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Abstract. The effect of weld residual stress on the free vibrational characteristics of cylindrical
shell is investigated. Motion equations of cylindrical shell with weld residual stress are established
based on Fliigge theory, the interaction between weld residual stress and displacements is
investigated. The analytical method is applied to calculate the vibrational mode. Weld residual
stress can induce the variation of free vibrational characteristics. The amplitude mainly effects the
variation magnitude of natural frequency and mode shape, and the distribution dose on the
variation trend.
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Nomenclature

a Cylindrical shell radius

h Cylindrical shell thickness

l Cylindrical shell length

x Axial direction

1) Circumferential direction

T Radial direction

u Axial displacement

v Circumferential displacement

w Radial displacement

z Element normal direction

oy Axial weld residual stress

A Circumferential weld residual stress

&y Strain at the middle plane in the x axis

&y Strain at the middle plane in the ¢ axis

Ny Normal forces caused by weld residual stress along the x axis
Ng Normal forces caused by weld residual stress along the ¢ axis
Nyo Projection of the normal force Ny in the ¢ axis

Ny, Projections of the normal force Ny in the z axis
AN Variation of Ny in the x axis

ANy, Variation of Ny in the ¢ axis

ANy Variation of Ny in the z axis

ANg Variation of Ny, in the x axis

AN, Variation of Ny, in the ¢ axis

ANy, Variation of Ny in the z axis

N, Normal force in the x axis caused by the vibration
Nox Shearing force in the x axis caused by the vibration
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N, Normal force in the ¢ axis caused by the vibration

Nyo Shearing force in the ¢ axis caused by the vibration

Qy Normal shearing force acting on the OA section caused by the vibration
M, Bending moment caused by the vibration around the x axis

M, Bending moment caused by the vibration around the ¢ axis

M, Twisting moment caused by the vibration around the x axis

My, Twisting moment caused by the vibration around the ¢ axis

Qy Normal shearing force acting on the OC section caused by the vibration
u Poisson’s ratio

p Material density

t Time

C;, C,, C3  Weld residual stress and vibration displacement coupling terms
1. Introduction

The welding procedure is widely adopted in the process of submarine assembly and closure.
During the welding uneven heating will result in weld residual stress, so it exists widely in the
submarine hull [1, 2]. For the large structure, it is difficult to eliminate it though conventional
methods. As the basic form of the submarine hull, it is necessary to evaluate the free vibrational
behavior of the cylindrical shell with weld residual stress in order to prevent resonance fracture
because of external dynamic loads.

Many scholars have done much investigations about weld residual stress, it is increasingly
recognized that weld residual stress has the following characteristics [3-5]:

1) Weld residual stress includes tension and compression stress, they exist and balance in one
component at the same time. Without the interference of external factors, weld residual stress will
maintain stable in a long term.

2) The stress caused by the external load will overlay weld residual stress.

3) When the sum of stress caused by external load and weld residual stress exceeds the yield
limit, plastic deformation will produce in the local area, and the distribution and amplitude of weld
residual stress will change.

4) Weld residual stress mostly is in plane stress state, and it uniformly distributes along the
thickness direction. It varies greatly along the thickness direction only in the thick section weld.

The research about the effect of weld residual stress on the free vibrational characteristics is
fewer at present. Gao [6] found that weld residual stress has an influence on the natural frequency
of the thin plate by experiments. He also proposed the formula of natural frequency of simple
supported thin plate with weld residual stress [7]. The finite element method [8, 9] is used as a
solution of vibrational mode of structures with weld residual stress, but it distributes mainly near
the weld and varies drastically, so elements near the weld need to be divided very finely. For the
large structure with long weld joints, it will spend lots of time on mesh generation.

In order to investigate the effect of weld residual stress on the free vibrational characteristics
of cylindrical shell, the interaction between weld residual stress and displacements is investigated
and motion equations of cylindrical shell weld residual stress are derived. And the analytical
method is applied to calculate the vibrational mode. Finally, the effect of weld residual stress on
the vibrational characteristics is discussed in detail.

2. Equations of motion

According to the above features of weld residual stress, the following assumptions are made:
1) Weld residual stress and the stress caused by vibration satisfy the linear superposition.

2) The release of weld residual stress does not occur during the vibration.

3) Weld residual stress maintains perpendicular to the cylindrical shell section during the
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vibration.

4) Weld residual stress uniformly distributes along the thickness direction.

The geometry model of cylindrical shell is shown in Fig. 1. The thickness and radius are
respectively denoted by a and h, h is considered small in comparison with other dimensions. x,
@ and R respectively represent the axial, circumferential and radial directions. u, v and w
respectively represent the axial, circumferential and radial displacements. Weld residual stress is
generally resolved into two components in previous researches [1], which are respectively
perpendicular and parallel to the weld joint. Due to the convenience of derivation, it is resolved
into axial component oy and circumferential component gy, in the cylindrical coordinate here,
which are functions of coordinates x and ¢.

W

<

Fig. 1. The geometry model of cylindrical shell

Cut out a element of the shell. The z axis is taken perpendicular to the middle plane and
positive in a downward direction. Forces acting on the element caused by weld residual stress are
shown in Fig. 2. Ny and N, are normal forces caused by weld residual stress along the x and ¢
axes.

®
A X
NQ\ 0
c do N,
dx NG
ON,,
N, +—2de A
a T
¢ h N+ a{;l’( AN

Fig. 2. Element body force caused by weld residual stress

The following will focus on forces caused by weld residual stress during the vibration. The
element produces the strain due to the vibration, so lengths at distance z from the middle plane on
OA and OC section become:

2 _[a+z+a+z( + )] d
{oc— (e +142) | ady, ()
lga=1+¢, +Kez)dx,

where I3, and [ respectively denote lengths at distance z from the middle plane on OA and OC
section, &, and &, are respectively strains at middle plane in the x and ¢ axes, k, andk,
respectively denote curvatures parallel to the xz and ¢z planes.
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So areas of OA and OC section become:

h
2
S, = Jh lgaadedz = h(1 + ¢,)adep,
" 2
z Rk,
Sp = f_%loc dxdz = [h(1+¢,) + T2a | &
Fliigge [9] proposed that in order to ensure the work done by the weld residual stress is zero,
the normal force in the x axis during the vibration should be expressed as:
NI =0lS, = ofh(1 + &,)adeo. ?3)

Ny is no longer parallel to the x axis due to the vibration, it rotates around the ¢ and z axes
(shown in Fig. 3), angles are respectively equal to dv/dx and dw /dx.

llx e

v
dx

L
a) b)
Fig. 3. Element body section angle

So projections of the normal force N in the ¢ and z axes can be expressed as ignoring the
high order term:

- SO0v v 0v
Ny, =N. —=axh(1+sx)azaxh—ad(p,

* Ox 0x
N = N2 = o1+ 60 2 ~ orh 2 ad v
x,z — NVx dx = Oy Ex dx ~ Oy axa ®,

where Ny , and Ny, respectively denote projections of the normal force Ny in the ¢ and z axes.
When the element is static, N which is equal to a5 had is parallel to the x axis, and there is
no projection in other axes. When the element vibrates, variation of N in three axes are:

ANI = o7h(1 + €,)adp — ol hadp = ol he, ady,
v ov

v — A Th_ —0="h——
ANxm—axhaxad(p 0 axhaxadgo, (5)

T r aW T aW
ANX_Z=axhaad(p—0=axhaad(p,

where ANy, ANy ,, and ANy , respectively denote variations of Ny in the x, ¢ and z axes. They
both have the relationship with weld residual stress and displacement, which are called the

coupling force.
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Similarly, due to the strain caused by vibration, the normal force along the ¢ axis can be
expressed as ignoring higher order term:

r r r h3K‘P r
Ny =055, =0y [h(1+¢,) + T oph(1+¢€,)dx. (©6)

During the vibration, Ny, rotates around the ¢ and z axes (shown in Fig. 4), angles are
respectively equal to du/a dg and (Ow/d¢p — v)/a.

r'y

Fig. 4. Element body section angle

Similarly, when the element is static, Ny, equal to o,hdx is parallel to the x axis, and there is
no projection in other axes. When the element vibrates, variations of Ny, in three axes are:

T — T au — T au
(AN(p,x = O'(phmdx —-0= G(phmdx,

ANg = G(Zh(l + ew)dx — oghdx = ogyhe,dx, @)
ang, = ot (22— ) ax -0 = o5 2 (2 - ) a

\ (”'Z_a"’a(ago v) x _a"’a(ago v) %

where ANy, ., AN, and AN, , respectively denote variations of Ny, in the x, ¢ and z axes, they are

also coupling forces.

Since weld residual stress always remains perpendicular to the shell section and uniformly
distributes along the thickness direction, it doesn’t produce new couple bending and twisting
moments.

Now establish dynamic equilibriums in three axes. Assume that there is no external load acting
on the cylindrical shell. Besides N, and N, caused by the vibration, there are coupling forces
ANy and ANy, in the x axis. So the equilibrium in this direction can be expressed as:

ONy Ny 0AN; OANG, . 0°u

= ph— 8
ox adep  0x + ade ‘Dhatz' ®

where N, and N, respectively denote the normal force and shearing force along the x axis
caused by the vibration.

Next establish the equilibrium in the ¢ direction. Besides Ny, Ny, and @, there are coupling
forces ANy, and ANy ,. So the equilibrium in this direction can be expressed as:

ONp  ONyy  Qp  OANG OANT, o i ©
adp  Ox a ade dx at?
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where N, and Ny, respectively denote the normal force and shearing force along the ¢ axis
caused by the vibration, Q,, denote the normal shearing force acting on the OA section caused by
the vibration.

Then establish the equilibrium in the z direction. Besides Q,,, @ and N,,, there are coupling
forces ANy , and ANy, ,. So the equilibrium in this direction can be expressed as:
%4_6&4_ N, + 0AN;, N 0ANg , —) az_w
dx adg dx ade at?

(10)

where Q,, denote the normal shearing force acting on the OC section caused by the vibration.

Finally establish moment equilibriums in the x and ¢ directions. Because weld residual stress
doesn’t produce new bending and twisting moment, moment equilibriums can be expressed as
according to Fliigge shell theory [10]:

oM, My,
" = 11
a a(p ax + Q(p Or ( )
oM, M,
= 12
0x * adg T =0, 12)

where M, and M, respectively are bending moments caused by normal stress around the x and ¢
axes, M, and M,, respectively are twisting moments caused by shearing stress around the x and

@ axes.

Forces and moments on the element caused by the vibration can be solved by Fliigge theory
[10]. Substitute Egs. (5), (7), (11) and (12) into Egs. (8)-(10), then free motion equations of the
cylindrical shell with weld residual stress are:

pho?u
Ly(wv,w) + G (u,v,w,0f,05) = o
phd?v
LZ(u—;v,W)+Cz(u,v,W,0';,O'(z):Fﬁ’ (13)
phd*w
LGt v,w) = Ca(w v, w,08,05) = =55

where p is the material density, D = Eh3/12(1 — u?), E is the Young’s modulus, u is the
Poisson’s ratio and:

120°u 6(1—pw)od*u 1—pd*u 6(1+p) 0*°v 12uow
h? dx? a’h? 0@?  2a* d¢p? ah? 0xd@ ah? 0x
3w +1—y 3w
adx3 2a3 dx0¢@?
6(1+p) 0%u 12 9%2v 6(1—p)d*v 3(1—p)o*v
ah? 0@dx a?h?dp? h?  0x? 2a%? 0x?
N 12 ow 3 —-u 0w
a’h?de  2a? 0x20¢’
12uou  d3u +1—/1 23u N 12 v 3—-pu 93v +12w+04w
ah?dx adx®  2a® dxdp? a’h?de 2a% 0x%?d¢ a*h?  Ox*
20*w N o*w N w+262w
a?ox2dp? a*dep*  a* a*de?

Ll (ul v, W) =

Ly(u,v,w) =

Ly(u,v,w) =
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h (0oy0u  dog, Ou 0*u oy 0%*u
Cl(uvwax,%)— ox 6x+a20<p%+ xax2+a26(p2 ’

. . _h(0dd, dv doyov  0%*v L0%v doyw 050w
Cz(U,U,W,O'x,O'(p) —5<—a2 a(p%-l- ox a+0’ —aza Y oy axz +— 99 az +;% ,
os( ., T)_h dog v a;,av+ao¢, 6w+60x8w+ 0*w ro 0w

s\ VW, 0x:99) = dp a2 a’dp a’dpdep Ox Ox %% oxZ 0x2 a2 o2

C, (u, v, W, 0y, qu,), C, (u, v,w, oy, qu,) and Cy (u, v,w, oy, qu,) are called as coupling terms of
weld residual stress and vibration displacement, and denoted by C;, C, and C; for simplification
in the following. Weld residual stress is the function of the coordinates x and ¢, so its partial
derivative of spatial coordinates can't be ignored. Compared with classic motion equations of the
cylindrical shell without weld residual stress, Eq. (13) includes coupling terms.

3. Analytical solution
The displacement of the cylindrical shell with simply supported edges can be represented by

double trigonometric series as follow [10]:

Upccos(sp)cos(nix)sin(wt),

i
NGE

N
M N
v= Z Z V,csin(gp)sin(nAx)sin(wt), 14)
n=1¢=1
M N
w= Z Z W, ccos(gp)sin(nix)sin(wt),

1¢=1

=
I
~
Il

where n = /1, l is the length of the cylindrical shell, w is the frequency, t is the time.
Substituting Eq. (14) into Eq. (13), we can obtain the following equations by making use of
the orthogonality of trigonometric series:

12 6(1—pw 1—u
12 mA)® 1-—
a—hl:ml +( a) T 243

6(1+pw 12n? 6(1 - y)

ah? a?h?

12n 3 —u
B [azh2
[12;1 3 mA3 1-u

6(1+
] Upm + %nm/ﬂ/;lm

phaw? (15)
man ]an + K, + TUnm =0,

(

( 2)?
ohe? (16)
n] Wom + Ko +TV’"" =0,

12n 3
m/ln] m [ th Sz (m/l)2 ]

12 2 2 2 2 1 2 phwz (17)
ol v G +——2 7| Wam + K3 + == Won = 0,

—— m)? +

nmAU,, — [

ah2m+ a  2a3

where:
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2wl 2w ol
Ky =f fClcos(mp)cos(m/lx)dxd(p, K, =J- szsin(mp)sin(mAx)dxd(p,
0 0 0 0
2m
K, =.[ JC3sin(n<p)sin(m/1x)dxdg0.
o Jo

When there is a girth weld on the cylindrical shell, the distribution of weld residual stress can
be approximately considered to be axisymmetric due to the geometrical axisymmetry. In addition,
tensile and compressive residual stress maintain equilibrium in the shell. So weld residual stress
is suitable for expressing in the form of single triangular series:

M

|(cf; = Z a5 cos(gAx),
=1
{ oy (18)
La(z = z 0,7 cos(gax),
g=1

where g% = —f oycos(gAx)dx, o, = —fo apcos(gAx)dx, oj* and o,¥ are amplitudes of

weld residual stress, g is the positive integer not less than one.
Substitute Eq. (18) into K1, K2 and K3, then MXN equations are established by making use
of Appendix Eqgs. (A1)-(A4) and (A10)-(A13), which are expressed as matrix form:

(A+RX=0, (19)

T
where X = {U1 “ Ugn—pxnen UMXN} s Un—1)xn+n = Unn Vi W™, R= ZZ=1R >
R, and A are clearly shown in Appendix Egs. (A18) and (A19).

If weld residual stress is not axisymmetric, it will be suitable for expressing in the form of
double triangular series:

z Z 7 cos(gAx)cos(jo),

g=1j=
c ] (20)
op = Z Z g, cos(gAx)cos(jo),
g=1j=1
where o = —f fzn gy cos(gAx)cos(jp)dxdp, o7 = %fol fOZH o cos(gAx)cos(jp)dxde,

gg* and ag are amplitudes of weld residual stress, g and j are positive integers not less than one.

Substitute Eq. (20) into K1, K2 and K3, then M xN equations by making use of Appendix
Egs. (A1)-(A17) similarly, which are expressed as matrix form:

(A+R)X =0, 1)

where:

T
X= {Ul U(m—1)><N+n UMXN} ’ U(m—1)><N+n = {Umn Vinn Wmn}T:
G

J
=3,

g=1j=1
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R, ; and A are clearly shown in Appendix Egs. (A18) and (A20).

Eqgs. (19) and (21) are linear systems of equations, the determinant of equation coefficient is
set equal to zero, namely:
|A+R| = 0. (22)

The eigenvalue and eigenvector can be obtained by solving Eq. (22). The existence of R
definitely leads to the variation of free vibrational behavior.

4. Discussion
4.1. Natural frequency

Take the two edges simply supported cylindrical shell with weld residual stress for example,
which geometry and material parameters are shown in Table 1.

There is a girth weld on the cylindrical shell. Assume that the distributions of weld residual
stress at every ¢ section are identical, which are shown in Fig. 5.

Table 1. Cylindrical shell geometry and material parameters

Geometry parameter | Value | Unit | Material parameter | Value Unit
Length 5 m Young’s modulus | 2.1x10"" | N/m?
Width 0.5 m Poisson’s ratio 0.3
Thickness 0.014 | m Density 7860 | kg/m’?
800 7 G,
700 Ao e s,
600 - ‘
< 500
g ]
S 4004
2 300 ]
2 ]
#2004
S ]
§ 100 H
E 0 T T T T T T \ T T T T T T 1
= _100€O 21 2.2 23 | 4 26/, 2.7 2.8 29 3.0
Z - ) A / X (m)
-200 | ; ! /
-300 L
4 v [
-400 bRy v
-500 - ’

Fig. 5. Weld residual stress distribution No. 1

Firstly, discuss the effect of weld residual stress amplitude on the natural frequency. On the
premise of maintaining the distribution (shown in Fig. 6), its amplitude is respectively equal to
100 %, 75 % and 50 %. The first ten natural frequencies under different amplitude solved by the
analytical method are shown in Table 2.

Difference of natural frequency under every weld residual stress amplitude is shown in Fig. 6.
It can be found that the amplitude of weld residual stress has a great impact on natural frequency,
especially variation rate of the first order is up to 6.78 %. With increase of the amplitude, the
variation magnitude of natural frequencies grows, but the variation trend basically remains the
same. Nowadays high strength steel is widely used as submarine pressure hull. It has the high
yield limit, so its amplitude of weld residual stress is higher than general structural steel.
Consequently, weld residual stress has the greater impact on natural frequency.

Next the effect of weld residual stress distribution on natural frequencies will be discussed.
Two kinds of weld residual stress distribution which have the same amplitude are shown in Figs. 5
and 7.
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Table 2. The first ten natural frequencies under different weld residual stress amplitude

Without weld With weld residual stress
Order residual stress 100 % Difference 75 % Difference 50 % Difference
(Hz) (Hz) (%) (Hz) (%) (Hz) (%)
1 52.07 48.55 —6.78 49.46 -5.01 50.36 -3.30
2 101.86 101.91 0.05 101.90 0.04 101.88 0.03
3 108.25 102.31 -5.48 103.98 -3.94 105.53 -2.51
4 128.24 131.21 2.32 130.49 1.75 129.75 1.18
5 137.15 138.02 0.63 137.81 0.48 137.59 0.32
6 181.54 180.93 -0.34 181.01 -0.29 181.13 -0.22
7 204.32 196.12 —4.01 198.67 -2.76 200.92 —-1.66
8 211.28 214.66 1.60 213.88 1.23 213.06 0.84
9 229.78 230.27 0.21 229.81 0.01 229.54 —-0.10
10 263.02 262.96 -0.02 262.98 —0.02 262.99 —-0.01
49 —e—100%
3] --m--75%
4 50%
2 10
é Order
3
-7 ]
g
Fig. 6. The impact of weld residual stress amplitude on the natural frequency

Weld residual stress (MPa)

500 4
400 ]
300 ]
200 ]
100 ]

. q

»100g

-200 —-
-300 4
-400 —-
-500
-600 --
700 ]

-800 4

2.8 2.9 3.0

X (m)

Fig. 7. Weld residual stress distribution No. 2

The first ten natural frequencies under different amplitude solved by the analytical method are

shown in Table 3.

Difference of natural frequency under every kind of weld residual stress distribution is shown
in Fig. 8. It can be found that different kind of weld residual stress distribution has different impact
on natural frequencies. For example, distribution No. 1 makes the first-order natural frequency
decrease, whereas distribution No. 2 makes it increase. Thus, the distribution of weld residual
stress plays an important role in the variation trend of natural frequencies.
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Table 3. The impact of weld residual stress distribution on natural frequencies

Order Without weld residual . With weld residual stress .
stress (Hz) No. 1 (Hz) | Difference (%) | No. 2 (Hz) | Difference (%)

1 52.07 48.55 -6.78 55.26 6.12
2 101.86 101.91 0.05 101.80 —-0.05
3 108.25 102.31 -5.48 112.27 3.72
4 128.24 131.21 2.32 125.07 —2.47
5 137.15 138.02 0.63 136.27 —0.64
6 181.54 180.93 -0.34 182.99 0.80
7 204.32 196.12 —4.01 206.28 0.96
8 211.28 214.66 1.60 207.26 -1.90
9 229.78 230.27 0.21 233.74 1.72
10 263.02 262.96 —0.02 263.04 0.01

7 —a— Distribution No. |

6 --e-- Distribution No.2

Variation (%)

Fig. 8. The effect of weld residual stress distribution on natural frequencies
4.2. Mode shape

This section will focus on the impact of weld residual stress on the mode shape. The
distribution of weld residual stress oy and oy, are shown in Fig. 5. Firstly, discuss the effect of
weld residual stress amplitude on the mode shape. On the premise of maintaining the distribution
(shown in Fig. 6), the amplitude is respectively equal to 100 % and 75 %. The typical profiles of
several order mode shapes are shown in Fig. 9.

28 —— Without weld residual stress 244 —— Without weld residual stress
| 100% Weld residual stress T 100% Weld residual stress
- 75% Weld residual stress 5 50% Weld residual stress
2.4 2.0
224 18]
0]
2 164

1.8
14
1.6

z 144

124 1.0
1.0 084
0.8 064
0.6
0.4
0.4 4
0.2 4 024
0.0 e e e R B e e S B A B e B 0.0 T T T T T T T T T T T 1
05 00 05 10 15 20 25 30 35 40 45 50 55 05 00 05 10 15 20 25 30 35 40 45 60 55
X (m) X (m)
a) The first order mode shape b) The third order mode shape

Fig. 9. Mode shapes of cylindrical shell with different weld residual stress amplitude at ¢ = 0
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It can be found the mode shape of cylindrical shell without weld residual stress is single
triangular function, and the mode shape with weld residual stress is the sum of several triangular
functions. With the increase of amplitude, the variation of mode shape grows. So the amplitude
mainly effects the variation range of mode shape.

Next the effect of weld residual stress distribution on the mode shape will be investigated. Two
kinds of weld residual stress distribution which have the same amplitude are shown in Fig. 5 and
Fig. 7. The typical profiles of several order mode shapes are shown in Fig. 10.

It can be found that different kind of weld residual stress distribution has different impact on
the shape mode. Distribution No. 1 makes the middle of the mode shape sharper, whereas
distribution No. 2 makes it smoother. So the distribution mainly has the influence on the variation
trend of mode shape.

—— Without weld residual stress 2.4+ Without weld residual stress
SRR e Weld residual stress distribution No. 1 22l Weld residual stress distribution No.1
26+ -~ Weld residual stress distribution No 2 -+ Weld residual stress distribution No,2
24+ amag 2.0

224
204
1.8 4

184
164

14
164
1] = 12
12] 10
1.0 4
08+
06+
04+
024

0.0

0.8
0.6
0.4

0.24

2.8 +—r—f————1—+—7—"—"1—"+—"T""—"T""—""T"—"T"—"
05 00 05 10 15 20 25 30 35 40 45 50 55 05 00 05 10 15 20 25 30 35 40 45 50 55

x{m) X {m)
a) The first order mode shape b) The third order mode shape
Fig. 10. Mode shapes of cylindrical shell with different kind of weld residual stress distribution at ¢ =0

5. Conclusions

The interaction between weld residual stress and displacements is investigated and derived
here, and motion equations of cylindrical shell with weld residual stress are established based on
Fliigge theory. The analytical method is applied to calculate the vibrational mode. Weld residual
stress can lead to the variation of free vibrational behavior. The amplitude has an important effect
on the variation magnitude of natural frequency and mode shape, and the distribution does on the
variation trend. So the effect of weld residual stress on vibrational characteristics of cylindrical
shell can’t be neglected.
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