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Abstract. Based on the electromechanical coupling nonlinear dynamic model of nonlinear 
vibration system that driven by dual excitation rotors, the theoretical analysis of the harmonic 
vibration synchronization conditions for dual excitation rotors have been conducted at the balance 
singularity of the nonlinear vibration system. And the harmonic vibration synchronization 
phenomena of dual excitation rotors in nonlinear vibration system have also been quantitatively 
analyzed and interpreted. Under different parameter conditions, the validity of the harmonic 
vibration synchronization theoretical research has been verified by the numerical simulation and 
practical application experiments. And research results also demonstrate that with certain systemic 
characteristic conditions, the harmonic vibration synchronization movement phenomenon of dual 
excitation rotors could realize because of the harmonic vibration response of nonlinear vibration 
system. But the harmonic vibration synchronization phenomena only occur at certain order ratio 
of ݌ / ݍ . Compared to the frequency multiplication harmonic vibration synchronization and 
fractional frequency harmonic vibration synchronization, the prime harmonic vibration 
synchronization of dual excitation rotors is much easier to implement. The research of this paper 
can used to provide the theoretical basis and experiment support for the design and application of 
this kind of high-efficiency, energy-saving nonlinear vibration machine that driven by multiple 
excitation rotors, in vibration application engineering technical field. 
Keywords: nonlinear vibration, harmonic vibration, synchronization, energy method, balance 
singularity. 

1. Introduction 

Vibration synchronization phenomenon is an objectively existing motion mode in vibration 
application engineering technical field [1]. In recent years, aimed at the vibration synchronization 
phenomenon under far more resonance or low critical nearly resonance state, scholars around the 
world conducted in-depth research by linearizing or quasi-linearizing the vibration system, 
achieving amount of instructive results [2-4]. However, the research on the harmonic vibration 
synchronization phenomenon of nonlinear vibration systems which are excited by multiple 
excitation sources were seldom involved. In [3], 3 frequency multiplication synchronization 
phenomenon of surface vibration machine driven by dual exciter had been discussed. In [4], it 
demonstrated that some vibration system can achieve not only 2 frequency multiplication, 3 
frequency multiplication and ݊ frequency multiplication synchronization, but also sub-harmonic 
fractional frequency synchronization. Although the frequency multiplication vibration 
synchronization and fractional frequency vibration synchronization phenomenon have been 
discussed in some literatures currently, the theoretical research results are still uncommon. Under 
harmonic vibration condition of nonlinear vibration system, the harmonic vibration 
synchronization state stability of multiple excitation sources is very poor, even not to realize the 
vibration synchronization state, because the influence of systemic mechanical parameters and 
external disturbances. Which make it very difficult to explain the harmonic vibration 
synchronization phenomenon of nonlinear vibration system based on the research findings in 
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literature [1-6], even the conclusions are no longer applicable. Currently, because the large-scale 
trend development of vibration machine and equipment, in order to take advantage of the condition 
that if the vibration machine which driven by multiple excitation sources works under harmonic 
vibration case, the smaller the external stimulus will produce large amplitude characteristics, so 
that make the vibration machine reach the desired vibration amplitude, the exciting force is 
minimum. Thus, based on the electromechanical coupling dynamic model of nonlinear vibration 
system, the harmonic vibration synchronization conditions for dual excitation sources have been 
deduced by theoretical method. Based on the harmonic vibration response coupling action of 
nonlinear vibration system, the harmonic vibration synchronization transition rule of dual 
excitation sources has also been analyzed. At the end, the validity of the harmonic vibration 
synchronization phenomenon analysis was verified by numerical simulation and application 
experiments. 

2. Electromechanical coupling dynamic model of nonlinear vibration system that excited by 
dual excitation rotors 

The vibration test stand which driven by dual excitation rotors in our lab is shown as Fig. 1. 
On the vibration test stand, steel springs and rubber springs have been used, which make the 
vibration response of the Fig. 1 test stand to exhibit strongly nonlinear characteristic. So based on 
the test stand, we can retain the nonlinear characteristics of the vibration system, and to carry out 
the harmonic vibration synchronization problem study that only the nonlinear vibration system 
possesses the unique movement form. And based on the test stand, to carry the harmonic vibration 
synchronization experiments, to verify the study results and explain the experimental phenomena. 
The test stand uses the excitation rotor to be the vibrating exciter which composes of motor and 
eccentric block. And the vibration response signal is detected by acceleration transducer which 
distributed as Fig. 1. 

 
Fig. 1. Dual excitation rotors vibration synchronization test stand 

In order to theoretical study the harmonic vibration synchronization problem of nonlinear 
vibration machine, to abstract and simplify the vibration test stand shown as Fig. 1, the nonlinear 
dynamic model of it can be established as Fig. 2 shown as follow. 

In Fig. 2, ܱ is the geometrical center of the vibration system, ଵܱ and ܱଶ is the gyration centre 
of the dual excitation rotors, ܱݕݔ is the coordinate system of the vibration system. 

Based on Lagrange equations, the electromechanical coupling nonlinear dynamic equation of 
the nonlinear vibration system Fig. 2 can be expressed as follows: 

൭݉଴ + ෍ ݉௜ଶ
௜ୀଵ ൱ ሷݕ + ܿ௬ݕሶ + ݇௬ݕ + ଷݕߚ = ൭෍ ݉௜ ሶ߮ ௜ଶݎ௜sin߮௜ଶ

௜ୀଵ ൱ cos ൬12 Δߙ൰, (1)

where, ݉଴ is the mass of vibrating body, ݉௜  is the mass of excitation rotor, Δߙ is the angular 
phase difference of the excitation rotors, ߮௜ is the angular displacement of the excitation rotor, ݎ௜ 
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is the eccentricity of the excitation rotor, ݇௬  is the linear stiffness coefficient of spring in ݕ 
direction, ܿ௬  is the equivalent damping coefficient in ݕ  direction, ߚ  is the nonlinear stiffness 
coefficient of spring in ݕ direction (ߚ is a constant which related to the rubber spring material) 
[7, 8]. 
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Fig. 2. Dynamic model of dual excitation rotors nonlinear vibration system 

Know from Eq. (1) that, the nonlinear stiffness items make the dynamic equation 1 is nonlinear 
equation, even strongly nonlinear equation, which make it very difficult to use the exciting 
findings in the existing literature to solve the harmonic vibration synchronization problem of 
nonlinear vibration system based on Eq. (1), and even the findings are no longer applicable. So 
we will use the energy method and equilibrium singularity method to carry out the study.  

When the nonlinear vibration system works at the harmonic vibration frequency, set the 
harmonic vibration frequency relationships as ߱଴ = ݌ ⁄ݍ ߱. Where, ߱଴ is the natural frequency 
of vibration system, ߱  is the excited frequency. And ݌  and ݍ  are relatively prime integers. 
(Because only to consider the nonlinear factors of the vibration system, the vibration response 
may be to achieve resonance, fractional frequency resonance, frequency multiplication resonance, 
combination resonance and so on. And the existing vibration theory and experiments have proved 
that, when the nonlinear vibration system working under harmonic vibration condition, the 
stability of vibration response is terrible, even relatively simple linear vibration system, vibration 
response is very unstable under resonance condition. So among the literature that currently able 
to access, the study of vibration synchronization mainly focused on the far more than resonance 
conditions. In order to simplify the study conditions, only to consider ݌ and ݍ  are relatively prime 
integers). 

Now introduce the functions: 

(ݕ)ܸ = න ௞݂(ߦ)݉ᇱ௬
଴ ,ߦ݀ ,ݕ)ܧ ሶݕ ) = (ݕ)ܸ + 12 ሶݕ ଶ, (2)

where, ௞݂(ߦ) is the stiffness items of Eq. (1), and ݉ᇱ is the total mass of the vibration system 
(݉ᇱ = ݉଴ + ∑ ݉௜ଶ௜ୀଵ ). 

Assuming: ݕ(ܽ, (ߴ = .ߴcos(ܧ)ܽ (3)

Substituting Eq. (2) and Eq. (3) into Eq. (1), then we get: 

,ܽ)ሶݕ (ߴ = ܽsinߴ ⋅ ቆ݇௬ + ଶܽߚ3 + ଴݉(ߴ2)ଶcosܽߚ + ∑ ݉௜ଶ௜ୀଵ ቇଵଶ. (4)
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Based on the nonlinear vibration system energy method [9, 10], Eq. (2) could be transformed 
into Eq. (5) as follows: ݀݀ݐܧ = −ܿ௬ݕሶ ଶ(ܽ, (ߴ + ෍ ݉௜ ሶ߮ ௜ଶݎ௜sin߮௜ଶ

௜ୀଶ cos ൤ݍ݌ ߴ) − ߶)൨ ⋅ ሶݕ (ܽ, ,(ߴ (5)

where, ߶(ݐ) = (ݐ)ߴ − ߱଴ݐ. 
Using Fourier transform, Eq. (4) can be expanded as follows: 

,ܽ)ሶݕ (ߴ = ෍ ଶ௜ାଵ(ܽ)sin(2݅ߚ + ஶߴ(1
௜ୀ଴ , (6)

ሶݕ ଶ(ܽ, (ߴ = (ܽ)଴ߙ + ෍ ஶ.ߴଶ௝(ܽ)cos2݆ߙ
௝ୀଵ (7)

Substituting Eq. (2), Eq. (3), Eq. (4), Eq. (6) and Eq. (7) into Eq. (5), we get: ݀݀ݐܧ = −ܿ௬ ቎ߙ଴(ܽ) + ෍ ଶ(ߴ2݆)ଶ௝(ܽ)cosߙ
௝ୀଵ ቏

      + 12 ൭෍ ݉௜ ሶ߮ ௜ଶݎ௜sin߮  ௜ ଶ
௜ୀଵ ൱ ෍ ଶ௜ାଵ(ܽ)ஶߚ

௜ୀ଴ ൤sin ൬ݍ݌ ߴ) − ߶) + (2݅ + +      ൰ߴ(1 sin ൬ݍ݌ ߴ) + ߶) − (2݅ + ,൰൨ߴ(1
(8)

ݐߴ݀݀ = 1݇௬ܽ + ଷܽߚ ൥ܿ௬ ൭෍ ݉௜ ሶ߮ ௜ଶݎ௜sin߮௜ଶ
௜ୀଵ ൱ ෍ ଶ௞(ܽ)ஶߛ

௞ୀ଴ ൤cos ൬ݍ݌ ߴ) − ߶) + (2݇ + ൰ߴ(1
      + cos ൬ݍ݌ (߶ − (ߴ + (2݇ − ൰൨ߴ(1 + ෍ ଶ௞(ܽ)ஶߛ(ܽ)ଶ௜ାଵߚ

௜,௞ୀ଴ ൤cos ൬2݅ ݍ݌ ߶ + (2݇ +  ൰ߴ(1
      + cos ൬2݅ ݍ݌ ߶ − (2݇ − ൰൨ߴ(1 − ෍ ஶ(ߴ2݇)ଶ௞(ܽ)cosߛ

௞ୀ଴ ,
(9)

where, ߛଶ௞  are the Fourier transform expansion coefficients of ݕሶ(ܽ, (ߴ ,ܽ)ݕ ⁄,(ߴ  and ݕሶ(ܽ, (ߴ ,ܽ)ݕ ⁄(ߴ = ∑ ஶ௞ୀ଴ߴଶ௞(ܽ)cos2݇ߛ . 
According to the periodic solution existence conditions of energy method [11, 12], if the 

periodic solutions of Eq. (1) exist, the non-periodic terms of ݀ܧ ⁄ݐ݀  in Eq. (8) should have ܧ଴ᇱ (ܽ∗, ߶∗) = 0  and the non-periodic terms of ݀ߴ ⁄ݐ݀  in Eq. (9) should meet  ߴ଴ᇱ (ܽ∗, ߶∗) = ݌) ⁄(ݍ ߱ . By analyzing the right terms of Eq. (5) and Eq. (8), it can get that −ܿ௬ߙ଴(ܽ) is the non-periodic term of −ܿ௬ݕሶ ଶ(ܽ,  but this term is definitely not zero. Thus, in ,(ߴ
order to satisfy the periodic solution existence conditions for Eq. (1), there must be some 
non-periodic items among the Fourier transform expansion of  ∑ ݉௜ ሶ߮ ௜ଶݎ௜sin߮௜ଶ௜ୀଶ cosሾ(݌ ⁄(ݍ ߴ) − ߶)ሿ ⋅ ሶݕ (ܽ,  Through analyzing Eq. (8), it can get that the .(ߴ
aforementioned conditions can be satisfied only if ݌ + (2݅ + ݍ(1 = 0 or ݌ − (2݅ + ݍ(1 = 0. At 
this time ߱଴ = ݌) ⁄ݍ )߱ = ± (1 2݅ + 1)⁄ ߱ , which means that the nonlinear vibration system 
shown as Eq. (1) can only realize the primary vibration phenomenon at ߱଴ = ߱ when ݅ = 0 or 
odd sub-harmonic vibration where the order meets 1 2݅ + 1⁄  (݅ = 1, 2, …), but it could not realize 
the super-harmonic vibration or even sub-harmonic vibration. 
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Based on the aforementioned analysis of periodic solutions existence, simplifying Eq. (8) and 
Eq. (9) can get the value of ܽ∗, ߶∗ for each order sub-harmonic vibration, and  the steady-state 
solutions of each order harmonic vibration response of the nonlinear vibration system can be 
obtained as follows [13, 14]: 

ݕ = ܽ∗ ൜cos ൬ݍ݌ ݐ߱ + ߶∗൰ + 14 ߱ଵ∗߱଴∗ cos2 ൬ݍ݌ ݐ߱ + ߶∗൰
      + 12 ෍ ߱௜∗߱଴∗ ൥ 1݅ + 1 cos ൭(݅ + 1) ൬ݍ݌ ݐ߱ + ߶∗൰൱ே

௜ୀଶ  
      − 1݅ − 1 cos ൭(݅ − 1) ൬ݍ݌ ݐ߱ + ߶∗൰൱൩ + 14 ߱ଵ∗߱଴∗ cos2 ൬ݍ݌ ݐ߱ + ߶∗൰ቋ,

(10)

where, ߱௜∗ is the periodic term coefficient of Fourier transform expansion of Eq. (9). 

3. Harmonic vibration synchronization conditions for dual excitation rotors of nonlinear 
vibration system 

Rotary motion equation of the excitation rotor as shown in Fig. 2 can be expressed as: 

௜ᇱܬ ݀ଶ߮௜݀ݐଶ + ܿ௜ᇱ ݀߮௜݀ݐ + ݉௜ݎ௜ ቆ݀ଶݐ݀ݕଶ sin߮௜ − ݃cos߮௜ቇ = ௜ܶ, (11)

where ݅  ௜ᇱ is the moment of inertia of excitation rotor around the gyration center, ܿ௜ᇱ is theܬ ;2 ,1 =
equivalent rotary damping of the rotor, ௜ܶ is the output torque of excitation rotor. 

Supposed the dual excitation rotors can realize the synchronization, then set ߱ଶ = ߱ଵ. Lead ݅ = 1, 2 into Eq. (11), set: ቄ݁ଵ = ߮ଶ − ߮ଵ,݁ଶ = ሶ߮ ଶ − ሶ߮ ଵ, 
and consider Eq. (10) to take integral average in 2ߨ period and ignore the higher-order terms in 
derivation, then Eq. (12) can be obtained as follows (according to the working conditions of such 
vibration machine, set ݉ଵ = ݉ଶ, ݎଵ = ଶ, ܿଵᇱݎ = ܿଶᇱ ): 

ەۖۖۖ
۔ۖ
ଶ݁ۓۖۖ = ሶ݁ଵ,ሶ݁ଶ = ଵᇱܬ1 ( ଶܶ − ଵܶ) − ܿଵᇱܬଵᇱ ݁ଶ

       −2 ݉ଵݎଵܬଵᇱ ቈܽ∗݌ଶݍଶ ߱ଵଶcos ൬ݍ݌ ݁ଵ + ߶∗൰ − 12 ෍ ݌∗ܽ ௝߱∗߱ݍ଴∗ sin ൬ݍ݌ ݁ଵ + ߶∗൰ஶ
௝ୀଶ ቏ sin ݁ଵ2      − ݉ଵݎଵܬଵᇱ ݃cos ቀ݁ଵ2 ቁ .

 (12)

According to Eq. (12), the phase plane motion equilibrium singularity equation of rotation 
speed difference and phase difference for the dual excitation rotors shown in Fig. 2 can be obtained 
as: 



1380. HARMONIC VIBRATION SYNCHRONIZATION PHENOMENON ANALYSIS OF DUAL EXCITATION ROTORS NONLINEAR VIBRATION SYSTEM.  
XIAOHAO LI, TAO SHEN 

2848 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. SEP 2014, VOLUME 16, ISSUE 6. ISSN 1392-8716  

ەۖۖۖ
۔ۖ
ଶ݁ۓۖۖ = ଵᇱܬ0,1 ( ଶܶ − ଵܶ) − ܿଵᇱܬଵᇱ ݁ଶ

       −2 ݉ଵݎଵܬଵᇱ ቈܽ∗݌ଶݍଶ ߱ଵଶcos ൬ݍ݌ ݁ଵ + ߶∗൰ − 12 ෍ ݌∗ܽ ௝߱∗߱ݍ଴∗ sin ൬ݍ݌ ݁ଵ + ߶∗൰ஶ
௝ୀଶ ቏ sin ݁ଵ2       − ݉ଵݎଵܬଵᇱ ݃cos ቀ݁ଵ2 ቁ = 0.

 (13)

Based on Eq. (13) to carry out the phase plane singularities analysis [15, 16], and omit the 
higher order terms in the derivation, we can get that if: 

|ܪ| > ቆΔܶଶ + 12 ଵᇱܿݍ ଶܬ݌ଵᇱ ቇଵଶ, (14)

where, Δܶ = ଶܶ − ଵܶ is the drive torque different of dual excitation rotors, which is a variable 
related to the mechanical properties parameters of excitation system, and: 

ܪ = ݉ଵݎଵܬଵᇱ ቐ቎ܽ∗߱݌ଵଶݍ cos ቌ݌ݍ ෍ ௝߱∗߱଴∗ ߶∗ஶ
௝ୀଶ ቍ቏ଶ + ቈ߱ଵଶ߱ଵ∗߱଴∗ cos ൬݌ݍ ߶∗൰቉ଶൡଵଶ. (15)

Then, the phase trajectory during vibration system movement will eventually converge to the 
equilibrium singularity as shown in Eq. (16): ൜݁ଵ = ݁ଵ(ܽ∗, ߶∗, ߱ଵ, ,݌ ,ݍ Δܶ),݁ଶ = 0. (16)

Namely: ൜Δߙ = |߮ଶ − ߮ଵ| = ߨ2 + ଵ,ሶ߮ܥ ଵ ሶ߮ ଶ⁄ = 1,
where, ܥଵ is a constant which is related to the vibration system’s parameters. 

So to know that, if Eq. (14) is satisfied, the dual excitation rotors can realize the primary 
vibration synchronization or the sub-harmonic vibration synchronization under odd sub-harmonic 
vibration conditions, and the value of phase difference keeps constant. 

4. Numerical simulation and experimental study 

According to the dual excitation rotors vibration test stand Fig. 1 in our lab, the structural 
parameters for the nonlinear dynamic model Fig. 2 are selected as follows:  ݉଴ = 250 kg,    ݉ଵ = ݉ଶ = 2.05 kg, ଵݎ = ଶݎ = 0.10 m, ݇௫ = 70 kN/m,ܿ௫ =  120 (N ⋅ s)/m,   ܿଵᇱ = ܿଶᇱ = 0.10 N⋅m⋅s/rad.

Differ the research technique in previous literature, in order to verify the validity of the 
harmonic vibration conditions that derived in the paper, and to explain the harmonic vibration 
synchronization phenomena of nonlinear vibration system which shown as Fig. 2, the harmonic 
vibration synchronization experiments will be carried out from the view of equilibrium singularity 



1380. HARMONIC VIBRATION SYNCHRONIZATION PHENOMENON ANALYSIS OF DUAL EXCITATION ROTORS NONLINEAR VIBRATION SYSTEM.  
XIAOHAO LI, TAO SHEN 

 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. SEP 2014, VOLUME 16, ISSUE 6. ISSN 1392-8716 2849 

approximate stability, and by means of the limit cycle stability discussion of nonlinear vibration 
system, the harmonic vibration synchronization experiment phenomena stability had been 
analyzed also. The following contents will give the experiments and discussions. 

If ݌ = ݍ = 1 is set, the most common case in practical application field that the nonlinear 
vibration system primary resonates and dual excitation rotors drive the vibration system with equal 
rotational speed will be obtained. Simultaneous Eq. (8) and Eq. (9), the values of ܽ∗ and ߶∗ can 
be calculated. Substituting the values into Eq. (15), ܪ could be obtained as 0.953. Substituting this 
value into the Eq. (14), it can be satisfied which means that the dual excitation rotors can realize 
the synchronization movement in theory with zero angular velocity difference and constant phase 
difference. Fig. 3 shows the phase trajectory numerical simulation. It can be seen in the simulation 
that angular velocity difference experiences the ups and downs from the initial 0.3 rad/s and end 
sat 0 rad/s, while the phase difference value Δߙ fluctuates from the initial 2.1° and eventually 
stabilizes at 12.5°. These results are consistent with the theoretical analysis results. 

 
Fig. 3. Phase-plane motion trajectory simulation under prime resonance synchronization condition ݌ ⁄ݍ = 1 3⁄  is set to conduct the simulation experiment of 3 sub-harmonic fractional frequency 

vibration synchronization. According to Eq. (15), ܪ = 0.0439 in this case. Substituting the 
parameters into Eq. (14), ܪ < ൫Δܶଶ + ଵᇱܿݍ ଶ ଵᇱൗܬ݌2 ൯ଵ ଶ⁄ = 0.0525, it proves that the harmonic 
vibration synchronization conditions are not satisfied, namely the nonlinear vibration system 
cannot realize the 3 sub-harmonic fractional frequency vibration synchronization movement. In 
the experiment, the vibration synchronization phenomenon of dual excitation rotors could not 
occur, either. If ݌ ⁄ݍ = 1 3⁄  is maintained, to satisfy the synchronization conditions, Δܶ could be 
reduced into 0.045 N⋅m and ܿଵᇱ could be reduced into 0.085 (N⋅m⋅s)/rad. Checking Eq. (14),  ܪ > ൫Δܶଶ + ଵᇱܿݍ ଶ ଵᇱൗܬ݌2 ൯ଵ ଶ⁄ = 0.0401, it gets the conditions satisfied, namely at this time the 
nonlinear vibration system can realize the 3 sub-harmonic fractional frequency vibration 
synchronization movement in theory. As can be seen in Fig. 4, the angular velocity difference 
experiences the ups and downs from the initial 0.3 rad/s ending into 0 rad/s, while the phase 
difference value Δߙ  fluctuates from the initial 2.1° and eventually stabilizes at 16.8°, which 
realizes the 3 sub-harmonic fractional frequency vibration synchronization with the zero angular 
velocity difference. 

In order to discuss the validity of the theoretical research conclusion that the nonlinear 
vibration system which shown as Fig. 2 could only realize the odd sub-harmonic vibration, set ݌ ⁄ݍ = 1 2⁄ , to carry out the 2 sub-harmonic fractional frequency vibration synchronization 
experiment. Based on Eq. (8) and Eq. (9), to calculate the values of ܽ∗ and ߶∗. Substituting the 
values into Eq. (15), ܪ  could be obtained as 0.0227. By checking Eq. (14),  ܪ < ൫Δܶଶ + ଵᇱܿݍ ଶ ଵᇱൗܬ݌2 ൯ଵ ଶ⁄ = 0.0461, the Eq. (14) is not satisfied which demonstrates that it 
could not realize the 2 sub-harmonic fractional frequency vibration synchronization phenomenon 
in theory for this nonlinear vibration system that driven by dual excitation rotors. Simulation in 
Fig. 5 shows that angular velocity difference of the dual excitation rotors fluctuates approximate 
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periodically, and the phase difference could not maintain constant, which also demonstrates that 
the 2 sub-harmonic fractional frequency vibration synchronization movement of the nonlinear 
vibration system could not realized. These results are consistent with the theoretical analysis 
results discussed above. 

 
Fig. 4. Phase-plane motion trajectory simulation 

under 3 sub-harmonic fractional frequency vibration 
synchronization conditions 

 
Fig. 5. Phase-plane motion trajectory simulation 

under 2 sub-harmonic fractional frequency vibration 
synchronization condition 

From a large number of experimental phenomena and experiment data which have been carried 
out based on Fig. 1 test stand to know that, if the performance parameters of vibration system 
remain unchanged, the vibration system cannot achieve the harmonic vibration synchronization, 
when ݌ ⁄ݍ  take any value. Only with certain systemic characteristic conditions, and at certain 
order ratio of ݌ ⁄ݍ , the harmonic vibration synchronization phenomena of dual excitation rotors 
may occur by means of the harmonic vibration response of nonlinear vibration system, which is 
consistent with the discussion in literature [9] that the harmonic vibration response of nonlinear 
vibration system only appears at certain ratio. 

 
a) Initial state of dual excitation rotors 

 
b) Low speed movement state of dual excitation 

rotors 

 
c) Asynchronous movement state of dual excitation 

rotors in near harmonic vibration region 

 
d) Synchronized movement state of dual excitation 

rotors in harmonic vibration region 
Fig. 6. Harmonic vibration synchronization transient process detection photos  

of dual excitation rotors by strobe tachometer 

The harmonic vibration synchronization transient process photos of dual excitation rotors 
could be detected by strobe tachometer as shown in Fig. 6. Fig. 6(a) shows that the static initial 
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state of dual excitation rotors. Due to the influence of gravity, the initial phase difference of the 
dual excitation rotors is ߨ. When the dual rotors started to rotate with a low speed, to adjust the 
frequency of strobe tachometer, and then a larger angle difference could be detected between the 
observation lines on the excitation rotors as shown in Fig. 6(b). During the speed increasing 
process of the dual excitation rotors, torsion vibration and transverse vibration phenomenon 
appeared on the test stand.  

When the rotational speed of the excitation rotor increased into around 350 r/min, which was 
close to the harmonic vibration response frequency of the test stand, the strobe tachometer was 
adjusted to detect the rotational speed of 350 r/min, and then an asynchronous movement of the 
dual excitation rotors in the near the harmonic vibration region was obtained as show in Fig. 6(c). 
When the rotational speed continuously increased into 397 r/min, a harmonic vibration response 
phenomenon of nonlinear vibration system occurred, and the observation lines on dual excitation 
rotors kept relatively stationary as shown in Fig. 6(d) on the strobe tachometer. This indicates that 
the dual excitation rotors have realized the harmonic synchronization. And the observation showed 
that the phase difference is about 11.3°. 

Based on the real time detecting data of the test stand during the experiment, the harmonic 
vibration response phenomenon can be obtained as shown in Fig. 7. 

 
a) Rotational speed of dual excitation rotors 

 
b) Speed difference of dual excitation rotors 

 
c) ܻ-direction displacement of vibration system 

 
d) Spectrum analysis of vibration response 

Fig. 7. Harmonic vibration synchronization experiment of nonlinear vibration test stand  
that driven by dual excitation rotors 

As can be seen in Fig. 7(a), the dual excitation rotors could realize a stable synchronous 
movement as the rotational speed reached around 397.1 r/min, during which the rotational speed 
of left excitation rotor was about 397.3 r/min, and the rotational speed of right excitation rotor was 
about 396.2 r/min. The stable rotational speed difference between the dual rotors fluctuated within 
a range of ±1.6 r/min as shown in Fig. 7(b). It can be seen from the spectrum analysis in Fig. 7(d), 
the natural frequency that comes from spectrum analysis of the vibration system is 6.617 Hz, 
which is close to the actual measured natural frequency 6.648 Hz of the test stand. Now the 
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frequency ratio is ݖ = (397.2 (r/min) 60⁄ ) 6.846 Hz⁄ ≈ 0.967, within the preset prime harmonic 
vibration frequency ratio range ݖ ≈ 0.95~1.05. At this frequency, the vibration system which is 
shown as Fig. 2 could achieve a large amplitude vibration response, as shown in Fig. 7(c). All the 
experiment phenomena can be perfectly consistent with the aforementioned theoretical analysis 
results and simulation analysis conclusions, which further confirms the correctness or validity of 
the theoretical analysis results in the paper. 

5. Conclusions 

In the existing literatures, most vibration system that driven by the multi-exciting sources had 
been linearization or quasi-linearization processed, and to carry out the vibration synchronization 
theory research under far more than resonance conditions. The paper retained the nonlinear 
characteristics of the vibration system, and used the energy method and equilibrium singularity 
analysis method of nonlinear vibration system, to carry out the harmonic vibration synchronization 
problem study that only the nonlinear vibration system possesses the unique movement form 
effectively. And the relationship between the nonlinear strength, stiffness, damping parameters, 
etc and the multi-exciting sources synchronous movement had been derived. All of them are 
seldom involved in previous literature. 

In this paper, it analyzed and verified the harmonic vibration conditions of a nonlinear 
vibration system driven by the dual excitation rotors, which demonstrates that the harmonic 
vibration synchronization is directly related to the order of the nonlinear harmonic vibration 
response and the prime resonance synchronization is much easier to realize than the harmonic 
vibration synchronization. It also verifies that the harmonic vibration synchronization 
phenomenon may occur only when the mechanical characteristic parameters of dual excitation 
rotors can satisfy certain conditions that researched in the paper. 

Theoretical analysis and practical application experiments demonstrate that the higher the 
harmonic vibration response order of nonlinear vibration system is, the more difficult it is for the 
dual excitation rotors to realize the harmonic vibration synchronization, and the smaller the 
driving torque difference Δܶ and damping coefficient ܿଵᇱ , ܿଶᇱ  of dual excitation rotors are required. 

The harmonic vibration synchronization conditions researched and verified in the paper for 
nonlinear vibration system could used to provide the qualified theoretical basis and experimental 
support for design and dynamics parameters selection of nonlinear harmonic vibration 
synchronization machine which is driven by dual excitation rotors. 
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