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Abstract. Sensitivity of dynamic response of a clamped functionally graded 
magneto-electro-elastic plate to its elastic parameters has been carried out by combining analytical 
method with finite element method. The functionally graded material parameters are assumed to 
obey a polynomial law in the thickness direction. A polynomial agreement with the clamped 
boundary condition is adopted in the plane of the plate and finite element method is used across 
the thickness of the plate such a way that the three-dimensional characteristics of the solution are 
preserved. The coupled electromagnetic dynamic characteristics of a functionally graded 
magneto-electro-elastic plate are determined by its dynamics differential equation modeled with 
displacement components, electric potential and magnetic potential as nodal degree of freedom. 
Sensitivity of dynamic response of a functionally graded magneto-electro-elastic plate to its elastic 
parameters has been studied. Dynamic response sensitivity analysis of a clamped functionally 
graded magneto-electro-elastic plate is useful for the optimization designs, nondestructive testing 
and inverse techniques of smart materials. 
Keywords: dynamic response sensitivity, clamped FGM magneto-electro-elastic plate, elastic 
parameters, analytical method, finite element method. 

1. Introduction 

More and more scholars invested research on the behaviors of magneto-electro-elastic 
structures employed as these smart or intelligent materials have the behavior of converting energy 
from one form to the other (among magnetic, electric and mechanical energy) (Nan, 1994; Harshe 
et al., 1993). For the purpose of design, optimization and inverse technique of these sensors, 
actuators, transducers and many other emerging components consists of magneto-electro-elastic 
materials, it is a strong significant for these smart or intelligent materials to study their dynamic 
characteristics by theories or techniques. Static and dynamic behavior of plates as well as infinite 
cylinder has been studied in the literature. Yu Pang et al. (2014) investigated dispersive behavior 
and band structure of SH waves in magnetic-electric (ME) periodically layered plate by the 
transfer matrix method. F. Moleiro et al. (2015) provides an assessment of layerwise mixed models 
using least-squares formulation for the coupled electromechanical static analysis of multilayered 
plates. G. Giannopoulos et al. (2007) solve the thermal, electrical, mechanical coupled mechanics 
problem for initial buckling analysis of smart plates and beams by discrete layer kinematics. 
M. Saadatfar and M. Aghaie-Khafri (2014) investigated static behavior of a functionally graded 
magneto- electro-elastic hollow sphere subjected to hydrothermal loading in the spherically 
symmetric state. The dynamic response of a rotating radically polarized functionally graded 
piezoelectric hollow cylinder is studied by A. H. Akbarzadeh and Z. T. Chen (2011). Jianke Du 
and Kai Xian et al. (2009) studied analytically SH surface acoustic wave propagation in a 
cylindrically layered piezomagnetic /piezoelectric structure. Buchanan (2004) used finite element 
method to study the behavior of layered versus multiphase magneto-electro-elastic infinite long 
plate composites. Wang et al. (2003) has carried out analysis of multilayered 
magneto-electro-elastic plates for mechanical and electrical loading by the state vector approach. 
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Yansong Li and Jingjun Zhang (2014) investigated free vibration of a magneto-electro-elastic 
plate resting on a Pasternak foundation by Mindlin theory parameters. Rajesh K. Bhangale and N. 
Ganesan (2005) investigated free vibration of simply supported non-homogeneous functionally 
graded magneto-electro-elastic finite cylindrical shells. The studies on sensitivity of dynamic 
response of the functionally graded magneto-electro-elastic structure to its material parameters are 
less in the literature. In the present study, dynamic response sensitivity analysis of a clamped 
functionally graded magneto-electro-elastic plate to its elastic parameter is useful for the 
optimization designs and inverse techniques of smart materials. 

2. Basic equations 

The coupled constitutive equations for magneto-electro-elastic materials can be written as: 

ቐો = ۱ઽ − ் ܍ ۳ − ۶,۲்ܙ = ઽ܍ + ۳ + હ ் ۶,۰ = ઽܙ + હ۳ + ૄ۶, (1)

where ો  denotes stress vector, ߝ  denotes strain vector, ۲  and ۳  are, respectively, the electric 
displacement and field vector, ۰ and ۶ are the magnetic flux and induction vector. ۱, , ૄ are the 
elastic, dielastic permeability coefficients matrices. ܙ ,܍ and હ are piezoelectric, piezomagnetic 
and magneto-electric induction coefficients matrices. 

The strain-displacement relations are given by: 

۔ۖەۖ
௫௬ۙۘۖߛ௬௭ߛ௭௫ߛ௭ߝ௬ߝ௫ߝۓ

ۖۗ =
ێێۏ
ێێێ
ۍ ݔ߲߲ 0 0 ݖ߲߲ 0 0ݕ߲߲ ݕ߲߲ 0 0 ݖ߲߲ 0ݔ߲߲ 0 ݖ߲߲ ݔ߲߲ ݕ߲߲ 0 ۑۑے

ۑۑۑ
்ې

ቊݓݒݑቋ, (2)

where ݒ ,ݑ and ݓ are, respectively, the displacements in the coordinate ݕ ,ݔ and ݖ directions. 
The electric field is related to the electric potential as follows: 

ሾܧ௫ ௬ܧ ௭ሿ்ܧ = −  ݔ߲߲ ݕ߲߲ ൨்ݖ߲߲ ߮. (3)

The relations between magnetic field and magnetic potential are given by: 

ሾܪ௫ ௬ܪ ௭ሿ்ܪ = −  ݔ߲߲ ݕ߲߲ ൨்ݖ߲߲ ߰. (4)

3. Dynamics differential equation 

The functionally graded material parameters are assumed to obey polynomial law in the 
thickness direction. The plate is divided into 3 nodal surfaces namely upper, middle and lower 
nodal surfaces in the thickness ݖ  direction. The mechanic model of the FGM 
magneto-electro-elastic plate is shown in Fig. 1. 

For a clamped functionally graded magneto-electro-elastic plate, the generalized displacement 
functions of the plate are approximated as follows: 
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۔ۖەۖ
,ݔ)ݑۓ ,ݕ ,ݖ (ݐ = ,ݖ)ܷ (ݐ ଵ݂(ݔ, (ݕ = ଶݔ)ݔ(ݐ)்܃ௗۼ − ܽଶ)(ݕଶ − ܾଶ)ଶ,ݔ)ݒ, ,ݕ ,ݖ (ݐ = ,ݖ)ܸ (ݐ ଶ݂(ݔ, (ݕ = ଶݔ)ݕ(ݐ)்܄ௗۼ − ܽଶ)ଶ(ݕଶ − ܾଶ),ݔ)ݓ, ,ݕ ,ݖ (ݐ = ,ݖ)ܹ (ݐ ଷ݂(ݔ, (ݕ = ଶݔ)(ݐ)்܅ௗۼ − ܽଶ)ଶ(ݕଶ − ܾଶ)ଶ,߶(ݔ, ,ݕ ,ݖ (ݐ = Φ(ݖ, (ݐ ଷ݂(ݔ, (ݕ = ଶݔ)(ݐ)ௗ்ۼ − ܽଶ)ଶ(ݕଶ − ܾଶ)ଶ,߰(ݔ, ,ݕ ,ݖ (ݐ = Ψ(ݖ, (ݐ ଷ݂(ݔ, (ݕ = ଶݔ)(ݐ)ௗશ்ۼ − ܽଶ)ଶ(ݕଶ − ܾଶ)ଶ,  (5)

where ۼௗ(ݖ) is the shape function vector across the thickness direction of the plate: ۼௗ(ݖ) = ሾ ଵܰ, ଶܰ, ଷܰሿ, (6)

where ଵܰ = (1 − ̅ݖ3 + ,(ଶ̅ݖ2  ଶܰ = ̅ݖ)4 − ,(ଶ̅ݖ  ଷܰ = ଶ̅ݖ2) − ,(̅ݖ ̅ݖ  = (ℎ − ,ℎ/(ݖ  ℎ  is the 
thickness of the plate. 

 
Fig. 1. Mechanic model of FGM magneto-electro-elastic plate 

In Eq. (5): 

۔ۖەۖ
܃ۓ = ሾ ଵܷ ܷଶ ܷଷሿ,܄ = ሾ ଵܸ ଶܸ ଷܸሿ,܅ = ሾ ଵܹ ଶܹ ଷܹሿ = ሾΦଵ Φଶ Φଷሿ,શ = ሾΨଵ Ψଶ Ψଷሿ, , (7)

where subscript ‘1’ denotes upper nodal surface, ‘2’ middle nodal surface and ‘3’ lower nodal 
surface. 

The functional for piezoelectric-piezomagnetic-elastic materials can be written by: 

Π = 12 ቊඵ ቈන (ઽ்ો − ۳்۲ − ۶்۰ + ሷܝ்ܝߩ ݖ݀( − ݓݍ
  ݕ݀ݔ݀ − ૐ்۰௭ − ்۲௭ቋ, (8)

where ݍ  is the distribution force applied on the top surface of the plate, ܝ  is the elastic 
displacement: ܝ = ሾݑ ݒ  :direction, given as follows ݖ ሿ். (9)۲௭ and ۰௭ are, respectively, the nodal electric displacement and magnetic flux vectors in theݓ

൜۲௭் = ሼ(ܦ௭)ଵ ଶ(௭ܦ) ଷሽ,۰௭்(௭ܦ) = ሼ(ܤ௭)ଵ ଶ(௭ܤ) .ଷሽ(௭ܤ) (10)

Applying the variational principle ߜΠ = 0 on Eq. (8), we obtained the coupled equations of 
the plate as follows: 
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ሷ܄ۻ + ܄۹ = (11) ,܂

where: ܄ ் = ሼદ், ், શ்ሽ, ்܂(12) = ሼ۴் ۲௭் ۰௭் ሽ, ۻ(13) = ۻ௦      ൩, (14)

۹ = ۹ௗௗ ۹ௗఝ ۹ௗట۹ௗఝ் −۹ఝఝ −۹ఝట۹ௗట் −۹ఝట் −۹టట. (15)

In Eq. (12): 

ቐદ் = ሼદଵ દଶ દଷሽ, દ = ሼ ܷ ܸ ܹሽ,் = ሼΦଵ Φଶ Φଷሽ,શ் = ሼΨଵ Ψଶ Ψଷሽ, (16)

In Eq. (13): ۴் = ሼ0 0 0 0 0 0 0 0 ,ሽܨ ܨ = ඵݍ ଶݔ) − ܽଶ)ଶ(ݕଶ − ܾଶ)ଶ݀(17) .ݕ݀ݔ

In Eq. (14): 

௦ۻ = න .ݖ݀ݕ݀ݔડ்ડ݀ߩ
 (18)

In Eq. (15): 

ەۖۖ
۔ۖۖ
۹ௗௗۓ = න න න ۰෩ௗ்۱۰෩ௗ݀ݖ݀ݕ݀ݔ




ି


ି , ۹ௗఝ = න න න ۰෩ௗ்۰܍෩ఝ݀ݖ݀ݕ݀ݔ



ି ,

ି۹ௗట = න න න ۰෩ௗ்۰ܙ෩ట݀ݖ݀ݕ݀ݔ



ି


ି ,    ۹ఝఝ = න න න ۰෩ఝ்۰෩ఝ݀ݖ݀ݕ݀ݔ




ି


ି ,
۹ఝట = න න න ۰෩ఝ்۰ߙ෩ట݀ݖ݀ݕ݀ݔ




ି


ି , ۹టట = න න න ۰෩ట்۰ߤ෩ట݀ݖ݀ݕ݀ݔ



ି


ି .

 (19)

In Eq. (18): ડ் = ሾડଵ ડଶ ડଷሿ, (20)ડ =  ܰݔ)ݔଶ − ܽଶ)(ݕଶ − ܾଶ)ଶ 0 00 ܰݔ)ݕଶ − ܽଶ)ଶ(ݕଶ − ܾଶ) 00 0 ܰ(ݔଶ − ܽଶ)ଶ(ݕଶ − ܾଶ)ଶ. (21)

In Eq. (19): ۰෩ௗ = ሾ۰ ۰ ۰ሿ, ۰෩ఝ = ሾ۰ఝଵ ۰ఝଶ ۰ఝଷሿ,  ۰෩ట = ൣ۰ఝభ ۰ఝଶ ۰ఝଷ൧, (22)

where: 
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۰் =
ێێۏ
ێێێ
∂ۍ ଵ݂(ݔ, ݔ∂(ݕ ܰ 0 0 0 ଵ݂(ݔ, (ݕ ∂ ܰ∂ݖ ∂ ଵ݂(ݔ, ݕ∂(ݕ ܰ0 ∂ ଶ݂(ݔ, ݕ∂(ݕ ܰ 0 ଶ݂(ݔ, (ݕ ∂ ܰ∂ݖ 0 ∂ ଶ݂(ݔ, ݔ∂(ݕ ܰ0 0 ଷ݂(ݔ, (ݕ ∂ ܰ∂ݖ ∂ ଷ݂(ݔ, ݕ∂(ݕ ܰ ∂ ଷ݂(ݔ, ݔ∂(ݕ ܰ 0 ۑۑے

ۑۑۑ
(23) ,ې

۰ఝ = ߲ ଷ݂(ݔ, ݔ߲(ݕ ܰ ߲ ଷ݂(ݔ, ݕ߲(ݕ ܰ ߲ ߲ܰݖ ଷ݂(ݔ, .൨்(ݕ (24)

If a harmonic mechanical excitation ۴் = ሾ0 0 0 0 0 0 0 0  is applied ݐሿsin߱ܣ
on the top surface of the plate with the electrically and magnetically open.  

Eq. (11) can be rewritten as: −߱ଶ܄ۻ + ܄۹ = (25) ,۾

where ۾ = ሾ0 0 0 0 0 0 0 0 ܣ 0 0 0 0 0 0    0ሿ். 
If the piezoelectric parameter ܥ(݅, ݆) is design variable, applying a partial differential on 

Eq. (25) with respect to ܥ(݅, ݆), we have: 

۔ۖۖەۖۖ
௦ۻଶ߱−ۓ ∂દ∂ܥ(݅, ݆) + ۹ௗௗ ∂દ∂ܥ(݅, ݆) + ∂۹ௗௗ∂ܥ(݅, ݆) દ + ۹ௗఝ ∂∂ܥ(݅, ݆) + ۹ௗట ∂શ∂ܥ(݅, ݆) = ,۹ௗఝ் ∂દ∂ܥ(݅, ݆) − ۹ఝఝ ∂∂ܥ(݅, ݆) − ۹ఝట ∂શ∂ܥ(݅, ݆) = ,۹ௗట் ∂દ∂ܥ(݅, ݆) − ۹ఝట் ∂∂ܥ(݅, ݆) − ۹టట ∂શ∂ܥ(݅, ݆) = .  (26)

4. Numerical example  

The material parameters of the functionally graded magneto-electro-elastic plate are given in 
Appendix. Thickness of the plate is ℎ = 0.05 m, semi-length of the plate ܽ = 0.5 m. 

In the present study, the following dimensionless parameters are employed: ̅ݔ = ̅ݖ    ,ℎݔ = തݑ    ,ℎݖ = ݑݑ , ݒ̅ = ݑݒ , ഥݓ = ݑݓ , ഥ߱ = ߱ඥܥ ⁄ߩ ݑ, = ℎݍܥ ,    ത߮ = ߮߮ ,    ߮ = ݁௦ℎݍ(݃௦ܥ), ത߰ = ߰߰ , ߰ =  ,(ܥ௦ߤ)ݍ௦ℎݍ
where ܥ = 109 Pa is the elastic constant, ߩ =  1 kg/m3 is the density constant of plate.  ݁௦ = 1 C/m2, ݃௦ = 10-10 As/Vm, ݍ௦ = 1 Vs/m2, ߤ௦ = 10-6 Vs/Am2, For the mechanical loads,  ݍ = 1 N/m2, and for the electrode excitation, ݍ = ݁௦/ℎ,  is a constant expressing the value 
of the electrostatic potential, and for the magnetic pole excitation, ݍ = ݁௦/ℎ,  is a constant 
expressing the value of the static magnetic potential. 

A normal dimensionless harmonic mechanical excitation ۴ത ் = ሼ0,0,0,0,0,0,0,0,1ሽsin(߱ݐ) is 
applied on the top surface of plate. 

We have studied the sensitivity of dynamic response of the FGM magneto-electro-elastic plate 
to its elastic parameters under the different frequency excitations 

Notes: all the dynamic responses of the plate denote these of the middle surface of the plate. 
Fig. 2 illustrates that sensitivity of the dimensionless deflection responses of the plate to elastic 
parameter ܥ(݅, ݆) under the different frequency excitations for ߣ = (ܾ/ܽ) = 1. It can be found 
from Fig. 2 that the elastic parameters are most sensitive to the dimensionless deflection responses 
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of the FG magneto-electro-elastic plate under the excitation of the dimensionless frequency  
0.1357. From Fig. 2, it can be found that ܥ(4,4) and ܥ(5,5) have almost the same sensitivity, 
and they have the largest negative sensitivity of the dimensionless deflection response of the FG 
magneto-electro-elastic plate under the excitation of the dimensionless frequency 0.1357. ܥ(1,1) 
and ܥ(2,2)  have nearly the same sensitivity. ܥ(1,3)  and ܥ(2,3)  have nearly the same 
sensitivity. Comparing the nine illustrations in Fig. 2, we found that ܥ(1,2)  has the largest 
positive sensitivity of the dimensionless deflection response of the FG magneto-electro-elastic plate 
under the excitation of the dimensionless frequency 0.1357. The negative sensitivity means that the 
deflection response of the plate will decrease when elastic parameters increase, the positive 
sensitivity is the opposite effect. It can be found from Fig. 2 that sensitivities of the dimensionless 
deflection response to the elastic parameters have small peaks when the dimensionless excitation 
frequency is 0.497. From the Fig. 2, it can be found that sensitivity of the dimensionless deflection 
response with respect to the elastic parameter ܥ(6,6) is so small that can be neglected. 

 
Fig. 2. Sensitivity of the dimensionless deflection response of the plate  

to elastic parameter ܥ(݅, ݆) under the different frequency excitations (ߣ = (ܾ/ܽ) = 1) 

Fig. 3 shows the sensitivity of the dimensionless electric potential response of the plate to 
elastic parameter ܥ(݅, ݆)  under the different frequency excitations for ߣ = (ܾ/ܽ) = 1. From 
Fig. 3, it can be seen that the elastic parameter ܥ(݅, ݆) is especially sensitive to the dimensionless 
electric potential response of the plate, when the dimensionless excitation frequencies are 0.1357 
and 0.497. ܥ(4,4) and ܥ(5,5) have almost the same sensitivity of the dimensionless electric 
potential response. ܥ(1,1) and ܥ(2,2) have almost the same sensitivity of the dimensionless 
electric potential response. ܥ(1,3)  and ܥ(2,3)  have almost the same sensitivity of the 
dimensionless electric potential response. The sensitive curves of ܥ(1,3), ܥ(2,3) and ܥ(3,3) 
have the similar tendency. Among all the elastic parameters ܥ(4,4)  and ܥ(5,5)  have the 
maximum negative sensitivity of the dimensionless electric potential response of the plate when 
the dimensionless excitation frequency is 0.1357, and ܥ(1,2)  has the maximum positive 
sensitivity of the dimensionless electric potential response of the plate when the dimensionless 
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excitation frequency is 0.1357. ܥ(1,1) and ܥ(2,2) have the maximum positive sensitive value 
of the dimensionless electric potential response of the plate when the dimensionless excitation 
frequency is 0.497, and ܥ(1,2) has the maximum positive sensitive value of the dimensionless 
electric potential response of the plate when the dimensionless excitation frequency is 0.497. ܥ(4,4), (5,5)ܥ   and ܥ(6,6)  are insensitive to the electric potential response when the 
dimensionless excitation frequency is 0.497. From the Fig. 2, it can be found that sensitivity of 
the dimensionless electric potential response with respect to the elastic parameter ܥ(6,6) is so 
small that can be neglected. 

 
Fig. 3. Sensitivity of the dimensionless electric potential response of the plate  

to the elastic parameter ܥ(݅, ݆) under the different frequency excitations (ߣ = (ܾ/ܽ) = 1) 

Fig. 4 shows that sensitivity of the dimensionless magnetic potential response of the plate to 
elastic parameter ܥ(݅, ݆) under the different frequency excitation (ߣ = (ܾ/ܽ) = 1). It can be seen 
from Fig. 4 that the sensitive curves of the dimensionless magnetic potential response have the 
same tendency as that of the dimensionless electric potential response. However, elastic 
parameters are more sensitive to the dimensionless magnetic potential response than to the 
dimensionless electric potential response.  

5. Conclusions  

The following conclusions can be obtained from the numerical example. 
1) The elastic parameters ܥ(݅, ݆) are especially sensitive to electric and magnetic potential 

responses of plate when the dimensionless excitation frequencies are 0.1357 and 0.497.  
2) The elastic parameters ܥ(݅, ݆) are more sensitive to the dimensionless deflect response of 

the excitation of the dimensionless frequency 0.1375 than that of the excitation of the 
dimensionless frequency 0.497.  

3) Compared with other elastic parameters, ܥ(6,6) is insensitive to all the dynamic response 
of the plate. 
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Fig. 4. Sensitivity of the dimensionless magnetic potential response of the plate  

to elastic parameter ܥ(݅, ݆) under the different frequency excitation (ߣ = (ܾ/ܽ) = 1) 

Analysis of the sensitivity for inverse techniques, optimization design and vibration control is 
a very meaningful. For the purpose of avoiding or reducing the ill-posed problems in inverse 
techniques, when the output such as the electric potentials and the magnetic potentials are 
measured by experiments, the excitation of a certain frequency which can obtain the most 
sensitivity must be acted on the plate. For the numerical example in the paper, we must apply the 
excitation with the dimensionless frequency 0.1357 on the plate, otherwise, Inverse technique can 
lead to serious ill-posed problems. Because ܥ(6,6) is insensitive to all the dynamic response of 
the plate, an inverse problem of ܥ(6,6) identification will be ill-posed. 
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Appendix 

The material parameters are given as follows: 

۱  = ێێۏ
79.7ۍێێ 35.8 35.8 0 0 035.8 79.7 35.8 0 0 035.8 35.8 66.8 0 0 00 0 0 17.2 0 00 0 0 0 14.4 00 0 0 0 0 ۑۑے14.4

ېۑۑ GPa,    ۱ = ۱(ݖଶ + ݖ + 1), 
ૄ = 5.4 0 00 5.4 00 0 5.4൩ × 10ିVs. (Am)ିଵ, ૄ = ૄ(ݖଶ + ݖ + 1), 
 = 3.8 0 00 3.8 00 0 3.8൩ × 10ିଵAs ⋅ (Vm)ିଵ,  = ଶݖ) + ݖ + 1), 
܍ =  0 0 0 0 0 10.50 0 0 0 10.5 0−5.9 −5.9 15.2 0 0 0 ൩ c/mଶ, ܍    = ଶݖ)܍ + ݖ + 1), 
ܙ =  0 0 0 0 0 108.30 0 0 0 108.3 0−60.9 −60.9 156.8 0 0 0 ൩ Vs/mଶ, ܙ = ଶݖ)ܙ + ݖ + ߩ ,(1 = 7454 kg/mଶ,    હ = ሾ0ሿଷ×ଷ,
where the superscripts ‘݈’ denotes the lower layer. 
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