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Abstract. Double pendulum robot has four equilibrium points: Down-Down, Down-Up, 
Up-Down, and Up-Up. Define the transfer control from one equilibrium point to another 
equilibrium point as acrobatic action of DPR, and there are total of 20 acrobatic actions. This 
paper proposes the multi-mode control algorithm based on Human Simulated Intelligent Control 
theory for the realization process of those acrobatic actions, which has the structure of multi 
sub-controllers and multi control modes. As an example, the acrobatic action from Down-Up to 
Up-Down is realized in simulation and real-time experiments, and the results demonstrate the 
effectiveness of the proposed algorithm. 
Keywords: double pendulum robot, multi-mode control, human simulated intelligent control, 
multi sub-controllers. 

1. Introduction 

Double Pendulum Robot (DPR) is derived from Multi-Pendulum System (MPS) which has the 
characteristics of complex system, such as nonlinear, multi-variable, strong coupled, under 
actuated, and non-natural stable. MPS is a typical research platform in the filed of automation 
control, and often used for verifying the validity of control theory. The research of MPS can be 
classified in three types: (a) balance control on inverted equilibrium point; (b) swing up control 
from hanging position to inverted equilibrium point; (c) arbitrary transfer control from one 
equilibrium point to another. 

The early studies of MPS focused on the balance control at inverted equilibrium point, and 
successfully realized on double pendulum, triple pendulum, even fourfold pendulum [1-9]. By 
linearization at inverted equilibrium point, the balance control of single and double pendulum can 
be easily solved with traditional PD control, but intelligent control method have to be adopted to 
achieve balance control on triple or fourfold pendulum, such as human-imitating control [6], cloud 
control [7], variable universe fuzzy control [8], slide mode control [9]. 

Recent researches of MPS concentrate on swing up control from hanging position to inverted 
point. The swing up control of MPS is a large-scale nonlinear under actuated process, and is more 
difficult than balance control at inverted point. The single pendulum has been swung up with 
energy control [10-13], and Ref. [14-17] have discussed the swing up problem of single pendulum 
with limited torque and track. The double pendulum has been swung up with human simulated 
intelligent control (HSIC) method [18-21]. Graichen [22] treated the swing up process as a 
Boundary Value Problem (BVP) and achieved real-time swing up control of double pendulum by 
a hybrid control method that combined both open-loop control and close-loop control. The 
reference trajectory and corresponding open-loop control value can be calculated out by inverse 
system method [23]; close-loop control value is derived from the linearized models along 
reference trajectory. Such method needs a very accurate model and the online computation is 
heavy. Zhong [24] combined energy control method with passive system theory and made a 
meaningful simulating exploration. It is noteworthy that Li [25] swing up a triple pendulum in 
simulation control with HSIC method. 

Double Pendulum Robot (Fig. 1) has four equilibrium points: Down-Down, Down-Up, Up-
Down, and Up-Up. With these four equilibrium points, 12 transfer actions and 8 circumgyration 
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actions is formed in Fig. 2. The main work of the paper includes: realize these transfer actions and 
circumgyration actions, and make a random combination of these acrobatic actions (transfer 
actions and circumgyration actions) to form a sequence of actions and perform these sets of action 
automatically. Such research result has not been reported. Yamakita [26] has mentioned part of 
these acrobatic actions, far from the target of arbitrary transfer control of double pendulum, not to 
mention difficulty actions like DU2UD (transfer from Down-Up to Up-Down). 
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Rotating 
Arm

 
a) The device of Double Pendulum Robot 

 
b) Physical structure 

Fig. 1. Double pendulum robot 

 
Fig. 2. The four equilibrium points of Double Pendulum Robot 

2. Mathematic model of Double Pendulum Robot 

The device of DPR is shown in Fig. 1(a), its prototype is rotary double inverted pendulum, and 
the physical structure of DPR is shown in Fig. 1(b). The joint between inner rod and outer rod and 
the joint link inner rod and rotating arm are free link with no drive, and rotating arm (robot body) 
is driven by the only one input. The angles of both rods and rotating arm are detected by encoders 
fixed on each joints. 

Defining generalized coordinates દ = ሾߠ଴, ,ଵߠ  ଶሿ், applying Lagrange modeling method, andߠ
taking angular acceleration of rotating arm as the control variable, the mathematic model can be 
derived out as follow: 

቎ 1 0 ଵܯ0 ଶܯ ଶߠ଴cosܮଷ݉ଶ݈ଶܯ ଷܯ ଶܬ + ݉ଶ݈ଶଶ቏ Θሷ + ൥ 0 0 ସܯ0 ܿଵ + ܿଶ ଺ܯହܯ ଻ܯ ܿଶ ൩ Θሶ = ൥ ,ଶ൩ߠଶ݈ଶ݃sin଼݉ܯݑ (1)

where: 
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ଵܯ = (݉ଵ݈ଵ + ݉ଶܮଵ + ݉௕ܮଵ)ܮ଴ cos ଶܯ,ଵߠ = ଵܬ + ݉ଵ݈ଵଶ + ݉ଶܮଵଶ + ݉௕ܮଵଶ, ܯଷ = ݉ଶ݈ଶܮ଴ cos(ߠଵ − ସܯ,(ଶߠ = −(݉ଶ݈ଶܮଵ sin ଶߠ + ଶܯ sin ሶ଴ߠ(ଵߠ cos ହܯ ,ଵߠ = ݉ଶ݈ଶܮଵߠሶଶ sin(ߠଵ − (ଶߠ − ܿଶ,ܯ଺ = −(݉ଶ݈ଶܮଵ sin ଵߠ + ଶܬ) + ݉ଶ݈ଶଶ) sin ሶ଴ߠ(ଶߠ cos ଻ܯ,ଶߠ = −݉ଶ݈ଶܮଵߠሶଵ sin(ߠଵ − (ଶߠ − ܿଶ,଼ܯ = (݉ଵ݈ଵ + ݉ଶܮଵ + ݉௕ܮଵ)݃ sin  ,ଵߠ
and the physical meaning of each variable is shown in Table 1. 

Table 1. Physical parameters of Double Pendulum Robot 
Parameter Physical meaning ݉ଵ, ݉ଶ, ݉௕ Mass of inner rod, outer rod, and encoder ܮ଴, ܮଵ Length of rotating arm, and inner rod ܬଵ, ܬଶ Moment of inertia of inner rod, and outer rod ݈ଵ, ݈ଶ Centroid position of inner rod, and outer rod ܿଵ Friction of arm-inner rod axis ܿଶ Friction of inner rod-outer rod axis ݑ Control variable 

3. Challenge of acrobatic actions 

The acrobatic actions of DPR are actually the transfer motions from one equilibrium point to 
another equilibrium point (include the initial equilibrium point). These transfer actions are 
large-scale nonlinear process and involved variety type of motion form, such as swing up, falling 
down, and rotating etc. from the energy point of view, transfer actions between equilibrium points 
means to adjust potential energy of inner rod and outer rod. The single input that imposed on 
rotating arm can only indirectly manipulate the energy of inner rods and outer rods though the 
inertia of both rods and the coupling effect of passive joints. Considering the existence of passive 
joints, the transfer actions can be realized only if the relative attitude (angle and angular velocity) 
between rotating arm, inner rod, and outer rod is well coordinated and precisely controlled. 

 
Fig. 3. The dynamic process of DU2UD 

The transfer action of DU2UD (Fig. 3) is considered as a control example for DPR. The initial 
state is the dynamic balance at Down-Up equilibrium point (inner rod at hanging position and 
outer rod at inverted position), and the target state is Up-Down equilibrium point. The control 
target of DU2UD is that: the rotating arm is driven back and forth by an appropriate control input; 
then, with the effects of inertia and coupling of joints, both rods sing up gradually and eventually 
reach the dynamic balance at Up-Down equilibrium point (inner rod at inverted position and outer 
rod at hang position). 
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The initial state of double pendulum robot is (Θ஽௎, Θሶ ஽௎) = (0, ,ߨ 0,0,0,0), and the target state 
is (Θ௎஽, Θሶ ௎஽) = (0,0, ,ߨ 0,0,0), so the energy transition of DU2UD can be denoted as Eq. (2): ܧ஽௎ = −݉ଵ݈݃ଵ − ݉௕݃ܮଵ − ݉ଶ݃(ܮଵ − ݈ଶ),⇓ ܧ௎஽ = ݉ଵ݈݃ଵ + ݉௕݃ܮଵ + ݉ଶ݃(ܮଵ − ݈ଶ). (2)

Ignoring the rotational friction of the joints between inner and outer rod, both rods will comply 
with the momentum conservation law Eq. (3). In order to ensure the success of DU2UD, the 
relative angle and relative angular velocity between inner rod and outer rod should under the limits 
of Eq. (4): (݉௕ + ݉ଵ)ߠሶଵ + ݉ଶߠሶଶ = 0, ଵߠ|(3) − |ଶߠ < ሶଵߠ௞,   หߴ − ሶଶหߠ < ߱௞. (4)

4. Control task decomposition and control law determination 

It is a hard work to control the Double Pendulum Robot to perform acrobatic actions. 
According to multi-mode control method of HSIC theory, the first step is to divide the sequence 
of acrobatic actions into several independent and relatively simple sub-control tasks: ܩ( ௜݃, ,ேܧ ேܶ) = )ܨ ଵ݃(ݔଵ, ,ଶݔ … , ,௡ݔ ,(ݐ … , ݃ே(ݔଵ, ,ଶݔ … , ,௡ݔ ,(ݐ ,ேܧ ேܶ), (5)

where, ܩ ∈ Σே is the total control task, ݔ௝ ∈ Σ௡ is the ݆th variable (degrees of freedom) of control 
system, ௜݃(ݔଵ, ,ଶݔ ⋯ , ,௡ݔ (ݐ ∈ Σே is the ݅th sub-control task, ܧே ∈ Σ௡×ே is spatial characteristics 
set for sub-control tasks, ேܶ ∈ Σ௡×ே is time characteristics set of sub-control tasks, ܨ(⋅) denotes 
the hierarchical structure that organize these sub-control tasks. 

The total control task of transfer action shown in Fig. 2 can be denoted as ܩ( ௜݃, ,ଵଶܧ ଵܶଶ) ∈ Σே, 
while the sub-control task of DU2UD can be denoted as ݃ସ(ߠ଴, ,ଵߠ ,ଶߠ  which is under the (ݐ
limitation of Eqs. (2)-(4). Transition from Down-Up to Up-Down is a complex under actuated 
dynamic process, and such dynamic process can be divided into four phases (Fig. 3). The key to 
success control of DU2UD is the accurate control of each phase and precise switching between 
phases. 

4.1. Initial control phase 

The initial state of DU2UD is dynamic balance at unstable equilibrium point of Down-Up. In 
order to break this dynamic balance, a simply bang-bang constant would be work; the operation 
condition of Eq. (6) is shown in Eq. (7): ݑ଴ = ଵܷ, (6)ห݁ఏೆమห < ஼ଵߠ ∩ ݏ == 0, (7)

where, ݁ఏೆమ  is the angle error of outer rod which takes the Up point (inverted point) as zero error; 
s is a flag variable to indicate which control phase currently is; ߠ஼ଵ is a given constant angle.  

The effect of ଵܷ  is to break the dynamic balance state at Down-Up equilibrium. When ห݁ఏೆమห ≥ ݏ ஼ଵ, the next control phase will be triggered (setߠ = 1). 

4.2. Swing up control phase 

The target of this phase is to pump energy into DPR, so both rods can swing up gradually from 
position below horizontal line to position above horizontal line. A hybrid control combined 
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negative feedback control and positive feedback control is adopted, and the operation condition 
of swing up control phase is shown in Eq. (9): ݑଵ = ݇ଵ݁ఏబ + ݇ଶ݁ఏವభ + ݇ଷ݁ఏೆమ + ݇ହ ሶ݁ఏబ + ݇ହ ሶ݁ఏభ + ݇଺ ሶ݁ఏమ, (8)ห݁ఏೆభห > ஼ଶߠ ∩ ݏ == 1, (9)

where, ݇ଵ, ݇ଶ, ݇ଷ, ݇ସ, ݇ହ, ݇଺ are PD coefficients of rotating arm, inner rod, and outer rod; ݁ఏబ is 
angle error of rotating arm; ݁ఏವభ  is angle error of inner rod which takes Down point (hanging 
position) as zero error; ݁ఏೆభ  is angle error of inner rod which takes Up point (inverted point) as 
zero; ሶ݁ఏబ, ሶ݁ఏభ, ሶ݁ఏమ are respectively the angular velocity error of rotating arm, inner rod, and outer 
rod; ߠ஼ଶ is a given constant angle. the values of ݇ଵ-݇଺ are carefully selected, ݇ଵ and ݇ସ compose a 
negative feedback control to keep rotating arm in the neighborhood of zero angle, ݇ଶ  and ݇ହ 
compose positive feedback control to swing up inner rod gradually, ݇ଷ and ݇଺ to make outer rod to 
keep folded posture corresponding to inner rod. 

When ห݁ఏೆభห ≤  ஼ଶ that means inner rod has swung up to the position above horizontal line andߠ
approaching to the neighborhood of Up point (inverted point), the next phase will be activated (set ݏ = 2). 

4.3. Pose adjustment phase 

Pose adjustment phase is activated when inner rod swing up to the neighborhood of inverted 
equilibrium point. The target of this control phase is to make inner rod keep dynamic balance at 
upward position and decrease the relative angle between inner rod and outer rod at the same time, 
so the control low can be designed as follow, and the operation condition of this control phase is 
shown in Eq. (11): ݑଶ = ݇଻݁ఏబ + ଼݇݁ఏೆభ + ݇ଽ ሶ݁ఏబ + ݇ଵ଴ ሶ݁ఏభ + sign൫ ሶ݁ఏమ൯ܷଶ, ವమ௠ ߠ(10) > ஼ଷߠ ∩ ݏ == 2, (11)

where, ݇଻, ଼݇, ݇ଽ, ݇ଵ଴ are respectively the PD coefficients of rotating arm and inner rod which 
make sure rotating arm converges to origin zero angle and inner rod keeps dynamic balance at 
upward position; constant value ܷଶ which aims to decrease relative angle between inner rod and 
outer rod is applied according to the rotating direction of outer rod; ߠ ವమ௠  is the angle amplitude of 
outer rod which take Down point as zero angle; ߠ஼ଷ is a given constant angle. 

When ߠ ವమ௠ ≤  ஼ଷ that means outer rod convergent to position is near Down point, the nextߠ
control phase can be activated (set ݏ = 3). 

4.4. Balance control phase 

After the effect of previous three phases, DPR swing up to the neighborhood of Up-Down 
equilibrium point and the target of this phase is to build a new dynamic balance at Up-Down 
equilibrium point. The control law of Up-Down balance control phase can be designed as follow: ݑଷ = ݇ଵଵ݁ఏబ + ݇ଵଶ݁ఏೆభ + ݇ଵଷ݁ఏವమ + ݇ଵସ ሶ݁ఏబ + ݇ଵହ ሶ݁ఏభ + ݇ଵ଺ ሶ݁ఏమ, (12)

where, ݇ଵହ, ݇ଵ଺, ݇ଵ଻, ݇ଵ଼, ݇ଵଽ, ݇ଶ଴ are respectively the PD coefficients of rotating arm, inner rod, 
and outer rod. The operation condition of Eq. (11) is shown in Eq. (12): ห݁ఏೆభห ≤ ஼ଶߠ ∩ ห݁ఏವమห ≤ ஼ଷߠ ∩ ݏ == 3. (13)

In summary, the controller of DU2UD can be grouped into Eq. (14): 
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ݑ = ۔ۖەۖ
ۓ ଵܷ,   ห݁ఏೆమห < ஼ଵߠ ∩ ݏ == 0,݇ଵ݁ఏబ + ݇ଶ݁ఏವభ + ݇ଷ݁ఏೆమ + ݇ହ ሶ݁ఏబ + ݇ହ ሶ݁ఏభ + ݇଺ ሶ݁ఏమ,   ห݁஘ೆభห > θ஼ଶ ∩ ݏ == 1,݇଻݁ఏబ + ଼݇݁ఏೆభ + ݇ଽ ሶ݁ఏబ + ݇ଵ଴ ሶ݁ఏభ + sign൫ ሶ݁ఏమ൯ ଶܷ, ߠ   ವమ௠ > ஼ଷߠ ∩ ݏ == 2,݇ଵଵ݁஘బ + ݇ଵଶ݁஘ೆభ + ݇ଵଷ݁஘ವమ + ݇ଵସ ሶ݁஘బ + ݇ଵହ ሶ݁஘భ + ݇ଵ଺ ሶ݁,  ห݁ఏೆభห ≤ ஼ଶߠ ∩ ห݁ఏವమห ≤ ஼ଷߠ ∩ ݏ == 3. (14)

5. Simulation results 

According to the dynamic model (Eq. (1)), the simulation platform of DPR is constructed on 
the Matlab/Simulink software. The controller (Eq. (14)) is used for DU2UD of DPR, and the 
parameters of controller are obtained by trial and error. State response of DPR is shown in Fig. 4. 
Simulation results demonstrate the effectiveness of the proposed algorithm (Eq. (14)). 

 
a) Angle of rotating arm 

 
b) Angle of inner rod 

 
c) Angle of outer rod 

 
d) Angular velocity of rotating arm 

 
e) Angular velocity of inner rod 

 
f) Angular velocity of outer rod 

 
g) Control value 

Fig. 4. State response of DU2UD for DPR 
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Fig. 5. Experimental platform 

 
a) Angle of rotating arm 

 
b) Angle of inner rod 

 
c) Angle of outer rod 

 
d) Angular velocity of rotating arm 

 
e) Angular velocity of inner rod 

 
f) Angular velocity of outer rod 

 
g) Control value 

Fig. 6. State curve of DU2UD for Double Pendulum Robot 
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6. Experimental results 

In Section 4, the control task of Down-Up to Up-Down is divided into four sub-control task, 
and control law is designed for each sub-control task. The experimental results have been obtained 
with the Double Pendulum Robot device, which is made up of PC control workshop, motion 
control PCI card (GT400 from Googol Technology Ltd.) and DPR. The platform of experimental 
system is shown in Fig. 5. The precision of encoder for rods and servo-motor (Panasonic AC 
0.2 Kw, 3000 r/min) respectively are 600 P/R and 2500 P/R. the controller (Eq. (14)) is built with 
C++ language on PC workshop. Programming environment is Visual C++6.0, operating system 
is Windows XP, frequency of CPU is 2.66 GHz, the sampling and servo interval is 0.005 s. The 
state response of DPR is shown in Fig. 6. The timing screenshots from video of DU2UD are shown 
in Fig. 7. From the experimental results, the same conclusion is obtained with the simulation. 

 
a) ݐ = 0.00 s 

 
b) ݐ = 0.44 s 

 
c) ݐ =0.88 s 

 
d) ݐ =1.56 s 

 
e) ݐ =1.84 s 

 
f) ݐ = 2.08 s 

 
g) ݐ = 2.48 s 

 
h) ݐ = 2.96 s 

 
i) ݐ = 3.52 s 

 
j) ݐ = 6.72 s 

Fig. 7. Timing screenshots from real-time video of DU2UD 

7. Conclusions 

Based on Human Simulated Intelligent Control theory, the multi-mode control algorithm is 
proposed for arbitrary transfer control of Double Pendulum Robot. With the transfer action from 
Down-Up to Up-Down, the simulation and experimental results demonstrate the effectiveness of 
the multi-mode controller for DPR. Using the same method, other acrobatic actions of Double 
Pendulum Robot is realized in a short time. 
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