time and different 

factors (ܨ௨ = ௘ܨ = 100 °C, ݒ = 0) 

With the introduction of axial velocity, the effect of axial velocity to the dynamic characteristics 
of the axially moving beam is studied. Fig. 7 shows the first three natural frequencies versus time. 
The first natural frequency of the beam reduces with the time and reaches the first-order instability 
mode quickly. And after the first-order elastic mode reaches the critical state, the adjacent modes 
will couple when the axial velocity increases to a certain value. The greater the axial velocity, the 
earlier the coupling time appears. At this time, the beam is in a harsh state that the axial velocity and 
the thermal shock act together; As a result, the combined effect of the two factors makes the natural 
frequency of the beam decrease and reach the unstable state more easily. 
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Fig. 7. The first three natural frequencies vs. time and speed (ܨ௨ = ௘ܨ = 100 °C) 

6. Conclusions 

In this paper, a dynamic model of axially moving beam is established based on Timoshenko 
beam theory, and the beam model is immovably simply supported at both ends and subjected to a 
thermal shock. Results of the study can be summarized as follows: 

The thermal shock produces the thermal axial force and makes the elastic modulus of the beam 
decrease. The combined action of the elastic modulus and the thermal axial force affects the 
dynamic characteristics of the beam. 

For slight thermal shock, the greater the thermal shock, the more quickly the natural frequency 
of the beam reduces. Correlated analysis showed that for the immovably pinned-pinned boundary 
condition the thermal axial force plays a dominant role to the natural frequencies of the beam, 
while the changing of elasticity modulus plays a secondary role.  

The greater the axial velocities, the more quickly the natural frequencies of the beam reduce 
and the faster the 1st natural frequency reaches the first-order instability mode. The adjacent 
modes will couple when the axial velocity increases to a certain value, at this time, the beam is in 
a harsh state that the axial velocity and the thermal shock act together. 
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