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Abstract. A novel method combining max-min approach (MMA) with energy method is proposed
for the derivation of the approximate analytical solution for shock response of the strong nonlinear
system. MMA is used to evaluate the governing differential equation with nonlinearity terms and
to obtain the approximate solution. The maximum shock response displacement of the system is
obtained by energy method, and then the approximation solution by MMA is corrected. Three
examples are given to illustrate the validity of the method. It is shown that the corrected MMA
method always lead to a better approximate solution for different kinds of nonlinear problems.
The results provides a new simple but effective method for the analysis of shock response of strong
nonlinear problems.

Keywords: strong nonlinear problems, shock response, approximate analytical solution, corrected
max-min approach.

1. Introduction

There are various kinds of nonlinear problems in the engineering field. In most cases, the
constitutive relations of systems are strong nonlinear, which are usually difficult to be solved
analytically. Various analytical approaches for solving nonlinear differential equations are
proposed and applied in the analysis of some engineering problems, such as the homotopy analysis
method [1-3], variational iteration method (VIM) [4-6], the method of harmonic balance [7-9],
Adomian’s decomposition method [10-12], parameter expansion method [13-15] and max-min
approach (MMA) [16-18]. Among these analytical methods, as suggested by S. S. Ganji [19] and
Zeng [20], MMA is very effective for solving nonlinear oscillators.

The shock response is very different from free vibration for nonlinear systems. By combining
the L-P Perturbation Method with the energy method (EM) and combining the VIM with the EM,
Xiang [21] and Chen [22] get good analytical expressions of dropping shock response of nonlinear
packaging systems separately. In this study, the shock response of strongly nonlinear systems is
considered, and the correction method combining the approximate solution of system applying the
MMA with the EM is developed.

2. MMA and EM
2.1. Basic idea of the MMA [17]
Considering the following equation:

{il+uf(u)=0, 0
u(0) =0, u(0) =v,

wheref (u) is a nonnegative function. A trial-function is chosen in the following form:

u = Asinwx, 2
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where w is the frequency to be determined.
Observing that the square of frequency w?, has:

fmin < wz < fmax- (3)

Hence, it follows that:

fmin 2 fmax
il — 4
1 <w* < 1 ( )

According to He Chengtian’s interpolation [23, 24], one can have:

2 _ mfmin + nfmax
Wwe=—-""
m+n

= fmin + k(fmax - fmin)' )

where, m and n are weighting factors, and k = n/(m + n).
So the frequency can be approximated as:

w = \/fmin + k(fmax - fmin)- Q)

Then, one can get the approximate solution for Eq. (1) as:

u= ASin[(fmin + k(fmax - fmin))l/zt]' (7)

where, k can be easily obtained.
2.2. Basic idea of the EM

For nonlinear system without damping, the kinetic energy of the system transforms into
completely elastic potential energy when the deformation of the material achieves the maximum
value, x,,. Assuming the critical impact velocity of the system is V, the critical kinetic energy of
the system can be written as:

1
T = Emvz. ®)

For a nonlinear system, f(x) denotes the corresponding restoring force, where f(x) is a
nonlinear function of x, depending upon only the function of x. By using the energy method (EM),
one can have:

1 i
Emv2 =f f(x)dx. )
0

The maximum deformation X,,, can be obtained by solving Eq. (9).
3. Correction method of MMA
3.1. Example 1
Considering the duffing system, the governing equation can be written as:

m¥ + ax + bx3 =0,
{x(O) =0, x(0)=V, (10)
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where the dot denotes the differentiation with respect to the time ¢, m is the mass of product, x is
the displacement of the system, a and b denote the constant coefficient, respectively, and V is the
critical impact velocity. The restoring force of the system can be represented as:

f(x) = ax + bx3. (11)

By introducing parameters T = /m/a, L =+/a/b, and setting u = x/L and T = t/T, one
can obtain the dimensionless equation as:
u'+u+ud=0,

bmV? (12)

az '’

u(0) =0, u'(0) =
where the prime denotes the differentiation with respect to the 7. To apply MMA for solving
Eq. (12), Eq. (12) is firstly re-written in the following form:

u' + (@ +uPH)u=0. (13)
One can choose a trial-function in the form:
u = AsinQr, (14)

where () is the frequency to be determined.
Observing that the square of frequency, Q2, one can have:

1<02<1+A4% (15)

Hence, it follows that:

1 1+ A2
Z<0? : 16
T<0P<— (16)
According to He Chengtian’s interpolation [21, 22], one can have:
k+n(1+ A2
z =S L, (17)
k+n

where k and n are weighting factors, [ = n/(k + n).
So the frequency can be approximated as:

0= JTF I (18)
Then, we get the approximate solution of Eq. (12) as:

u(r) = Asin[(1 + 1A%)V/?1]. (19)
Combination of Eq. (12) and Eq. (19) leads to:

u' + (14 14%)u = 1A%u — u3. (20)

If, by chance, Eq. (19) is the exact solution, then the right hand side of Eq. (20) is vanishing
completely. Since our approach is only an approximation to the exact solution, we set:
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To/4

f (1A%u — u®)sinQr dt = 0, (1)
0

where Ty = 2m/Q. Substituting Eq. (19) into Eq. (21), one can obtain:
[ =3/4 (22)

Finally the frequency can be obtained as:

, 3
Q= 1+ZA2. (23)

And the approximate solution of the dimensionless equation by MMA can be written as:
3 \1/2
u(7) = Asin [(1 + ZAZ) r]. (24)

It is easy for one to get the approximate solution of the original Eq. (10) in the form:

aA? 4a + 3aA%\"?
- /_ in [( 22222 (25)
x(t) b sm( yy ) tl,
4 2 1/2
wz(a+3aA> ’ (26)
im

where w is the frequency of the original system. The exact frequency reads:

s

We = 1/2 .

fn/z{ [8m(a? + 2mbV2) — 8ma]cos2¢ } d 27

0 {2mbV2 — 2a[(a? + 2mbV?2)1/2 — q]sin2¢ — [(a? + 2mbV?2)1/2 — a]2sint¢} ¢

The velocity response of the system can be expressed as:
a?A?(4 + 342 4a + 3a4?\"?
x(t) = ¥cos — ) tl (28)
4bm 4m

From Eq. (28), one can obtain:

#(0) = /W_ (29)

Combining Eq. (10) and Eq. (29), the parameter 4 is obtained. Substituting it into Eq. (26),
one can get the value of frequency w.
When:

<4a + 3aA2>1/2

4m 2’
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substituting it into Eq. (24), one can obtain:

aA?
X = |—

30
o (30)

A new method, namely, the corrected MMA (CMMA) is suggested here to obtain a better
solution to nonlinear equation, which integrates the MMA with the EM. According to the EM,
one have:

Xm
1
Esz = J- (ax + bx3) dx. (31)
0

The exact maximum displacement is obtained as:

(a? + 2mbV?)/2 —q 12
Xem = : (32)
b
Combining Eq. (25), Eq. (30) and Eq. (32), the corrected solution is obtained as:
(a® +2mbV?)V2 —q 12 _ {[a + 3(a? + 2mbV?)1/? 12
X = sin to (33)
b 4m
a + 3(a® + 2mbV?)1/2 1z
W = : (34)
4m

To illustrate the validity of CMMA for this example, the comparison of results obtained by
MMA and CMMA is given in Table 1 and Fig. 1. It is shown that the CMMA tends to give a more
precise result than MMA for nonlinear equation.

Table 1. Comparison of frequency corresponding to various parameters of system for Example 1
m=a=b=1

v 0.01 0.1 1.0 10.0 100.0
Wex 1.0000019 | 1.0037230 | 1.2413297 | 3.2403053 | 10.0914601
w 1.0000375 | 1.0037153 | 1.2247449 | 3.0289727 | 9.3329515
W, 1.0000375 | 1.0037245 | 1.2446036 | 3.2989521 | 10.3110945
[(Wor — @)/woy| | 0.0000356 | 0.0000077 | 0.0133605 | 0.0652200 | 0.0751634
[(Wor — W)/ Wy | 0.0000356 | 0.0000015 | 0.0026374 | 0.0180992 | 0.0217644

3.2. Example 2

The dynamic equation of this example is shown in Eq. (35):

cx

X+m=0, x(0) =0, x(0)="V. (35)

m

Similarly, here the dot denotes the differentiation with respect to the time t, m is the mass of
product, x is the displacement of the system, ¢ and d denote the constant coefficient, respectively,
and V is the critical impact velocity. The restoring force of the system can be represented as:

cX

[0 =13 ae

(36)
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4
20 40 60 80 100

Fig. 1. Comparison of MMA and CMMA with the exact solution for Example 1

By introducing parameters T = \/m/c, L = /1/b, and setting u = x/L and T = t/T, one
can obtain the dimensionless equation and initial conditions of system as following:

u dmV?2
" — — ’ — (37)
u' + TTu 0, u(0)=0, u'(0) -

where the prime denotes the differentiation with respect to the 7.
Eq. (37) can be rewritten in the following form:

1
" —0. 38
u +(1+u2)u 0 (38)

By using u = AsinQt as a trial function, the maximal and minimal values of 1/1 + u? are,
respectively, 1 and 1/(1 + A?%), so one can immediately obtain:

1 1
I<QZ <—1+A2. (39)

According to MMA, one can have:

_ k+n _ 1
T k+n(1+A42) 1+147

Q2 (40)

where k and n are weighting factors, [ = n/(k + n).
So the frequency can be approximated as:

1
=T @D

Now re-write Eq. (37) in the form:
(1 + 145" +u = 1A%u" —u?u". (42)
Setting:

To/4

.f (1A%u" — u?u'")sinQr dt = 0, (43)
0
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one can obtain:
l=3/4. (44)
The approximate frequency can be obtained as:

2
0= 45

And the approximate solution of the dimensionless equation by MMA can be written as:

u(t) = Asin [ (46)

2
—T|.
4+ 342 ]

Similarly, it is easy for one to get the approximate solution of the original Eq. (35) in the form:

,AZ 4c¢ /2
= [Sgnlf— 47)
x(®) a " [(4m + 3mA2) t]'
4c 1/2
w

= (G (*8)

where w is the frequency of the original system. Its exact frequency reads:

T

w, = - YR
fn/z 4m(edmV?/c — 1)cos2¢p (49)
0 |{dmV?2 — cIn[1 + (e4™V?/c — 1)sin2¢]} ¢

The velocity response of the system can be expressed as:

. 4cA? 4c¢ /2
0 = ’md(4 +342) < [(4m n 3mA2> t]' (50)

From Eq. (50), one can obtain:

. _ ’ 4cA?

Combining Eq. (35) and Eq. (51), the parameter A is obtained. Substituting it into Eq. (48),
one can get the value of frequency w.
When:

( 4c >1/2 . T
4m + 3mA? A

substituting it into Eq. (47), one can obtain:

AZ
= | (52)
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By using the EM, we have:

Then, the exact maximum displacement is obtained as:

1/2

xem

ediZ/c -1
d

Combining Eq. (47), Eq. (52) and Eq. (54), the corrected solution is obtained as:

ediZ/c -1 1/2 . 4c 1/2
Xe = —d Sin (m—+ 3medi2/C) tl,

1/2

_ 4c
We = (m + 3medi2/C>

(53)

(54

(55

(56)

To illustrate the validity of CMMA for this example, comparison of results is given in Table 2

and Fig. 2. It is shown that CMMA is still effective when MMA fails.

Table 2. Comparison of frequency corresponding to various parameters of system for Example 2

m=c=d=1
Vv 0.01 0.1 0.5 1.0 2.0
Wey 0.9999626 | 0.9962557 | 0.9089836 | 0.6702093 | 0.1667291
W 0.9999625 | 0.9962429 | 0.9013878 0.50 -
[ 0.9999625 | 0.9962524 | 0.9079589 | 0.6610046 | 0.1557969
[(Wex — @)/ wex| | 0.0000001 | 0.0000128 | 0.0083564 | 0.2539644 -
[(Wex — W¢)/wey| | 0.0000001 | 0.0000033 | 0.0011273 | 0.0137341 | 0.0655686

1.0

0.8

0.6

04

0.2

0.5 10 1.5 20
Fig. 2. Comparison of MMA and CMMA with the exact solution for Example 2

3.3. Example 3
Considering the following example:

mi+(e+fxH)x=0, x(0)=0, x(0)=V,

(57

where the dot denotes the differentiation with respect to the time t, m is the mass of product, x is
the displacement of the system, ¢ and d denote the constant coefficient, respectively, and V is the
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critical impact velocity. The restoring force of the system can be represented as:
flx, %) = (e + fx%)x. (58)

By introducing parameters T = \/m/e, L = \/m/f, and settingu = x/L and t = t/T, one
can obtain the dimensionless equation and initial conditions of system as following forms:

v +(1+uHu=0, u(0)=0, w'(0)= ,]%{ (59)

where the prime denotes the differentiation with respect to the t.
By using Asin()t as a trial function, one can write:

1 A%20?% +1
1< <—/— (60)

According to the MMA, one can have:

02 = k+n 1 61
T k4+n(1-42) 1-14%

where k and n are weighting factors, | = n/(k + n).
The frequency can be approximated as:

1

Q= N T (62)
Now re-write Eq. (59) in the following form:

(1-1A%u" +u=—1A%u" —u'*u (63)
Setting:

To/4

J— (—lA%W" —u'?w)sinQrdt = 0 (64)

0

one can obtain:
l=1/4. (65)

The approximate frequency can be obtained as:

2
Q=—— (66)
V4 — A?
And the approximate solution of the dimensionless equation by MMA can be written as:
() = Asin| =] 67
u(r) = Asin |[—=r|.
V4 — A?

The approximate solution of the original Eq. (56) can be obtained in the form:
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/2
x(t) = sm[ yroo mA2 t], (68)

(69)

4m mAZ) ’

where w is the frequency of the original system.
The velocity response of the system can be expressed as:

. 4eA? 4e /2
0= [ra—an ™ [<4m 7 t]' 7

From Eg. (70), one can obtain:

. _ 4eA?
O = [Fa—ay b

Combining Eq. (56) and Eq. (70), the parameter A is obtained. Substituting it into Eq. (68),
one can get the value of frequency w.
When:

1/2

( 4e ) ‘=
4m — mA? X

substituting it into Eq. (68), one can obtain:

Y = m]‘fz. (72)

By using the EM, we have:
T/4

1
Esz = f (e + fV2cos?wt)x,,sinwtVcoswt dt. (73)

Note that the maximum displacement, x,,, is approximated by EM in this case.
The approximate maximum displacement by EM is obtained as:

_ [ zmvz 1 (74)
Yam = oo v fvE|

Combining Eq. (48), Eq. (72) and Eq. (74), the corrected solution is obtained as:

2mv? 1% [[4e? + 2efv2\"?
xp = |2V g [(AeR2e VN T (75)
2e + fV? 4em + fmV?
2 2 1/2
o, = 4e* + 2efV . (76)
4em + fmV?
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The exact frequency cannot be obtained for this example. We showed comparison of x(t) in
Figs. 3(a)-(d). These figures are related to parameters m = e = f =1,V =00l,m=e=f =1,

V=0lm=e=f=1V=05andm=e=f =1,V = 1.0, respectively. It is shown that the
CMMA can give a more precise result than MMA for the nonlinear problem although the exact
maximum displacement response cannot be obtained by the EM.

0.01

0.005

x(1)
=

-0.005

x(1)

x(1)

x(1)

t
V=10
Fig. 3. Comparison of x(t) in case of m = e = f = 1 for Example 3
(Solid line: CMMA; Dash-dotted line: MMA; Symbols: Runge-Kutta)
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4. Conclusion

In this paper, the max-min approach (MMA) which is widely applied for various kinds of
nonlinear equations is combined with energy method (EM), a new technique called CMMA is
proposed and applied to analysis the shock response of strongly nonlinear system.

Three examples were given to illustrate the validity of the method. The first one shows CMMA
is better than MMA for strongly nonlinear system. And it can be seen that CMMA is still effective
when the MMA fails from the second example. Although sometimes the exact maximum
displacement response cannot be obtained by the EM, the approximate solution is better by
CMMA and closed to the numerical solution.

Overall, it can be concluded that CMMA has a great application respect in strong nonlinear
problems.
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