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Abstract. Through curve fitting, the so-called flutter-margin method can estimate a good flutter 
boundary, however, is not suitable for the binary wing with a control surface. This paper develops 
the flutter-margin method and proposes a new stability criterion based on the dynamic equation 
of the three-dof wing and the Routh’s stability theory. The analysis of the trend and error-resistant 
ability show that: the new criterion, behaving a steady decrease to zero as instability is approached, 
varies in a sensibly linear manner with the velocity squared and could obtain good estimates of 
the flutter speed from data at a low speed, thus overcoming the defects of the velocity-damping 
method effectively. In addition, the criterion is more dependent upon the frequencies than on the 
decay rates, and is presented to be a good linear trend even when there is a 50 % damping 
maximum allowable error and 5 % frequency error. 
Keywords: flutter margin method, two-dimensional wing, boundary estimate, Routh’s stability 
criterion, modal parameters. 

1. Introduction 

Flutter of aircraft is often a disastrous phenomenon, and thus it is essential to obtain the flutter 
boundary through wind tunnel and flight test [1]. But, considering the safety of life and property, 
it is difficult to reach the critical value of flutter. Traditionally, there is a flutter boundary 
prediction method so called velocity-damping method that fit and extrapolate the “trend” of the 
modal damping. When damping trend decreases to be zero, the airspeed is thought to be the flutter 
boundary [2-4]. Unfortunately, sometimes the modal aeroelastic damping of the nature flutter, 
especially so-called explosive flutter, will increase continually until just before instability, and 
then reduce suddenly. Furthermore, it is unknown which mode will go unstable, and certainly 
there will be some scatter in the modal damping measurements, thus lead to uncertainty about 
whether or not flutter will occur at the next increment of airspeed. 

One method so-called “flutter-margin method” [5] is proposed to reduce this uncertainty. In 
this method, Zimmerman and Weissen burger make use of both the modal frequency and damping 
information and show that the flutter margin varies in a gradual manner with dynamic pressure. 
In particular when the instability is approached, the flutter-margin will decrease steadily to zero. 
Flutter experiments of a T-tail, a wing and a stabilizer have shown that the margin is applicable to 
two modes situation [5]. And more investigations of the use of the method have been done by 
Bennett [6] and Jennifer [7] on wind-tunnel aero elastic data and by Katz [8] and Lee [9] on flight 
test data. 

However the margin can be used to binary instabilities only, then Price and Lee [10] developed 
a flutter margin method for three modes. Through the results of simulated experimental data, they 
proposed that the new margin will vary in a sensibly linear manner with dynamic pressure, thus 
could be a good tool to predict the flight flutter. But there is actually a mistake in their deducing 
process, and the simplified analysis of the margin is lack of rigorous. 

In this paper, the flutter-margin method will be developed to the trinary flutter situation, and a 
new stability criterion will be proposed based on the dynamic equation of the three-dof wing and 
the Routh’s stability theory. The variation of this new criterion with airspeed will be described 
upon the simulated experimental data and the influence of modal parameter errors will be 
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discussed latter. 

2. The dynamic equation of the three-dof wing 

Give a binary wing model with a control surface as shown in Fig. 1. The wing has three degrees 
of freedom: plunging motion ℎ, pitch motion ߙ and control surface yaw motion ߚ. The coordinate 
origin is set to be the center of the airfoil chord and the chord length is 2ܾ. In Fig. 1, ݇஑, ݇௛ and ݇ఉ represent the stiffness coefficient of each dof. 

 
Fig. 1. A binary wing model with a control surface 

We can obtain the motion differential equation of the wing as follows: 

൞݉ℎሷ + ሷߙఈݔ݉ + ሷߚఉݔ݉ + ݇௛ℎ − ܨ = ఈℎሷݔ݉,0 + ሷߙఈଶݎ݉ + ఉଶݎ݉ൣ + ఉሺܾܿ̅ݔ݉ − തܾܽሻ൧ ሷߚ + ݇ఈߙ − ఈܶ = ఉℎሷݔ݉,0 + ఉଶݎ݉ൣ + ఉሺܾܿ̅ݔ݉ − തܾܽሻ൧ ሷߙ + ሷߚఉଶݎ݉ + ݇ఉߚ − ఉܶ = 0, (1)

where ܨ  is aerodynamic force, ఈܶ  is the aerodynamic moment for elastic axis, ఉܶ  is the 
aerodynamic moment for hinge coordinate of the control surface.  

Depend on Theodorsen’s theory [11], the quasi-steady aerodynamic force on the three-dof 
binary wing can be: 

ܮ = ௔ܾଶߩߨ ൬ℎሷ + ሶߙܸ − ܾ തܽߙሷ − ߨܸ ସܶߚሶ − ߨܾ ଵܶߚሷ൰ + ,௔ܸܾܳ௔ߩߨ2 (2)

ఈܶ = ௔ܾଶߩߨ ቈܾ തܽℎሷ − ܸܾ ൬12 − തܽ൰ ሶߙ − ܾଶ ൬18 + തܽଶ൰ ሷߙ − ܸଶߨ ሺ ସܶ + ଵܶ଴ሻ       + ߨܾܸ ൬− ଵܶ + ଼ܶ + ሺܿ̅ − തܽሻ ସܶ − 12 ଵܶଵ൰ ሶߚ + ܾଶߨ ሺ ଻ܶ + ሺܿ̅ − തܽሻ ଵܶሻߚሷ቉       +2ߩߨ௔ܸܾଶ ൬ തܽ + 12൰ ܳ௔, (3)

ఉܶ = ௔ܾଶߩߨ ቈܾߨ ଵܶℎሷ + ߨܾܸ ൬2 ଽܶ + ଵܶ − ൬ തܽ − 12൰ ସܶ൰ ሶߙ − 2ܾଶߨ ଵܶଷߙሷ       − ൬ܸߨ൰ଶ ሺ ହܶ − ସܶ ଵܶ଴ሻߚ + ଶߨ2ܾܸ ସܶ ଵܶଵߚሶ + ൬ܾߨ൰ଶ ଷܶߚሷ቉ − ௔ܸܾଶߩ ଵܶଶܳ௔,  
(4)

where ଵܶ- ଵܶଷ are configuration constants. 
Substituting Eq. (2)-(4) into Eq. (1), we can obtain: 
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ܽଵℎሷ + ܸܽଶℎሶ + ܽଷℎ + ܾଵߙሷ + ܸܾଶߙሶ + ܸଶܾଷߙ + ܿଵߚሷ + ܸܿଶߚሶ + ܸଶܿଷߚ = 0, (5)ܽସℎሷ + ܸܽହℎሶ + ܾସߙሷ + ܸܾହߙሶ + ܸଶܾ଺ߙ + ܾ଻ߙ + ܿସߚሷ + ܸܿହߚሶ + ܸଶܿ଺ߚ = 0, (6)ܽ଺ℎሷ + ܸܽ଻ℎሶ + ሷߙ଼ܾ + ܸܾଽߙሶ + ܸଶܾଵ଴ߙ + ܿ଻ߚሷ + ሶߚ଼ܸܿ + ܸଶܿଽߚ + ܿଵ଴ߚ = 0, (7)

where ܽଵ-ܽ଻, ܾଵ-ܾଵ଴ and ܿଵ-ܿଵ଴ are configuration constants in derivation process. 
Writing these equations in operational form with ܲ representing ݀/݀ݐ and performing some 

algebraic manipulations, they can be written as: ሺܽଵܲଶ + ܸܽଶܲ + ܽଷሻℎ + ሺܾଵܲଶ + ܸܾଶܲ + ܸଶܾଷሻߙ + ሺܿଵܲଶ + ܸܿଶܲ + ܸଶܿଷሻߚ = 0, (8)ሺܽସܲଶ + ܸܽହܲሻℎ + ሺܾସܲଶ + ܸܾହܲ + ܸଶܾ଺ + ܾ଻ሻߙ + ሺܿସܲଶ + ܸܿହܲ + ܸଶܿ଺ሻߚ = 0, (9)ሺܽ଺ܲଶ + ܸܽ଻ܲሻℎ + ሺ଼ܾܲଶ + ܸܾଽܲ + ܸଶܾଵ଴ሻߙ + ሺܿ଻ܲଶ + ଼ܸܿܲ + ܸଶܿଽ + ܿଵ଴ሻߚ = 0. (10)

These three simultaneous differential equations in the unknown ℎ, ߙ and ߚ can be reduced to 
a single differential equation in each of the unknowns using straightforward operational 
techniques. If the unknown ℎ and ߚ are eliminated, we can get the differential equation for ߙ: ሺܲ଺ + ହܲହܣ + ସܲସܣ + ଷܲଷܣ + ଶܲଶܣ + ଵܲܣ + ߙ଴ሻܣ = 0. (11)

The exact expressions for the coefficients ܣ଴-ܣହ are unimportant for our purpose, only the 
form or compositions are pertinent. The coefficients ܣ଴-ܣହ take the form: 

۔ۖۖەۖۖ
ହܣۓ = ସܣ,ହܸܭ = ସଵܸଶܭ + ଷܣ,ସଶܭ = ଷଵܸଷܭ + ଶܣ,ଷଶܸܭ = ଶଵܸସܭ + ଶଶܸଶܭ + ଵܣ,ଶଷܭ = ଵଵܸହܭ + ଵଶܸଷܭ + ଴ܣ,ଵଷܸܭ = ଴ଵܸ଺ܭ + ଴ଶܸସܭ + ଴ଷܸଶܭ + ,଴ସܭ

 (12)

where the ܭ are configuration constants, our purpose is to gain the relationship between ܣ and 
airspeed ܸ, so it is unnecessary to know the expressions of ܭ. 

From Eq. (11)-(12), since the ܣ depend on airspeed as well as on configuration, we also get 
that the resulting pitch motion will also vary with air speed. However, at any speed, Eq. (11) 
represents a linear differential equation whose solution is of the form: 

ߙ = ෍ ଴௝݁௦ೕ௧଺ߙ
௝ୀଵ , (13)

where ݏ௝ are the six roots of the corresponding characteristic equation: ݏ଺ + ହݏହܣ + ସݏସܣ + ଷݏଷܣ + ଶݏଶܣ + ݏଵܣ + ଴ܣ = 0. (14)

The roots may be expressed in complex form as follows: 

ቐݏଵ,ଶ = ଵ݃ ± ݅߱ଵ,ݏଷ,ସ = ݃ଶ ± ݅߱ଶ,ݏହ,଺ = ݃ଷ ± ݅߱ଷ, (15)

where ߱௜ is modal frequency and ௜݃ is modal damping. Substituting Eq. (15) into Eq. (14) and we 
have: 
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ەۖۖ
ۖۖۖۖ
۔ۖ
ۖۖۖۖ
ହܣۓۖ = −2 ෍ ௜݃ଷ௜ୀଵ ସܣ, = ෍ ቆ ௜݃ଶ + ߱௜ଶ + 4 ෑ ݃௝௝ஷ௜௝ୀଵ:ଷ ቇ ,ଷ௜ୀଵܣଷ = −2 ෍ ௜݃ ቆ෍ ൫݃௝ଶ + ௝߱ଶ൯௝ஷ௜௝ୀଵ:ଷ ቇଷ௜ୀଵ, + 8 ෑ ݃௞ଷ௞ୀଵ ,

ଶܣ = ෍ ቆ4ሺ ௜݃ଶ + ߱௜ଶሻ ෑ ݃௝௝ஷ௜௝ୀଵ:ଷ + ෑ ൫݃௝ଶ + ௝߱ଶ൯௝ஷ௜௝ୀଵ:ଷ ቇ ,ଷ௜ୀଵܣଵ = −2 ෍ ቆ ௜݃ ෑ ൫݃௝ଶ + ௝߱ଶ൯௝ஷ௜௝ୀଵ:ଷ ቇଷ௜ୀଵ ଴ܣ, = ෑ ሺ ௜݃ଶ + ߱௜ଶሻଷ௜ୀଵ .

 (16)

Then the Routh’s stability criterion is used to determine the stability boundary. This is done 
by forming the test determinants ܲ as follows: 

ەۖۖ
۔ۖۖ
ۓۖۖ ଵܲଵ = ,ହܣ

ଶܲଵ = ସܣ − ହܣଷܣ ,    ଶܲଶ = ଶܣ − ହܣଵܣ ,
ଷܲଵ = ଷܣ − ହܣ ଶܲଶଶܲଵ ,    ଷܲଶ = ଵܣ − ହଶܲଵܣ଴ܣ ,
ସܲଵ = ଶܲଶ − ଶܲଵ ଷܲଶଷܲଵ ,    ସܲଶ = ,଴ܣ
ହܲ = ଷܲଶ − ଴ܣ ଷܲଵସܲଵ .

 (17)

The dynamic stability boundary is given by ହܲ = 0. And if ହܲ is positive, we think the system 
is stable. At any speed, once the modal parameters ߱௜ and ௜݃ are measured, we can calculate the ହܲ by Eqs. (16), (17). In order to be convenient to polynomial fit, we construct parameters as  
follow: 

۔ۖۖەۖۖ
ଵܬۓ = ହܣ = ଶܬ,ଵܸܥ = ହܣସܣ − ଷܣ = ଶଷܸଷܥ + ଷܬ,ଶଵܸܥ = ଷܲଵܬଶ = ଷ଺ܸ଺ܥ + ଷସܸସܥ + ସܬ,ଷଶܸଶܥ = ସܲଵܬଷ = ସଵ଴ܸଵ଴ܥ + ସ଼଼ܸܥ + ସ଺ܸ଺ܥ + ସସܸସܥ + ହܬ,ସଶܸଶܥ = ହܲܬଶܬସ = ൬ܥହଵ଼ܸଵ଼ + ହଵ଺ܸଵ଺ܥ + ହଵସܸଵସܥ + ହଵ଴ܸଵ଴ܥ+ହଵଶܸଵଶܥ + ହ଼଼ܸܥ + ହ଺ܸ଺ܥ + ହସܸସܥ ൰ , (18)

where ܥ are the function of ܭ, so they are configuration constants as well. ܬଵ-ܬସ have the same 
function with ଵܶ- ସܶ that proposed by Price [10], but there is difference between ܬହ and ହܶ. The ହܶ 
is: 

ହܶ = ହܶଵହܸଵହ + ହܶଵଷܸଵଷ + ହܶଵଵܸଵଵ + ହܶଽܸଽ + ହܶ଻ܸ଻ + ହܶହܸହ + ହܶଷܸଷ. (19)

The reason caused the difference is that Price lost a “ ହܶଵ/ ଶܶ” in his deducing process. We 
perfect the ହܶ, and plus it with ଶܶ, i.e. ܬଶ in Eq. (18), then we obtain ܬହ. 

If ܬହ is positive, we think the system is stable. And when ܬହ reduced to zero, the flutter is 
happen. Unfortunately, we can see from Fig. 2 that the variation of test function, i.e. ହܲ, ܬହ and ݃ఈ 
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(all normalized with respect to their maximum value), with ܸଶ is not particularly convenient for 
extrapolating from a subcritical airspeed to the flutter boundary. Therefore, we made an attempt 
to obtain a new test function which varies in a more convenient manner, and tried several different 
possibilities. The ܨଷ shown in Fig. 2 is a “better” choice. It should be stressed that all the test 
functions predicted exactly the same flutter boundary. 

 
Fig. 2. Variation of the normalized test function 

The test function ܨଷ for 3-dof wing is of the form: ܨଷ = ସ. (20)ܬଷܬହܬ

Though ܨଷ is not a pure linear function of ܸଶ, as shown in Fig. 2, ܨଷ presents to be a convex 
function whose reduction rate decreases gradually when the airspeed approaching the flutter  
speed. We can use a linear fitting at low velocity to obtain a conservative prediction that is 
approximate to flutter. What’s more, because ܨଷ behaves a steady decrease to zero as instability’s 
approach, it will be helpful to overcome the defect of the velocity-damping method.  

 
Fig. 3. Modal parameters of the three motions at every velocity 

3. Flutter boundary prediction 

Construct a 3-dof wing with a control surface which have the follow structure parameters: 
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௔ߩ = 1.225 kg/m3, ܾ = 0.3 m, ߱௛ = 50.0 rad/s, ߱ఈ = 100.0 rad/s, ߱ఉ = 300.0 rad/s, ̅ݔ஑ ఉݔ̅ ,0.2  = = ஑ଶݎ̅ ,0.0125  = ఉଶݎ̅ ,0.25  = ߤ ,0.09  = തߙ ,40  =  –0.4, ܿ̅ =  0.6. The flutter was calculated 
through the ݌-݇ method, the flutter boundary is ிܸ = 172.2 m/s, and the graph of ܸ-݂ and ܸ-݃ is 
shown in Fig. 3. 

Modal damping calculated by the ݌-݇ method can be approximated as the real decay rate of 
the vibration. So we can calculate ܨଷ  at every velocity by the parameters in Fig. 3 through 
Eq. (16)-(18) and Eq. (20). 

Depend on the model we also calculate the flutter margin in the Z-W method [5], which is of 
the form: 

ܨ = ቈቆ߱ଶଶ − ߱ଵଶ2 ቇ + ቆ݃ଶଶ − ଵ݃ଶ2 ቇ቉ଶ + 4 ଵ݃݃ଶ ൥ቆ߱ଶଶ + ߱ଵଶ2 ቇ + 2 ቆ݃ଶଶ + ଵ݃ଶ2 ቇଶ൩ 

    − ൥൬݃ଶ − ଵ݃݃ଶ + ଵ݃൰ ቆωଶଶ − ωଵଶ2 ቇ + 2 ቆ݃ଶଶ + ଵ݃ଶ2 ቇଶ൩ଶ. (21)

Then the ܨଷ was compared with the ܨ of Z-W method and the damping ݃ఈ of the pitch motion, 
as shown in Fig. 4. When the velocity is approach to the flutter boundary, both the ܨଷ and the ܨ 
reduced gradually. However, while ܨଷ become to be zero at the flutter point, the ܨ is still positive. 
So the ܨ is not suit for the trinary flutter situation. In addition, although the damping ݃ఈ decreased 
to zero as well when flutter is coming, the time its downtrend happened is so closed to the flutter 
speed that it is not useful to predict flutter boundary earlier. 

 
Fig. 4. Variation of the criterions with velocity squared 

From Fig. 5(a) we can see that ܨଷ isn’t a pure linearity curve. It is nearly a linear function in 
the front part and present to be a convex function near the flutter boundary, as shown in Fig. 5(b). 
In the front part, the curve can be extrapolated to be a conservative prediction through linear  
fitting, and we call it the “first prediction”. ܨଷ will not decrease to zero at this point. After this 
velocity the curve belongs to the latter part that suit for linear fitting step by step with two or three 
points as the velocity increase. 

Depending on linear fit, the predicted flutter boundary at every velocity is summarized in 
Table 1. At the front velocities, the predictions approach to 156 m/s and we define this speed to 
be the “first prediction”. Results of Table 1 show that: when airspeed is below than the “first 
prediction”, the prediction is toward to the “first prediction”; when airspeed is larger than the “first 
prediction”, the prediction is reaching true flutter boundary gradually. Though the “first  
prediction” is not equal to the true flutter boundary, in fact a little less than flutter, it is helpful for 
test personnel to get an approximate estimation and know how much the airspeed can be increased 
at a very low velocity.  
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Fig. 5. Variation of ܨଷ with velocity squared 

Table 1. Predictions of the flutter speed at all the previous data points (true flutter is 172.2 m/s) 
Before first prediction (m/s) After first prediction (m/s) 

Current  Prediction Current Prediction Current Prediction Current Prediction 
34.0 181.7 102.0 165.3 150.0 155.0 167.0 170.1 
51.0 177.8 119.0 160.7 155.0 160.6 170.0 171.5 
68.0 173.8 136.0 156.5 160.0 164.6 171.0 172.0 
85.0 167.7 153.0 156.2 164.0 167.8 172.0 172.2 

4. Damping and frequency errors for 3-dof wing situation 

We have established that good predictions of the flutter speed can be obtained when accurate 
subcritical parameters are employed. However, because of the influence by noise, atmospheric 
turbulence, parameter identify method and other interferences, there are recognition errors in 
parameter identification progress inevitably. In order to decrease the recognition errors, Katz [8] 
used several sensors to measure modal parameters, and Copper [12] tried to reduce the interference 
of false modes. Koenig [13] gave exhaustive descriptions of the different sources of uncertainties 
encountered in flight vibration testing, and he noted that, even after a careful analysis of all 
available data, final scatter values of up to 2 % for frequencies and 35 % in damping were obtained 
on the good estimates. Ten years later [14], not much improvement was reported. For instance, a 
comparison of 16 different analysis methods is presented showing a scatter of approximately 3 % 
in frequency and 30 % in damping. For this reason, in order to see what is the effect on the flutter 
prediction of errors in the damping and frequency measurements, a maximum allowable error of 
2 % and 5 % in frequency and 20 %, 30 %, 40 %, 50 % in damping were added in the previous 
case, the variation in ܨଷ with ܸଶ is shown in Fig. 6 and Fig. 7. 

Though the variation in ܨଷ presented to have a scatter when there are large errors as shown in 
Fig. 6(d) and Fig. 7(d), it is convenient to use linear extrapolation to estimate the flutter boundary. 
On the other hand, comparing Fig. 6(b) with Fig. 6(a), error in damping increased from 20 % to 
30 % when error in frequency is 2 %, it is apparent that the error in damping has produced very 
little deterioration in the variation in ܨଷ. Likewise, comparing Fig. 7(a) with Fig. 6(a), error in 
frequency changed from 2 % to 5 % as error in damping is 20 % all long, it shows that the effect 
of the error is to produce a fairly large scatter in ܨଷ. Because the recognition accuracy of modal 
frequency is much higher than that of damping, thus this law of errors effect to ܨଷ will help to 
predict flutter boundary accurately. 
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a) 20 % 

 
b) 30 % 

 
c) 40 % 

 
d) 50 % 

Fig. 6. The trend graph of the criterion with 2 % frequency error and the following damping errors 

 
a) 20 % 

 
b) 30 % 

 
c) 40 % 

 
d) 50 % 

Fig. 7. The trend graph of the criterion with 5 % frequency error and the following damping errors 

A summary of the effect of the errors is presented in Table 2. Generally, as errors of modal 
parameters increases, especially error in frequency, the accuracy of the estimated flutter speed 
decreases. When actual speed is low, like 85 m/s (50 % of the flutter speed) in the case A, we can 
obtain a flutter prediction. Though this prediction is not equal to the true flutter, it provides us the 
approximate range of the flutter. As the airspeed increased, like 100 m/s (60 % of the flutter speed) 
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in the case B and 120 m/s (70 % of the flutter speed) in the case C, the predictions is closed to the 
“first prediction” (156 m/s, shown in Fig. 5) gradually. Meanwhile, when airspeed is larger than 
the “first prediction”, ܨଷ  will decrease to zero as the speed approach to the true flutter. 
Unfortunately, no matter whether the airspeed is 85 m/s, 100 m/s or 120 m/s, the damping of the 
three modes in this example have no symptom to reduce, thus will have no help to predict flutter 
boundary in the velocity-damping method. 

Table 2. Effect of errors in frequency and damping measurements on the flutter predictions  
at the previous speed: A) 85 m/s, B) 100 m/s, C) 120 m/s – the true flutter is 172.2 m/s 

Error Prediction (m/s) 
Frequency, % Damping, % A B C 

2 

20 154.9 167.5 162.3 
30 151.8 159.9 156.5 
40 174.1 165.9 162.0 
50 210.4 163.9 169.5 

5 

20 140.9 147.9 162.5 
30 171.6 167.1 152.7 
40 215.9 166.9 156.3 
50 193.6 169.9 163.3 

5. Conclusions 

A new stability criterion ܨଷ was proposed based on the dynamic equation of the three-dof wing 
and the Routh’s stability theory in this paper, and its variation with airspeed was described upon 
simulated experimental data. Further more, the influence of modal parameter errors was discussed 
through different combinations of maximum allowable errors. The results show that: 1) The 
criterion ܨଷ can help to predict an approximate flutter boundary with linear fit at low airspeed that 
will improve the security of flutter test. 2) There is a “first prediction” in the extrapolation process, 
and the significance of the “first prediction” is that, if airspeed is below than it, the prediction is 
toward to the “first prediction”, and when airspeed is larger than it, the prediction is reaching true 
flutter boundary gradually. 3) ܨଷ is shown to be relatively insensitive to errors in modal damping 
estimations, but is very sensitive to errors in modal frequency measurements. 4) Even in the worst 
situation, 5 % error in frequency and 50 % error in damping, good estimates of the flutter speed 
can be obtained from data at speeds as low as 60 % of the flutter speed. 
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