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Abstract. For the system degradation process undergoing a sudden change, optimal maintenance
policies were developed using the cumulative damage model and two-stage degradation modeling.
Single shock damage value and the number of shock times are assumed to be normal distribution
and homogeneous Poisson process, respectively. On this basis, average long-run cost rate of a
renewal cycle was modeled with considering the probabilities of corrective, preventive and
continuous monitoring, respectively. In order to develop an optimal policy, four types of
maintenance policies (i.e., global, time-depended, adaptive and simplified adaptive policies) were
analyzed with different alarm thresholds and inter-inspection time. Influence analysis of different
parameters for maintenance policy was given, where different maintenance policies were
compared in terms of average long-run cost rate. In addition, the impacts of degradation model
parameters (i.e., change-point distribution, shock strength, shock frequency) on the average
long-run cost rate were analyzed. Finally, maintenance policy for gearbox degradation experiment
was analyzed in case study.

Keywords: cumulative damage model, two-stage degradation, degradation level, maintenance
policy.

Nomenclature

M, System degradation mode for kth stage

Xyi System damage value due to the ith shock in degradation mode M,

Ny The number of shock times that system arrived in degradation mode M,

te The change-point that degradation rate from nominal mode to accelerated mode
Y(t;) System degradation level at time t;
A Homogeneous Poisson strength

Y Failure threshold

Tr The time that degradation level exceeds failure threshold

Y, Alarm threshold

Yiom Alarm threshold for nominal degradation mode

Yoce Alarm threshold for accelerated degradation mode

AT Time length of inter-inspection

AT,,m  Time length of inter-inspection for nominal degradation mode
ATy Time length of inter-inspection for accelerated degradation mode
E(C,)  Average long-run cost rate

G Cost of a monitoring action

Cp Cost of a preventive maintenance action

Ce Cost of a corrective maintenance action

E[T] Mean time length of renewal cycle T

E[N,(T)] Average number of monitoring actions in a renewal cycle T

Pp Probability of performing preventive maintenance in a renewal cycle T
Pc Probability of performing corrective maintenance in a renewal cycle T
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1. Introduction

Performance degradation is a common phenomenon in many systems, especially in mechanical
and structural systems. Deterioration modeling plays a more and more important role in maintenance
decision-making. Many researchers have mainly studied intensively systems degradation with
stationary processes to optimize maintenance problems [1-4]. However, the degradation processes
for many systems are non-stationary due to internal mechanism or external environment influences
etc. [5]. For example, some systems are deteriorating in a process of two stages [5-11], where the
degradation rate is usually small in the first stage and large in the second stage.

In order to study system degradation, it is necessary to establish corresponding degradation
model. The deterioration process model with independent random increment is divided into two
types, continuous time model and cumulative damage model. The continuous time model
[12, 13, 14] presents system degradation in terms of continuous time stochastic process. The most
representative models for continuous time model are Brownian motion model and Gamma process
model. Whereas, in the cumulative damage model [15, 16, 17], it is assumed that system
degradation process is discrete. The model describes the degradation process by cumulating a
number of random increments caused by damage in the system operation. Existing studies for
two-stage degraded system mainly focused on continuous time model. Application of cumulative
damage model to two-stage degradation process was seldom investigated.

Due to the discrepancy of different deterioration modes for a two-stage degraded system,
maintenance decision-making methods for single-stage degradation process system cannot be
applied to two-stage deteriorating mode system. In order to solve the problem, In order to solve
the problem, studies have been done and a number of maintenance strategies were developed. An
activation zone method for maintenance decision-making is presented by Saassouh [6] with
considering the random change of degradation rate, but the degradation rate change time is
assumed to be continuous and perfectly monitored. Ponchet [12] developed two maintenance
decision-making methods with and without considering the deterioration mode change in system
degradation processes, respectively. The results of numerical example show that it can bring
considerable benefits if a policy with changeable thresholds was used. A predictive maintenance
policy for a system with two deterioration mode based on process data was proposed by Zhao [18],
and the maintenance actions were implemented based on different reliability thresholds. Some
maintenance policies for two-stage deteriorating mode systems have been presented, but no much
study has been done to investigate the performance of different maintenance polices with different
thresholds and inspection intervals.

In this paper, degradation modeling and maintenance decision-making methods for two-stage
deteriorating mode system based on cumulative damage model will be investigated. The main
contributions of this study are: (a) Cumulative damage model is used for two-stage degradation
modeling, and it shows system degradation rate change through different shock strengths and
shock frequencies. (b) An optimal policy of a two-stage degraded system is developed by
analyzing and comparing four types of maintenance policies (global, time-depended, adaptive,
simplified adaptive).

The remainder of this paper is organized as follows. Section 2 is devoted to two-stage
deteriorating modeling based on cumulative damage model. Section 3 studies four kinds of
maintenance policies and analyzes maintenance policy evaluation method. Numerical examples
are used to analyze the influence of different factors on maintenance policies in Section 4.
Conclusions are made in Section 5.

2. Two-stage deteriorating modeling
2.1. System description

The considered system is assumed to be an observable system which degrading stochastically.
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The degradation level at time t is supposed to be presented by a random variable Y (t) [19, 20].
The system degradation process is an increasing stochastic process with initial state Y (t) = 0.
System will be declared as failed when deterioration level Y (t) exceeds a failure threshold ¥;
(namely Y (t) = Y;). T is defined as system failure time. System failed does not mean that the
system cannot work, but implies that it’s economic and safety impacts will be unacceptable if it
still in operation.
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Fig. 1. Two-stage degradation process

System degradation rate changes at time t. during a life cycle (as shown in Fig. 1). It means
that the parameters of system degradation process undergo transitions at change-point t.. The
system is supposed to be in a nominal degradation mode and denoted by M; before t.. After ¢,
the system degradation mode evolves to an accelerated mode M,. Degradation rate is usually small
in the first stage M; and large in the second stage M,. Therefore, system degradation process can
be modeled by two stochastic processes under the same law but with different parameters [6].

Most physical degradation observation and the property of the Levy processes have shown that
system deterioration can be thought as the accumulation of large numbers of small shocks [21],
and deterioration level can be defined as the sum of damage values due to shock. When the system
is in mode Mj,, damage values x; (k =1, 2;i =0, 1, 2, ...) are assumed to be normally
distribution, x,;~N(uy, 62). Xx; is a constant in mode M, (see Fig. 1). Random variable Ng
represents the number of shock times during time [0, t;] and it obeys to homogeneous Poisson
distribution with strength A, in mode M,,. Therefore, the probability of shock times N just as n
in mode M, is:

()'kts) _Akfs

P(Ny =n) =—— (1

For the convenience of expression, in this paper xy; is denoted as shock strength and 1/, is
denoted as shock frequency. It is not difficult to find that shock strength and shock frequency
decide the size of degradation rate.

2.2. Degradation level modeling

In the two-stage degradation process, the value of damage time t; may be in the first stage
(0 <tz < t.) or in the second stage (ts > t.). The calculation methods of degradation level are
not alike in different degradation stage. According to the above notation, degradation level at time
t can be written as:

Y = Yilpgery + (Yo + Yoot lgoteh 2)

where Yt’; stands for degradation level in mode My, Ijgy = 1if E is true and Iz = 0 otherwise.
When 0 < t; < t,, the degradation level is:
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Ny

rer=Yn 2

i=0

In this case, the probability of shock times equal to n within time [0, t,] is the same to Eq. (1).
Due to every shock damage is independently and unrelated, it can be known from the characters
of normal distribution (the sum of normal distribution parameters still in line with normal
distribution) that Y is obey to normal distribution, namely:

Y = Ytls~N(N1#1; N1U12)- “

When t; > t., degradation level consists of the damage in first stage M; and the damage in
second stage M,. In this case, degradation time length in the first stage is t., t;—t. to the second
stage. Hence, the system degradation level is:

N1 N,
Y=Y +Y2, = qu- + szj. %)
i=0 j=0

Similar to the Eq. (4), system degradation level is in line with normal distribution, there is:
Y= Ytlc + Yti—tc~N(N1l11 + Napip, Nyof + N,a3). (6)

Because shocks between the two stages are independently, the probability of the number of
shock times just as m in mode M, and equal to n in mode M, is:

m n
(at)" (22t — t) e~ Mate=Az(ts=te)  (7)

P(N1=m,N2=n)=P(N1=m)‘P(N2=TL)= mi oy

2.3. Reliability modeling

In engineering practice, the change-point t. for degradation rate is not fixed, but is distributed
in a certain time interval. Shown as Fig. 1, the time distribution interval of change-point ¢, for
degradation rate is [t4, tg], in other words, the deteriorating mode may change at any time from
M, to M, when system works during time [ty, tg].

System reliability is the probability for degradation level Y less than failure threshold Y; when
damage time is t;. Shock strength, shock frequency and change-point should be considered in
reliability modeling, which are main factors in cumulative damage model. Reliability modeling
for two-stage degraded system is specific expressed as following.

When 0 < t; < t,, system reliability is:

NS [ee)
Ye—mpy\ (At)™
R(t,)=P(Y LY )=P Zx-SY =ZCI) ! ) e Mats
( S) ( f) - 1i f o ( mo_l m!
. = = ®)
_ Z ® (Yf - mm) D)™ e
\/mo-l m!

m=0

When t; > t., system reliability is:
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N N

2
R(t;)=P(Y<Y;)=P Zx1i+zx2j <Y
j=0

i=0

2~ Ye — (myu; +n
= Y o (L) i, =, = m) ©)
Foger o Jmoi + no?
_ ® Y;‘ — (muy + npy) _Mn A . ‘B (e—/llr—)[z(ts—r).[m(t —n (T)) dr
a Jmao? + no? m!-nl J, g '
m=0n=0 1 2 A

where g(t) is the probability density distribution function for change-point during time [ty, tg].
3. Maintenance policies

Research of maintenance decision-making is one of the focuses for system degradation
modeling. Condition-based maintenance policy widely uses in various systems, which is
structured according to the information available through on-line monitoring [12]. In order to
reduce maintenance costs, preventive maintenance actions take place before system failure by
monitoring. In other words, suitable monitoring method and maintenance policy can help to
improve the efficiency and profitability of a system.

The selections of alarm threshold and inter-inspection time are the keys to maintenance policy.
According to different alarm thresholds and inter-inspection times, this paper considers four kinds
of maintenance decision-making methods. The first kind of method is global maintenance policy.
There are just one alarm threshold and one inter-inspection time in this method, which are
constants and never change. The second kind of method is time-depended maintenance policy.
There are also one alarm threshold and one inter-inspection time in this method, but the
inter-inspection time is change with system working time. The next kind of method is adaptive
maintenance policy. Different alarm thresholds and inter-inspection times corresponding to
different degradation rates, that is say, there are two alarm thresholds and two inter-inspection
times in this method. The finally kind of method is simplified adaptive maintenance policy. This
method is similar to adaptive maintenance policy, but it just has one inter-inspection time.

In the framework of this study, there are three possible maintenance actions, inspection,
preventive maintenance and corrective maintenance, respectively. System is perfectly monitored
through periodic monitor, and system state restores to be as good as new after preventive
maintenance or corrective maintenance with negligible time.

3.1. Global maintenance policy

In order to show the importance of considering the changes of system degradation rate,
traditional maintenance decision-making method is presented in the first place, which called
global maintenance policy. The method just defines a single alarm threshold Y, and a single
inter-inspection time AT, as done in Dieulle et al. [22]. It is not difficult to find that the method
only pay attention to system degradation level and ignore the degradation rate.

The possible maintenance actions which can put into practice after inspection time T; are
defined as follows:

«If Y(T;) <Y, do nothing and the system is left as it is until next inspection time
Ti+1 = Ti + AT.

«If Y, <Y(T;) <Y, the system is too badly deteriorated so it is necessary to perform
preventive maintenance.

*If Y(T;) = Yf, the system is considered as failed and it has to be performed corrective
maintenance.

The rule of global maintenance policy is illustrated in Fig. 2.
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Fig. 2. Global maintenance policy

3.2. Time-depended maintenance policy

As the degradation rate in mode M, larger than in mode M;, the inter-inspection time should
be shorter and shorter in term of work time. This kind of maintenance decision-making method
called time-depended maintenance policy. For example, the inter-inspection time of ith monitor
is AT;, the next inter-inspection time is AT;, ¢, AT;11 = q - AT;and g < 1.

The possible maintenance actions which can put into practice after inspection time T; are
defined as follows:

«If Y(T;) <Y, do nothing and the system is left as it is until next inspection time
Tiy1 = T; + ATiy4.

«If Y, <Y(T;) <Y, the system is too badly deteriorated so it is necessary to perform
preventive maintenance.

«If Y(T;) = Y, the system is considered as failed and it has to be performed corrective
maintenance.

The rule of time-depended maintenance policy is illustrated in Fig. 3.

Degradation Level

AT} 4gAT,

i

[

Zc 7:—1 T; ZH Tir;e

i

Fig. 3. Time-depended maintenance policy
3.3. Adaptive maintenance policy

According to the characteristics of system degradation rate suddenly changes from nominal
mode M; to accelerated mode M,, Saassouh et al. [6, 12] put forward adaptive maintenance policy.
The method is different with global maintenance policy, it considers system degradation level and
degradation rate. As a result, this maintenance decision-making method is more responsive to
systems with two-stage deteriorating mode.

The alarm threshold and inter-inspection time for adaptive maintenance policy are defined as
follows:

Y = Ynoml{tsstc} + Yaccl{t5>tc}' (10)
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AT = ATnoml{tsstc} + ATaccl{tS>tc}- (11)

Set Y,,om as the alarm threshold and AT;,,,, is the inter-inspection time for nominal degradation
mode M;. When the inspection time T; is less than change-point t. (T; < t.), the possible
maintenance actions which can put into practice are defined as follows:

«If Y(T;) < Yyom, do nothing and the system is left as it is until next inspection time
Ti+1 = Ti + ATnom~

* If Yyom < Y(T) <Y, the system is too badly deteriorated so it is necessary to perform
preventive maintenance.

*If Y(T;) = Y;, the system is considered as failed and it has to be performed corrective
maintenance.

Set Y,.. as the alarm threshold and AT,.. is the inter-inspection time for accelerated
degradation mode M,. When the inspection time T} is greater than change-point t. (T; > t.), the
possible maintenance actions which can put into practice are defined as follows:

o If Y(T]) < Y4, do nothing and the system is left as it is until next inspection time
Tjv1 = Tj + ATgcc-

cIf Yy < Y(TJ) < Y;, the system is too badly deteriorated so it is necessary to perform
preventive maintenance.

o If Y(T]) =Yz, the system is considered as failed and it has to be performed corrective
maintenance.

As the degradation rate for mode M, is greater than mode M;, so the maintenance policy
parameters Y,.. < Y,om and AT,.. < AT,,, . The rule of adaptive maintenance policy is
illustrated in Fig. 4.

Degradation Level
A Y,
)
Y(T/+1) Ynom nom
Y(T, ——
A7-'11!,(
Y(1.,)
Y(T )= T
(7,) AT .
Tt THI tt T/ T/H Time

Fig. 4. Adaptive maintenance policy
3.4. Simplified adaptive maintenance policy

Adaptive maintenance policy so complex that not suitable for engineering application.
Therefore, adaptive maintenance policy is simplified in application by some researchers [12].
Inter-inspection time AT is a constant value and never changes in simplified adaptive maintenance
policy.

The maintenance policy rule (alarm threshold, possible maintenance action) is similar to
adaptive maintenance policy, the only difference is that: no matter Y (T;) < Y0 or Y(T;) < Y,
the next inspection time always T; 1 = T; + AT (namely AT,,,,,, = AT, = AT).

3.5. Maintenance policy evaluation
3.5.1. Evaluation method
Maintenance cost occurs when a maintenance action is performed. In this study the average
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long-run cost rate over an infinite time span is used to evaluate maintenance policy. As it has
assumed that system state restores to as good as new if a preventive/corrective maintenance action
performed, renewal reward theory [23] can be used to calculate the average long-run cost rate as
follows:

E[C(t)] E[C(T)]
t  E[T]’

E(Cx) = lim (12)

where C(t) is the total maintenance cost at time ¢, T is the average time length of a renewal cycle.
The total maintenance cost in a renewal cycle T can be expressed as follows:

E[C(T)] = GE[N/(T)] + CpPp + CcPe. (13)
The expected time length of a renewal cycle T is written as:

E[T] = PpTp + P.Ty. (14)

Adaptive maintenance policy is the most complex method relative to other three maintenance
policies, which parameters obtained more difficult. In this paper, parameters obtained method of
adaptive maintenance policy are mainly analyzed, parameters for other three maintenance policy
can also be obtained as this method.

3.5.2. Probability of corrective maintenance

If any one event of the following events (A¢q, Acz, Acs) Occurs, system is considered as failure.
That is to say, system needs corrective replacement and it will cause corrective maintenance cost
Cc. Take the event A, as a example, system degradation process is in stage M; (T,_1 < T, < t.),
if the degradation level Y(T,_;) < Ypon for (z —1)th inspection and Y(T,) > Y; for zth
inspection, corrective maintenance action will be performed.

ACl = {Y(Tz—l) < Ynom ﬂ Y(Tz) 2 Yf ﬂ TZ—1 < Tz =< tc}J
Acy = {Y(T,) < Yaee [ \Y @D 2 ¥y [Vt <Tor < T3,

Ay = {Y(T,) < Voom [ |V 2 ¥ [\ Tos <t <}
The probability for a corrective maintenance in a renewal cycle is expressed as:
Pc = P(Ac1) + P(Acz) + P(Acs)- (15)

System cumulative damage distribution is the probability for system degradation level Y less
than a certain value y when shock time is tg;. The formula of cumulative damage distribution in
stage M; can be denoted as:

-n
P(Y <) =Z<D(u>-P(NS =n). (16)

\/50'1

n=0
Therefore, the density function of cumulative damage distribution in stage M, is:
1 © _O- nll21)2

=— e "1 .P(N,=n). 17
F0) == Z (N, =) (7)
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The specific analytic formula of the probability for corrective maintenance event A.q is
expressed as follows:

o

P(Ac) = ) P(Y(Tyi0) < Yoo, Y(T) 2 1) - P(T, < £)

z=1

P(Y(Toet) < Yoom VT, = Tpey) 2 ¥ = Y(T,))) - P(T, < £)

N(Tz-1) N(Tz=Tz-1) N(Tz-1)
D Ki<om DL xyEh— Y x| P <)
i=0

]
e z[\gsaMs

j=0 i=0 (18)
oo oo m n m
=D e < s )y 2 Y- Zx) POV, = m) - PINCT, = T,) =) P(T, < £)
z=1 m=0n=0 i=0 j=0 i=0
_@-nup)?
1 *® 22 Yiom _(u- mul) 2no?
S| f o dudu - P(N(T,-3) = m) - P(N(T, = T,0) =) - P(T, S 1),
nz:lm 07n=0"° Yp-u

where, P(N(T,_1) = m) is the probability of the number of shock times just as m during time
[0,T,_1], P(N(T, — T,_,) = n) is the probability of the number of shock times equal to n within
time [T,_,,T,], P(T, < t.) is the probability for system degradation in the first stage M, .

The probability for corrective maintenance events A.,, A3 can be expresses as follows:

P(Ac) = ) P(Y(Ty0) < Yaeo Y(T) 2 1) - P(T,y > £)

z=1
Ny 2 n 2)2
— e \ (19)
- Z Z ZZ | f f f drdwdu - l
83 Yi—u-w
z=1m=0n=0 l=0
\P(N(tc) =m) - P(N(T,_; —t)) =n) - P(N(T, = T,_) = 1) - P(T,_; > tc)/
P(Ac) = D P(V(T,) < Yoo V(T,) 2 1) - P(T, 4 < £ < T)
z=1
_(z— nyy)?
_(w-mpu,)? 2no% (20)

1 e ew Yrom _(u-mpy)?” Zma?
= Z Z Z Z f f J Zmo} drdwdu -
8m3 0 Ye—udyp-u-w

P(N(T,—1) =m) - P(N(tc = T,—1) =n) - PIN(T, —t) = 1) - P(T,o <t < Tp)
3.5.3. Probability of preventive maintenance

If any one event of the following events (Apq, Ap,, Ap3) Occurs, it is considered that preventive
replacement needs to be performed and it will cause preventive maintenance cost C,. When a
twice continuous monitoring just happened before and after the change-point for degradation rate
(Tyoq <t, <T,), if the degradation level Y(T,_;) < Yo for (z—1)th inspection and
Y(T,) = Yy for zth inspection, preventive maintenance action will be performed.

Apy = {Y(T,) < Yoo [ JYoom <Y @) < ¥y [(Tos < T, <2}
APZ = {Y(Tz—l) < Yacc ﬂ Yacc < Y(Tz) < Y;‘ ﬂ te < Tz—l = Tz}'

APS = {Y(Tz—l) < Ynom ﬂ Yacc =< Y(Tz) < Y;‘ ﬂ Tz—l < tc =< Tz}-
The probability for a preventive maintenance in a renewal cycle is expressed as:

Pc = P(Ac1) + P(Ac) + P(Acs). (21)
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The probability for preventive maintenance events Apq, Ap,, Apz can be written as follows:

o0

P(dpy) = Z P(Y (T, 1) < Yo Yoom < Y(T,) < ¥7) - P(T, < £)
- _Gnuy)? (22)
Ynom (Yp-u _(u-mu)®" 2no?
Z.f f ame drdu - P(N(T;-1) = m)P(N(T, — T,—1) = n)P(T, < t,),
0 Y;

=0n=0 nom™

o] -
M

z

P(Ap,) = Z (V(Ty0) < Yages Yace S V() < 1) - P(T,y > £)

8&

_(w-npp)®_(T-npy)? (23)

w

1 o Yace [Yace—t pYf-u-o _(u- (u-—mpuy)? 2no? 2no?
)3P0 BN S A N drddu ),
87-[3 U—

Y,
z=1m=0n=0 =0 ace™

P(N(t) =m) - P(N(T,—1 — c) =n) - P(N(T, = T,-) =D - P(T,-1 > t0)

P(Ap) = D P(V(T,0) < Yoo Vace S Y(T) <) P(T,y < £ <T))

(T—nﬂz)z

_(w-mu,)*> " 2no? (24)

[oe] oo oo o
1 Ynom Yp—u Yf—ua) _(u— muzl) 2mo?
S0 0 I b ]
8m v v

z=1m=0n=0 [=0 acc™ acc™

P(N(Tz—l) - m) P(N(t z—1) - n) P(N(Tz - tc) = l) . P(Tz—l < tc < Tz)

3.5.4. Probability of continuous monitoring

If any one event of the following events (4;;, 4;,) occurs, the system is left as it is until next
inspection time and it will cause monitoring cost C;.

A = (Y1) < Yoo [ | T2 < 2},
Ay = Y1) < Vaee [ |7 > )

The probability for system left until next inspection in a renewal cycle can be expressed as:
Py = P(A;1) + P(4p). (25)

The probability for continuous monitoring events A;;, A;, can be written as follows:

P(Ar) = Z PY(T,) < Yoom) - P(T, < £)

Ynom M (26)

2mo? du'P(NT)=m~PT§t,

VZHZ Z _[ ( z ) ( z C)

» 2= 0m=0
P(Ap) = Z P(Y(T,) < Yaee) - P(T, > t)
Yace (Yacctt —("‘m!ﬁ)z (r=muy)* 27)
2ma? - 2mo? . _ ) _ _ .
ZHZZ‘WZJ f drdu - P(N(t,) = m)-P(N(T, — t;) = n) - P(T, > t,).
Average number of monitoring actions in a renewal cycle T is:
EIN,(D)] = ) 2P, o
z=0
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3.5.5. Expected time length of renewal cycle

As Eq. (14) shown, expected time length of renewal cycle E[T] is affected by system life Ty
and average work time length Tp when system ends with preventive replacement. If system faults,
it is considered that system will not work any time. Therefore, the expected time length T when
system ends with corrective maintenance is the time interval for degradation level from initial
value 0 to failure threshold Y;. However, the expected time length Tp when system ends with
preventive maintenance is different. System will no longer work if monitoring shows preventive
replacement should be performed, so system life when system ends with preventive maintenance
is times of inter-inspection time AT .

System fault occurs in the second stage when system degradation with two-stage mode. System
life T is affected by shock strength xy;, x,; and change-point ¢.. The system mean time to failure

: 29

00 (e} Y —(m + n Am . ln tp 00
= Z Z cb( f ( :1:_ l:z)) . T:L' - nzl . j f (e—Alr—lz(t—r) T (t— )" - g(_[)) dtdx.
m=0n=0 Vmoy no, ) ' tg JT

The average system life when system ends with preventive maintenance is:

ATnom

E[PPTP] = P(AP1)ZP1ATnom + P(APZ) (tc + f wfwdw + ZPZATacc>
0

(30)

ATnam

+P(Ap3) <tc + f wfwdw).
0

>
I

Y

| A
|
T T Tme

Fig. 5. The definition of w

Degradation Level
3

Where z,,; is the number of monitoring in mode M, for event A,q, zy, is the number of
monitoring in mode M, for event A,, the time length from ¢, to next inspection time is w (as
shown in Fig. 5), f,, is the distribution density function of w during [T,_4, T,].

4. Influence analysis of different parameters for maintenance policy

This section aims to find some characteristics for two-stage deteriorating mode system: (a)
Making a comparison of the average long-run cost rate for different maintenance policies in the
same situation in order to raise the awareness of monitoring method. (b) Studying the influence of
parameters in the degradation model and average long-run cost model, for the purpose of
improving the understanding in two-stage deteriorating modeling and developing an optimal
maintenance policy.
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4.1. Choice of parameters values

In this study, the time distribution of change-point t, is assumed to follow uniform distribution.
In order to emphasize the influence of distribution of change-point t., different uniform
distribution parameters are considered as follows:

* Change-point of two-stage degradation mode: t.~U (1, 200).

* Early change-point of two-stage degradation mode: t.~U(1, 100).

* Middle change-point of two-stage degradation mode: t.~U (50, 150).

* Late change-point of two-stage degradation mode: t.~U (100, 200).

The upper limit of change-point distribution 200 is considered that a majority of system
failures occur in degradation mode M, and seldom in degradation mode M. Early and late time
distributions present the first and second half of full change-point distribution, respectively.

In order to make the influence analysis of different parameters more close to the actual
situation of gearbox degradation process, the selection of failure threshold Y; is based on the actual
value of gearbox life-cycle experiment in Section 5. Therefore, the failure threshold is evaluated
as Yy = 10000 g* in this study. Meanwhile, for the purpose of ensuring the credibility of
optimization results for global maintenance policy (the optimization results will be regarded as a
basis of comparison), the unit maintenance costs are evaluated as other literatures [1, 12, 24], so
C; =35, Cp =50, Cc =100.

4.2. Influence of maintenance policy

18 33 48 63 78 9 18 27 36 45 54
T, T,

acc acc

a) E(Cy) is affected by Yy, and Ty b) E(Cy) is affected by Y, and Ty

0.8 T

3 18 33 48 63 78
ace

¢) E(Cy) is affected by Tyom and Ty,
Fig. 6. E(C,,) is affected by adaptive maintenance policy parameters

For the purpose of studying on the influence of different monitoring methods, the four kinds
of condition-based maintenance policies (global, time-depended, simplified adaptive and
adaptive) presented in Section 3 are assessed. Because adaptive maintenance policy is the most
complex in the four methods, an example focusing on adaptive policy analyzing is presented to
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show the approach of obtaining minimal average long-run maintenance cost rate E(C,,). When
x1;~N(10, 20%), x,;~N(40, 80%) and 4, = A, = 1, E(C,,) is affected by adaptive maintenance
policy parameters Yy, om, Yace> Tnoms Lace> @ shown in Fig. 6. It illustrates that Yo, Yaces Tnoms
T,cc should be considered at the same time when optimizing E (C,,). Contour map (Fig. 7) shows
E(C,) for different values of Y, and T,. under adaptive maintenance decision when
Yoom = 8000, AT,,,,, = 70. E(C,) in the same contour are equal. It can be seen that optimal
parameter values which minimize the cost rate (E,(C) = 0.3547) are Y,.. = 7000 and AT, .. = 37
when Y., = 8000, AT, = 70.

10000
9000¢
8000

<
N

7000 -

6000

50001 — 0.37

iO 2# 25 35 3; 4b 4;
T E(C,)

acc

Fig. 7. E(C,) under adaptive maintenance policy parameters (Y, = 8000, ATy, = 70)

As shown in Table 1, for the global maintenance policy, the optimal inter-inspection time AT
falls in between AT,L,, and AT+, for adaptive maintenance policy. The situation of AT3 for
simplified adaptive maintenance policy is in between AT, ., and AT..., too. AT?, the first
inter-inspection time for time-depended maintenance policy, is the largest optimal inter-inspection
time for the four kinds of condition-based maintenance policies.

The expected costs for the four kinds of maintenance policies are different because they are
impacted by alarm thresholds and inter-inspection times. As the monitoring method for global
maintenance policy does not consider the influence of degradation rate changes, taking the
expected cost Ey ¢y of global maintenance policy as a basis of comparison, the expected cost
E5(c,,) for time-depended maintenance policy have a decrease of 0.0286, the optimal value is
7.69 % of Eq(c,,)- As shown in Table 1, it is obviously that the expected costs for other three
maintenance policies are optimized compare with the average cost for global maintenance policy.
Adaptive maintenance policy is better than simplified adaptive maintenance policy.
Time-depended maintenance policy is the best replacement strategy for the system with two-stage
degradation process.

4.3. Influence of change-point distribution

E(C,,) for different change-point distributions are computed, see results in Table 1. It can be
noticed that the decreases of expected costs for different maintenance policies (time-depended,
simplified adaptive, adaptive) are 3.94 %, 1.59 %, 3.14 %, respectively, when the change-point is
in early distribution U(1, 100). The impact of average long-run maintenance costs rate when the
change-point is in middle distribution U(50, 150) and late distribution U(100, 200) are also given
in Table 1. These results show that more the time of change-point occurs late, more the
maintenance policies have a decrease on E(C,).

As seen previously, decreases of 7.69 %, 2.71 %, 4.68 % can be obtained respectively for
different maintenance policies when the change-point distribution is U(1, 200), and they are
6.53 %, 2.61 %, 4.34 %, respectively for the case that the change-point distribution is U(50, 150).
It is not difficult to find that the decreases for former are larger than latter. Meanwhile, in the two
situations, the mean value of change-point distribution is the same, both equal to 100. Therefore,
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it is shown that more profits can be obtained in using different maintenance policies for a larger
interval of time distribution.

The results show that the distribution of change-point impact on expected costs for different
maintenance policies. More late for change-point occurs and more a large time interval of
change-point distribution, more benefits can be obtained.

4.4. Influence of shock strength

In degradation modeling based on cumulative damage model, degradation rate is decided by
shock strength and shock frequency. The degradation rate is in direct proportion to shock strength
and shock frequency. Hence, the degradation rate can be expressed by shock strengths if the shock
frequencies are the same.

The influence of different maintenance policies and change-point distribution have been
analyzed for a two-stage degraded system in Table 1 when x;;~N(10, 20%), x, i~N(40, 80?). The
same computed results with x;;~N (10, 20%) and x,;~N (20, 40%) are shown in Table 2. The
degradation rate size of mode M, is four times superior than the mode M; in Table 1, while it is
twice in Table 2. From Table 1 and Table 2, it can be known that the decreases are more
considerable in Table 1. That is say, the profits is more considerable when degradation rate

changes more significantly between mode M, and mode M;.

Table 1. Influence of different maintenance policies and change-point time distribution
(x1;~N(10, 20%), x,;~N(40, 80%),1; =1, = 1)

Time . .

distribution Policy structure Optimal parameters Expected cost Impact

Global Yi = 4700, AT! = 66 E,(C,) = 0.3721
. Y2 = 5300, AT? = 111, _ 0.0286
Time-depended g = 0.66 E,(Cy) = 0.3435 (7.69 %)
t.~U(1, 200 Simplified Y3,m = 7750, Y3.. = 5250, 0.0101
200 Adaptive " AT =60 B5(Ceo) = 03620 | (571 05
. Yt m = 8000, AT, = 70, _ 0.0174
Adaptive Yo — 7000, AT%. = 37 E,(Cy) = 0.3547 (4.68 %)

Global YI = 5300, AT = 62 E,(C.,) = 0.4268
. YZ = 7100, AT? = 84, _ 0.0168
Time-depended g = 0.66 E,(Cy) = 0.4100 (3.94 %)
t.~U(1, 100 Simplified Y3 .. = 7750, Y3.. = 5000, 0.0068
U . Adalt)ptive AT = 66 F3(Ce) = 04200 (1.59 %)
. Y,k = 8400, AT, = 68, _ 0.0134
Adaptive Y%, = 6800, AT, = 38 E,(C) = 0.4134 (3.14 %)

Global Yi = 4700, AT = 74 E{(Cy) = 0.3598
. YZ = 6100, AT? = 95, _ 0.0235
Time-depended q=072 E,(Cs,) = 0.3363 (6.53 %)
t.~U(50, 150 Simplified Y3, = 7750, Y3, = 5000, 0.0094
U ) Adfptive AT =69 E3(C) = 03504 1 )1 op)
. Y, o = 7800, AT, = 76, _ 0.0156
Adaptive Y. = 7000, AT*. = 37 E,(Cy) = 0.3442 (434 %)

Global Yi =4300,AT! =76 E{(Cyx) = 0.3104
. Y2 = 5000, AT? = 125, _ 0.0294
Time-depended 7= 0.69 E,(C,) = 0.2810 (9.47 %)
t.~U(100, 200 Simplified Y3 m = 7500, Y3.. = 5000, 0.0087
U ) Ad:ptive AT = 69 E3(C0) = 03017 | g 05
. Yok = 8400, AT, = 84, _ 0.0162
Adaptive Y& = 6600, ATA.. = 43 E4(Cy) = 0.2942 (5.22 %)
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Table 2. Influence of different maintenance policies and change-point time distribution
(x1;~N(10, 20%), x2j~N(20, 409, =2, =1)

Time distribution Policy structure Optimal parameters Expected cost Impact
Global Yi = 6600, AT = 89 E,(C) =0.2395

- Y2=6500, AT? = 105, _ 0.0098

Time-depended 7 = 096 E,(Cs) = 0.2297 (4.09 %)

t.~U(1,200) T . Y2, m = 8000, Y3, = 7000, _ 0.0047

Simplified Adaptive AT — 84 E3(C,) = 0.2348 (1.96 %)

. Yim = 8000, AT =95, _ 0.0091

Adaptive Yi. = 7000, ATE. = 75 E4(Cy) = 0.2304 (3.80 %)
Global Y& = 6600, AT = 92 E1(Cy) = 0.2513

. Y2 = 6100, AT? = 126, _ 0.0086

Time-depended q = 096 E,(Cs) = 0.2427 (3.42 %)

te~U(1, 100) Y2 m = 8000, Y2.. = 6750, 0.0029

Simplified Adaptive AT3 =01 E3(Ce0) = 0.2484 | | 150y
. Yim = 8000, AT, = 85, _ 0.0073
Adaptive Vi — 7500, AT%. = 65 E,(Cs) = 0.2440 (2.99 %)
Global Y& = 6900, AT = 95 E1(C,) =0.2314
2 _ z _
Time-depended = 6202’ OAgO - Ey(C) = 0.2217 (2(1)890/70)
t.~U(50, 150) e . Y3, = 7750, ~ 0.0042
Simplified Adaptive f“s“ 26500, mf _gg | Bs(Co) =0.2272 |y 'g) )
. Y = 8000, AT, = 90, _ 0.0086
Adaptive v = 7500, aT70m = 5 | Fa(Ceo) = 02228 | 597 o)
Global YE = 6000, AT* = 110 E;(Cy) = 0.2125
2 _ 2 _
Time-depended V= 7:;02’ OME;I = 128, E,(Ce,) = 0.2012 (2_221 102)
t.~U(100,200) | .. . . Y2, = 8500, _ 0.0045
Simplified Adaptive Y3, = 6250, AT® = 106 E5(Cy) = 0.2080 (.12 %)
. Yihm = 8000, AT, = 95, — 0.0083
Adaptive Y4 — 7000, AT%. = 70 E,(Cy) = 0.2042 (3.91 %)

4.5. Influence of shock frequency

As the previously analysis, E(C,,) for different shock frequencies can be obtained when shock
strengths are the same. When x,;~N(10, 20?), x, i~N(40, 80?), t. €[50, 150], shock frequency
parameters are A, =1, = 0.5, ,;, =1, = 1, 4; = 1, = 2, respectively, E(C,,) obtained in
Table 3. As results obtained in Section 4.2, it can be known that adaptive maintenance policy is
better than simplified adaptive maintenance policy, time-depended maintenance policy is the best
replacement strategy for the system with two-stage degradation process.

Further analysis, E(C,) for different maintenance policies are respectively 2.64 %, 4.78 %,
8.28 % when degradation model parameters 4, = 1, 1, = 0.5, x1;~N(10, 20%), x,;~N(40, 80?)
and respectively 5.38 %, 1.38 %, 2.54 % when degradation model parameters 4; =1, 4, =2,
x1;~N(10, 20%), x,;~N(40, 80%) as shown in Table 3. The degradation rate size of mode M, is
eight times superior than the mode M; in the former, while it is twice in the latter. It can be known
from the results that adaptive replacement policy is always better than simplified adaptive
maintenance policy, especially under the situation that degradation rate undergoes change hugely.
But the time-depended monitor method is no suitable for a system which the degradation rate in
mode M, is significantly larger than the degradation rate in mode M.
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Table 3. Influence of different maintenance policies and shock frequencies
(x1;~N(10, 20%), x,;~N(40, 80?), t. €[50, 150])

disgiigzl iion Policy structure Optimal parameters Expected cost Impact
Global Y,%l = 4200, AT21 = 2;1 E;(Cy) = 0.5305 -
i Time-depended Y:A : :‘(’3)2%036:5 : 45;0 E,(Ca) = 0.5019 (3:3?; /30)
=05 Simplified Adaptive | ™ 7" 40T | Ea(Co) = 05152 | h'ggTy
Adaptive Y’;‘:}Z — éi%%’7 AA%‘;’::;;’ E,(Cs) = 0.5046 (gfgés‘;i)

Global Y1 = 4700, AT! = 74 E1(Ce) = 0.3598
Time-depended ve= 6{; Ozo’oé;; =9 | By(c.) = 0.3363 (32530/50 |
M=d =1 G lified Adaptive Yiom = ﬁ?f‘%; =3000. 1 g (c.) = 0.3504 (3:2(1)902)
Adaptive Y’%’; — 77%%%’, AA%’C":;@ E,(Cy) = 0.3442 (2:241;50/60)

Global Yl = 6000, AT! = 107 E;(C,) = 0.2168
Time-depended = 62[002’ 3.2; =160, | g (c.) = 02051 (2:2(1) 10/70)
A =42 =2 1 giplified Adaptive Yiom = Z;(;O’:Y‘%; 6300, 1 £ (c.) = 02135 (?:233;0)
Adaptive Yf;gczzggggéfﬁ%z - ééo’ E4(Co) = 0.2097 (2;332/{])
Global Ygi = 4500, AT21 = ;3 E1(Cy) = 0.4841 —
o Time-depended Y3YA : j‘zz%oié :45;)0 E,(C) = 0.4713 (32‘2‘3‘,{;)
1, =05 Simplified Adaptive | O™ T " 4 TN Ey(Co) = 04611 |4
Adaptive Y’;;Z = ?528%% AA%’:: 2 | Ey(Ca) = 04440 (g:gg?)/lo)

Global vl = 6800, AT® = 100 E;(Cy) = 0.2323
- Time-depended jAZ = 6‘201’ 377; “I B =028 | Sieh)
A Simplified Adaptive | ‘mom = izﬁgfagg = 6730, 1 g c.) = 0.2291 (?:233‘,/20)
Adaptive Yﬁ;zczzggggéffg‘z — ;24’ E,(C.,) = 0.2264 (3:22502)

5. Case study

A case study is carried out for a gearbox deterioration modeling and decision-making on
maintenance using experiment data. In the case study, a gearbox life-cycle experiment has done
to obtain the degradation data that a gearbox ran from new to failure. The experiment rig is shown
in Fig. 8, where four accelerometers are fitted onto the casing of gearbox to record vibration data.
In the experiment, the sampling frequency is 20 kHz. Lots of equal-spaced vibration monitoring
performed in the test process. Each vibration monitoring provides a date file collected in 2 seconds
at every 5 minutes, twelve groups of date files are collected in every hour. The magnetic brake
provide about 2-2.5 times of the rated torque of gearbox in order to accelerate the test and reduce
the lifetime of gearbox.
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— oy

Fig. 8. Eperiment rig (1 —load, 2 — accelerometers, 3 — sensor o speed and torque,
4 — electromotor, 5 — test bed, 6 — gearbox system)

Fig. 9. Gear after experiment

Failure Threshold Yf

Special Frequency Band Energy /g2

0 Il Il Il Il Il Il Il Il
0 50 100 150 200 250 300 350 400 450

Working Time /h
Fig. 10. Special frequency band energy of vibration signal

The total experimental time is 450 hours, the gear after experiment is shown in Fig. 9. As
shown in Fig. 10, the special frequency band energy of vibration signal presents that degradation
process of gearbox is obviously two-stage process. Using linear fitting analysis, degradation
parameters of gearbox are obtained as follows: x;;~N(12, 25%), x,;~N (76, 130%), t. € [0, 450],
A1 = A, = 1. Meanwhile, the failure threshold is evaluated as Y; = 10000g°.

Based on the proposed model and maintenance policies, optimal results for different
maintenance policies of gearbox are shown in Table 4. Because the degradation rate of second
stage for two-stage deteriorating mode system is faster than the first stage, the alarm threshold and
inter-inspection time for the second stage should be smaller than the first stage. The initial
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inter-inspection time of time-depended maintenance policy AT? is larger than the inter-inspection
time of global maintenance policy AT, but inter-inspection time of time-depended maintenance
policy is smaller and smaller with working time, as a result the expected cost E,(C,,) make a
decrease of 0.0108 from E;(C,). The alarm thresholds of the first stage for adaptive and
simplified adaptive maintenance policy Y&, ¥;3,,,, are both larger than alarm threshold of global
maintenance policy Y, but the alarm thresholds of the second stage Y., Y2.. are both smaller
than Y. Meanwhile, the inter-inspection times AT, AT? both between AT} and AT%... These
phenomena conform to the conjecture in modeling. If use adaptive or simplified adaptive
maintenance policy, the average long-run cost can reduce 9.29 %, 6.43 %, respectively. It can be
seen that adaptive maintenance policy is the best method for gearbox.

Table 4. Optimal results for different maintenance policies

Policy structure Optimal parameters Expected cost Impact
Global Y} = 6400, AT* = 130 E;(Cy) = 0.2971
. 0.0108
— 2 — 2 = = =
Time-depended Y = 7500, AT 142,q = 0.72 E,(Cs) = 0.2863 (3.64 %)
Simplified 3 _ 3 _ 3 _ _ 0.0191
Adaptive Y3 m = 7200, Y3.. = 6100, AT3 = 115 E3(Co) = 02780 | "4y
. YA ., = 8000, AT . = 138, YA, = 6000, ~ 0.0276
Adaptive ATE. = 103 E,(Cs) = 0.2695 (9.29 %)

6. Conclusions

This paper is meant to investigate degradation modeling and maintenance decision-making
methods for two-stage deteriorating mode system, where the degradation rate is usually small in
the first stage and large in the second stage. To this purpose, degradation level modeling and
reliability modeling based on cumulative damage model are studied at first place, then four kinds
of maintenance policies (global, time-depended, adaptive, simplified adaptive) are studied and
evaluated through their average long-run cost rate. The four kinds of maintenance policies are
differentiated from alarm threshold and inter-inspection time.

Moreover, influence analysis of different parameters for maintenance policy is studied and
proves that: (a) It is necessary to consider degradation process undergoing a sudden change in
maintenance policy, suitable maintenance policy can help to improve system efficiency. (b) It is
obvious that the average long-run cost rate is impacted by change-point distribution, shock
strength and shock frequency.

The case study of degradation data analysis for gearbox life-cycle experiment shows that
degradation process of gearbox presents obviously two-stage feature. In addition, it is helpful to
reduce the average maintenance cost by choosing appropriate maintenance policy.
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