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Abstract. In order to investigate the vibration characteristics of a rotating sandwich beam with 
magnetorheological (MR) fluid, the MR fluid can be simplified as linear and viscoelastic material. 
The finite element theory was applied to establish the finite element model of a two-node element 
with eight degrees of freedom for the rotating sandwich beam with MR fluid. Then the unit mass 
matrix and the unit stiffness matrix of the upper and lower surface elastic layers and the MR fluid 
of the middle layer were formed separately. And then, the equation of motion of the rotating MR 
fluid sandwich beams can be derived based on the Hamilton’s principle. The simulation provided 
the vibration characteristics of the sandwich beam under different magnetic field intensity and 
different rotating speeds. The result showed that the natural frequency and modal loss factor of 
the rotating MR fluid sandwich beam will increase with the increasing of magnetic field intensity. 
With the increasing of the rotating speed, the natural frequency of the rotating MR fluid sandwich 
beam will increase significantly and modal loss factor will reduce to some extent. So under the 
action of magnetic field, the MR fluid material can significantly influence the vibration 
characteristics of the rotating flexible beam. 
Keywords: MR fluid, rotating sandwich beam, natural frequency, modal loss factor. 

1. Introduction 

In recent years, with the development of material science, smart materials in the active control 
of structure vibration attract more and more attention in various fields. Shape memory material, 
piezoelectric and magnetostrictive material, MR fluid, electrorheological (ER) fluid, etc. have 
developed rapidly. The actuation performance of MR and ER material is more outstanding than 
others, which can change from fluid status into semisolid status in milliseconds when the external 
electrical or magnetic field was applied, and the change is reversible. As they response much faster 
than others, and they have wide dynamic range and low energy consumption and simple control 
mode and convenience to be buried, they have been widely applied in the civil, mechanical, 
aerospace and other fields. 

Smart composite sandwich structure is the structure that composites smart material into the 
structure of beam or slab. As for the MR and ER fluid, many scholars at home and abroad have 
been engaged in the study of the dynamics characteristics of MR and ER sandwich structure.  
Rahn C. D. et al. established the dynamics model of ER fluid sandwich beam based on the theory 
of viscoelastic theory, and also controlled the vibration of the cantilever beam [1]. Choi S. B. 
analyzed the dynamics characteristics of ER fluid sandwich beam based on the combination of 
theory and experiment method [2]. Hu X. B. et al. established the dynamics equations of MR fluid 
sandwich beam, and found that the MR fluid under the action of additional magnetic field has 
outstanding vibration suppression on the sandwich beam based on the numerical simulation and 
experimental study [3]. Hu G. et al. made the experimental study of vibration response 
characteristic of MR elastomer sandwich beam under the action of non-uniform magnetic field 
[4]. Rajamohan V. et al. analyzed the vibration characteristics of a partially treated multi-layer 
beam with MR fluid. The results showed that the natural frequency and transverse displacement 
of the partially treated MR fluid sandwich beam not only related to the intensity of magnetic field, 
but also related to the location and the length of the fluid pocket [5]. Nayak B. et al. analyzed the 
dynamics characteristics of MR elastomer sandwich beam under different boundary  
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conditions [6]. 
Wind turbine blades, helicopter rotor, turbine blades etc. can be simplified as a rotating flexible 

beam, in field of engineering. Wei K. X. et al. established a dynamic model of rotating ER fluid 
sandwich beam, and studied the vibration characteristics of the rotating ER fluid sandwich beam 
based on the combination of theory and experiment method. The results showed that under the 
action of applied electric field, ER materials can suppress the vibration of rotating flexible beam 
effectively [7]. Compared with ER fluids, the MR fluid has a greater yield stress and there is no 
safety problem of high voltage. Therefore, MR fluid has a broader application prospects in the 
field of vibration control of rotating flexible beam. But until now, few people have applied the 
magneto-rheological fluid material to the rotating flexible beam and made modeling analysis of 
its dynamics characteristics. In this paper, the finite element theory was used to establish vibration 
equation of rotary motion sandwich beam which contains MR fluid layer, and make research of 
the change rule of its natural frequency and modal loss factor by changing the magnetic field 
intensity and the rotating speed of the sandwich beam. 

2. The dynamics modeling of rotating sandwich beam 

The structure of rotary MR fluid sandwich beam is shown in Fig. 1. The top and bottom surface 
of sandwich beam are elastic constraint layers, and the middle layer is MR fluid layer. The beam 
whose length is ݈ and width is ܾ rotates around ܻ axis with the angular velocity of Ω. The rotating 
axis’s radius is ݎ , and the thickness of each layer is ℎ. According to the classical theory of 
sandwich panels and MR fluid core layer’s characteristics, the following assumptions are used 
during the modeling process: (1) The thickness of each layer is much smaller than the length of 
the beam. (2) The shear deformation and damping of the elastic layer are ignored. (3) As the 
Young’s modulus of the MR fluid is negligible compared with the elastic layers, the axial stress 
of MR fluid layer is neglected. (4) There is no slip between two elastic layers and the MR fluid 
layer, and the lateral displacement and torsion angle of every point on the same cross section are 
equal. (5) The tangential displacement and axial deformation of every layer are both in the rotating 
plane. 

Fig. 1. The schematic diagram of rotating  
MR fluid sandwich beam 

 
Fig. 2. The deformation diagram of the  

MR fluid sandwich beam 

2.1. The basic motion relations of sandwich beam 

The strain displacement relationship between each layer is shown in Fig. 2. The axial 
displacement of the layers of the sandwich beams are 2ݑ ,1ݑ and 3ݑ, and the lateral displacement 
of each layer is ݓ, and the shear deformation of the MR fluid layer is ߶, which can be described 
as follows [8]: 

߶ = ݔ∂ݓ∂ + ݖ∂ଶݑ∂ , (1)

where: 
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ݖ∂ଶݑ∂ = (ℎଵ + ℎଷ)2ℎଶ ݔ∂ݓ∂ + ଵݑ − ଷℎଶݑ . (2)

Substituting Eq. (2) into equation Eq. (1), we have: 

߶ = ℎଶܪ ݔ∂ݓ∂ + ଵݑ − ଷℎଶݑ , (3)

where ܪ = ℎଶ + 1/2(ℎଵ + ℎଷ). 
Assuming that there is no axial force in the beam, and then we can get the deformation 

relationship between the top and bottom surface elastic layers as follows: 

ଵܣଵܧ ݔ∂ଵݑ∂ + ଷܣଷܧ ݔ∂ଷݑ∂ = 0, (4)

where ܧଵ, ܧଷ are the Young’s modulus of the top and bottom surface layer respectively. ܣଵ, ܣଷ 
are the cross-sectional area of the top and bottom surface layer respectively. And integration, we 
can get: ݑଷ = ଵ, (5)ݑ݁−

where ݁ = ଵܣଵܧ ⁄ଷܣଷܧ . 

2.2. Viscoelastic model of the MR fluid 

For small amplitude motion of rotating MR fluid sandwich beam, MR fluid generally works 
in the pre-yield regime, performing viscoelastic properties. The stress and strain relationship can 
be expressed as [9]: ߬ = (6) ,߶∗ܩ

where ߬ is the shear stress. ߶ is the shear strain. ܩ∗ is the complex shear modulus, and it can be 
written as following: (ܤ)∗ܩ = (ܤ)′ܩ + .(ܤ)′′ܩ (7)

The relationship between the complex modulus and the intensity of the magnetic field of MR 
fluid can be expressed as [10]: ܩᇱ(ܤ) = 3.11 × 10ିܤଶ + 3.56 × 10ିସܤ + 5.78 × 10ିଵ, (ܤ)ᇳܩ(8) = 3.47 × 10ିଽܤଶ + 3.85 × 10ିܤ + 6.31 × 10ିଷ, (9)

where ܤ (oersted) is the intensity of the magnetic field. 

2.3. Shape function 

Based on the finite element method, a standard two-node beam element was established, and 
each node has four degrees of freedom (Fig. 3). The nodal displacement vector can be expressed 
as: {݀(ݐ)} = ݓ} ߠ ଵݑ ଷݑ ݓ ߠ ଵݑ ,்{ଷݑ (10)

where ݓ is the horizontal displacement of beam, ߠ is torsion angle of the cross section, and ݑଵ, 
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 .ଷ are axial displacement of upper and lower elastic layerݑ
Therefore, the displacement of any point within the element can be expressed as: {ݓ ߠ ଵݑ ்{ଷݑ = {ܰ௪ ఏܰ ௨ܰଵ ௨ܰଷ}்{݀(ݐ)}, (11)

where ఠܰ, ఏܰ, ௨ܰଵ and ௨ܰଷ are given by the finite element shape functions: 

[ܰ௪] = ቊ1 − ଶ݈ଶݔ3 + ଶ݈ଷݔ2 ݔ − ଶ݈ݔ3 + ଷ݈ଶݔ 0 0 ଶ݈ଶݔ3 + ଷ݈ଷݔ2 − ଶ݈ݔ + ଷ݈ଶݔ 0 0ቋ ,[ ఏܰ] = ݀ܰ௪݀ݔ ,[ ௨ܰଵ] = ቊ0 0 1 − ݔ݈ 0 0 0 ଶ݈ݔ 0ቋ ,
[ ௨ܰଷ] = ቊ0 0 0 1 − ݔ݈ 0 0 0 ଶ݈ݔ ቋ ,

 (12)

where ݈ is the length of the element. 

 
Fig. 3. The two-node element of MR fluid sandwich beam 

2.4. Dynamic model 

2.4.1. The potential energy of sandwich beam element 

For rotating MR fluid sandwich beam, regardless of the shear strain of the elastic layers and 
the tensile strain of the MR fluid layer, the potential energy of sandwich beam element consists of 
the bending and tensile strain energy of upper and lower elastic layers and shear strain energy of 
the MR fluid layer. Therefore, the potential energy of the rotating MR fluid sandwich beam can 
be expressed as: 

ܷ = 12 [ଵܭ])்{(ݐ)݀} + [ଶܭ] + ,{(ݐ)݀}([ଷܭ] (13)

where: 

[ଵܭ] = ଵܣଵܧ න ݀ ௨ܰଵ݀ݔ ൨் ݀ ௨ܰଵ݀ݔ ൨ ݔ݀ + ଷܣଷܧ න ݀ ௨ܰଷ݀ݔ ൨் ݀ ௨ܰଷ݀ݔ ൨ ݔ݀ ,
[ଶܭ] = ଵܫଵܧ) + (ଷܫଷܧ න  ቈ݀ଶܰ௪݀ݔଶ ் ቈ݀ଶܰ௪݀ݔଶ  ݔ݀ [ଷܭ], = ଶℎଶଶܣ∗ܩ   ௨ܰଵ − ௨ܰଷ + ℎ ݀ܰ௪݀ݔ ൨்  ௨ܰଵ − ௨ܰଷ + ℎ ݀ܰ௪݀ݔ ൨ ݔ݀ ,  
where [ܭଵ], [ܭଶ], [ܭଷ] are the stiffness matrix ܧଵ ଷܧ , ଵܫ , ଷܫ ,  ,ଷ are the Young’s modulusܣ ,ଵܣ ,
moment of inertia and section area of the up and down elasticity layers, respectively. 
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2.4.2. The kinetic energy of sandwich beam element 

Taking no account of the axial deformation of the MR fluid layer, the kinetic energy of the 
rotating sandwich beam element includes the kinetic energy caused by the transverse and axial 
movement of the upper and lower elastic layer and the kinetic energy caused by the bending 
motion of the MR fluid layer. Therefore, the kinetic energy of the rotating MR fluid sandwich 
beam can be expressed as: 

ܶ = 12 { ሶ݀(ݐ)}்([ܯ])൛ ሶ݀(ݐ)ൟ, (14)

where [ܯ] = [ଵܯ] + [ଶܯ] +  :is the mass matrix of element [ଷܯ]

[ଵܯ] = ଵܣଵߩ න [ ௨ܰଵ]் [ ௨ܰଵ] + ଷܣଷߩ න [ ௨ܰଷ]் [ ௨ܰଷ],
[ଶܯ] = ଵܣଵߩ) + (ଷܣଷߩ න [ܰ௪]் [ܰ௪],
[ଷܯ] = ଶܣଶߩ න [ܰ௪]் [ܰ௪],

 
where 3ߩ ,2ߩ ,1ߩ is the density of each layer. 

2.4.3. Work caused by centrifugal force 

If there is no external force acting on the sandwich beam, the work of the element is mainly 
caused by the centrifugal force [11]. The radial stress on any section at a distance ݔ from the left 
end of the ݇th element is: 

௫݂ = Ωଶߩ ቊ−ݔݎ − (݇ − 1)݈ݔ − ଶ2ݔ + ݈ݎ + ݈ଶ ݇ଶ − (݇ − 1)ଶ2 ቋ, (15)

where Ω is the rotating angular velocity, ܣ is the cross-sectional area of the sandwich beam, ߩ is 
the density of the sandwich beam, ݎ is the radius of the rotating shaft. Thus, the centrifugal force 
acting will be described as: 

ܹ = 12 න ܣ ௫݂ ൬߲ݔ߲ݓ ൰ଶ ݔ݀ = 12 ,{(ݐ)݀}[ସܭ]்{(ݐ)݀} (16)

where [ܭସ] = 1 2⁄  ܣ ௫݂ [݀ܰ௪ ⁄ݔ݀ ]்[݀ܰ௪ ⁄ݔ݀  .ݔ݀[

2.4.4. The equation of motion of the sandwich beam 

Substituting the Eq. (13), Eq. (14) and Eq. (16) into Hamilton variation equations, we have: 

ߜ න (ܶ − ܷ + ܹ)௧మ௧భ ݐ݀ = 0. (17)

So, the vibration equation of the element can be obtained as: [ܯ]൛ ሷ݀(ݐ)ൟ + {(ݐ)݀}[ܭ] = 0, (18)
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where, [ܯ] is the mass matrix of the element, [ܭ] is the stiffness matrix, and: [ܭ] = [ଵܭ] + [ଶܭ] + [ଷܭ] + .[ସܭ]
According to the integrated unit method, the overall equation of motion of the rotating MR 

fluid sandwich beam can be obtained as: [ܯ]൛ ሷ݀(ݐ)ൟ + {(ݐ)݀}[ܭ] = 0. (19)

This vibration system is the structural proportional damping system. In the Eq. (19), [ܭ] is the 
8×8 order complex symmetric matrix. The complex eigenvalues of the system ܵ can be obtained 
as: ܵଶ = ߱ଶ(1 + (20) ,(ߟ݅

where, ߱ is the natural frequency of the structure, ߟ is the modal loss factor of the structure. 

3. Simulation results and discussion 

In order to verify the reliability and accuracy of the finite element modeling method for the 
rotating sandwich beam with MR fluid, parameters of the beam geometry and material of MRF 
sandwich are determined according to [3]. Then the natural frequencies and modal loss factor of 
sandwich beam were calculated when its rotating speed is zero. This means the beam is not a 
rotating one. The geometric and material parameters of the rotating MR fluid sandwich beam as 
follows: the length of the beam ݈ = 0.38 m, the width of the beam ܾ = 0.029 m; surface elastic 
layer uses aluminum alloy material with the thickness ℎ1 = ℎ3 = 0.0009 m, density  1ߩ = 3ߩ =2800 kg/m3, modulus of elasticity ܧ = 70 GPa. The thickness of MR fluid layer  ℎ2 = 0.001 m, density 2ߩ = 3450 kg/m3. And the complex shear modulus can be obtained from 
Eqs. (8), (9).  

It can be seen that the results of this method are basically consistent with the results of [3] 
according to Table 1, as for the natural frequencies and modal loss factors. 

Table 1. The first two natural frequencies and modal loss factors of the sandwich beam with rotation speed 
of zero compared with Ref. [3] ܤ (oersted) ߱ଵ (Hz) ߱ଶ (Hz) ߟଵ ଶߟ

0 Ref. [3] 11.85 30.21 0.0053 0.0025 
Present 11.65 34.22 0.0059 0.0020 

800 Ref. [3] 12.02 38.41 0.0061 0.0039 
Present 11.97 39.57 0.0063 0.0032 

From Table 1, it can be concluded that the finite element method can be effectively applied for 
the sandwich beam with MR fluid, because the first two natural frequency and modal loss factors 
the sandwich beam calculated in the paper can be consistent with those of the Ref. [3]. 

Then, it can be obtained a great many new conclusions when rotating speed was considered in 
the following parts.  

The changing laws of natural frequency and modal loss factor of the rotating MR fluid 
sandwich beam can be obtained from numerical calculation, under the conditions of different 
rotating speed and different magnetic field intensity. 

According to Fig. 4, when the rotating speed is zero, that means the MR fluid sandwich beam 
is static without rotating, the variation curves of the first two natural frequencies and modal loss 
factors of the sandwich beam changes with the magnetic field intensity. Thus, when the rotating 
speed is zero, with the magnetic field intensity increasing, the natural frequencies and modal loss 
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factors of the MR fluid sandwich beams are gradually increasing. That is to say, the damping and 
stiffness of MR fluid sandwich beam increases greatly with the intensity of external magnetic field 
increasing. 

 
Fig. 4. The relationships between the natural frequency, modal loss factor of static MR fluid sandwich 

beam and the magnetic field intensity 

 
Fig. 5. The relationships between natural frequency, modal loss factor of rotating MR fluid sandwich beam 

and the magnetic field intensity  

 
Fig. 6. The relationship between natural frequency, modal loss factor and the changing rotating speed of 

MR fluid sandwich beam 

Fig. 5 illustrates that the relationships between natural frequency, modal loss factor of the 
rotating MR fluid sandwich beam and the magnetic field intensity.  

From Fig. 5, the variation curves of the first natural frequencies and modal loss factors of the 
rotating MR fluid sandwich beam with the changing of magnetic field and different rotating speed. 
When the magnetic field intensity increases, the natural frequency and loss factors of the sandwich 
beam under different speeds are increased correspondingly. This is similar to the variation with 
the static sandwich beam under the different magnetic field intensity. 
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Fig. 6 shows the relationship between natural frequency, modal loss factor and the changing 
rotating speed of MR fluid sandwich beam. From the figure, when the rotating speed increases, 
the natural frequency of the MR fluid sandwich beam increases obviously while the loss factor of 
the MR fluid sandwich beam has been decreased. For example, when magnetic field is 500 oersted, 
and while Ω = 0 rad/s, the natural frequency of sandwich beam is 11.90 Hz, but while Ω = 50 rad/s, the natural frequency of sandwich beam directly increases to 23.75 Hz, increased 
by nearly 50 %. This is because the rotating speed increases, the centrifugal force caused by 
rotating increases, so the stiffness of the sandwich beam structure increases as well. But at the 
same rotating speed, the increasing the intensity of the applied magnetic field can make the loss 
factor of the structure increase significantly. Therefore, under an external magnetic field, the MR 
fluid material can increase the damping loss of the rotating flexible beam. 

4. Conclusions 

Based on the finite element method, a two-node element with eight degrees of freedom was 
established for a rotating sandwich beam with MR fluid. Then the equation of motion of the 
rotating sandwich beam was derived with Hamilton’s principle. The natural frequency and the 
modal loss factor of sandwich beams were discussed under different external magnetic field 
intensity and rotating speed. When the magnetic field intensity of the sandwich beam increases, 
the natural frequencies and modal loss factor of the rotating MR fluid sandwich beam will increase 
significantly. When the sandwich beam rotates quickly, the centrifugal force will increase 
correspondingly, this will make the stiffness of the structure dramatically increase and make the 
modal loss factor decrease. At the same rotating speed, the modal loss factor of the sandwich beam 
structure will increase significantly with the rising of magnetic field intensity. As a result, when 
the MR fluid material was filled into the flexible beam, the stiffness and damping of the structure 
will change with the intensity of magnetic field. In the future, maybe MR fluid used in this way 
will be utilized to suppress the vibration of the real flexible structure.  
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