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Abstract. The main aim of the research is to determine (by experiment) the dynamic
characteristics of angle comparator carriage on which optical system is attached on it and to
compare the experiment with the results obtained by theoretical calculations.
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1. Introduction

Remote sensing technology is recently increasingly used. Modern remote sensing technology
requires the accuracy of measurement and calibration [1]. For accurate calibration of the remote
sensing images the angles of optical axes should be perfectly measured [1-6]. The lot of work was
done to solve the problems of precision mechatronical systems designed for angle measurement
[2-11]. Interferometers [1-5] and autocollimators [6-8] were mostly used for optical measurement
of small angles.

A precision angle measurement comparator is an integrated mechatronic system. Designing of
such systems according to conventional methodology based on strength criteria frequently does
not ensure protection against effects caused by small (in micrometers or nanometres) undesirable
influence of vibrations on beam focus point. These hard-to-predict vibrations may be caused by
seismic excitation of the construction, although often the reason may be functioning peculiarities
and design of the machine [12-13]. For example, small vibrations can be caused by operation of
motors and gears which are transmitted to construction depending on its geometrical shape and
dimensions what determines its stiffness and mass distribution. Construction and stiffness of
guidelines, damping in loose connections, etc. are very important. Even small temperature changes
may influence on looseness of guidelines and connections or to cause thermal deformations that
eventually influence on position of the point illuminated by the laser beam [14-15]. These
deformations and displacements are transient doing impossible to eliminate their effect by
standard means of compensation.

At designing of precision systems the underlying principles ensuring maximum stiffness of the
construction are applied or at least pursued. “Open” shell structures and structural elements loaded
by bending strains should be avoided. However, this is not always easy because inevitably the
compromise have to be searched, balancing functionality of the machine, stiffness of structural
elements and the overall stiffness, dimensions, cost, etc.

2. Measurement equipment and object of research

The research object is a precision system of angle calibration (an angle measurement
comparator). This device has multiple applications: measurement of angular scales (limbs) and
angular transducers. The angle measurement comparator consists of the following components:

* Precision turn system comprising a precision spindle and gear;

* Vibration-proof base;

* Reference angle system;
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* Mechanical assembly ensuring functionality of the comparator;

* Calculation-control unit;

* Measurement system of positioning of limb marks.

Basic mechatronical system is used for calibration of limbs and angular transducers. The
system is based on a massive plate of fine-grained granite with stably attached aerostatic spindle
in a bearing ring. The spindle is rotated trough a worm-gear. The worm-gear in an axial direction
is supported by aerostatic bearings while in radial direction is supported by the roll bearings.
Bearings of both types are installed in subassemblies of their positioning. Radial and axial forces
acting on bearings are decreased by connection the spindle and worm wheel by elastic elements.
It produces the pure driving torque which from a motor to spindle is transmitted via the worm
wheel and reducer. Alternatively, the spindle can be rotated manually, the reducer then is
disconnected.

To avoid reverse errors and negative hysteresis influence on accuracy the limb of angle
measurement system is rigidly connected to the spindle without intermediary mechanical sliding
elements.

The following measurement equipment was used for modal analysis of an exploratory system
(Fig. 1): 1. Triaxial accelerometer 4506; 2. Magnets of accelerometer attachment; 3. Force sensor
8201; 4. Vibrator 4811.

Fig. 1. Equipment used for modal analysis
3. Modelling of mechanical system of angle comparator

The most appropriate method to improve construction of the comparator is to change the
carriage construction. Accordingly, the carriage system has been analyzed (Fig. 2). A dynamic
model of the carriage has been also developed. Granite base subsystem is being dismissed. Missing
connections are replaced with experimentally measured external excitations x, Yo, Zo, @, Bo> Yo
of the base, attached at appropriate coordinates.

Generalized Lagrangian coordinates that specify position of the carriage of comparator during
vibrations have been selected. Primarily, a coordinate system O;, X;, Y;, Z; connected to the
carriage of an angle measurement comparator and moving together with this carriage during
vibrations has been accepted. The system starting point O; was selected thus that it coincides with
the stiffness centre of a carriage of an angle measurement. After that the other motionless
coordinate system O, X, Y, Z was got matching the previous one 04, X;, Y, Z; when the carriage
of the angle measurement comparator is at idle state and swayed only by the weight force (systems
0:,X1,Y1,Z;and 0, X, Y, Z showed in Fig. 3, are in such position). Suppose that the starting
point 0, of the system O,, X;, ¥;, Z; during vibration of the carriage of the comparator at time
moment t differs from the point O and its position is defined by coordinates x, y, z in the
motionless coordinate system O, X, Y, Z. Furthermore, it is assumed that the carriage of an angle
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measurement comparator rotates to small angles ¢y, ¢,,, ¢, around coordinate axes X;, Y1, Z;.

Fig. 2. General view of carriage of angle measurement comparator

The position of the comparator carriage during vibrations would be defined by six generalized
Lagrangian coordinates x, y, z, ¢y, ¢y, ¢;.

It is a general case of a dynamic model of the comparator carriage when it can be considered
as a solid body. For simplifying the model it is considered that supports of the carriage deform
only in a vertical position. Then small displacements of the carriage during vibrations would be
defined by three generalized coordinates z, ¢, ¢,, (translational vibrations along coordinates x
and y and torsional vibrations ¢, are ignored). Since turns ¢, and ¢, of the carriage are under
assessment, their moments of inertia J, and J, around axes Xy, Y; as well as mixed moment of
inertia /,,, to these axes must be known. It is considered that the position of the carriage mass
centre S of the comparator and moments of inertia during operation consist of time constant and
of time-varying parts over time t (mass m is constant):

Xs1 = Xs1 () = Xs1,0 + X1k (8), Y51 = Ys1(8) = Ys1,0 + Y51, (D), (D
Zg1 = Z51 () = Zs10 + Zs1 1 (t), m = const, 2
Jx1 = 11 (@) = Jer0 + Jer k@) Jy1 = Jy1(®) = Jy0 + Ty (@), 3)
J21 =] (@) = Jz10 ok (®), Jxiy1 = Jx1y1(®) = Jry1o + Jae1ynr(E)- 4

All these values are considered to be known (when vibrations of the carriage are analysed
assessing vibrations of granite guides only then values of xg and y; would be equal 0, because
coordinates of mass centre x and y coincide with coordinates x; and y; of coordinate system O,,
X1, Y1, Zy).

To facilitate the further derivation the external excitation force P,; produced via aerostatic
supports of carriages is transferred to the beginning O; of the coordinate system 0, X5, Y3, Z;.
Moments of rotational force M, and M,, resulting from the transfer are also added. Displacements
of the carriage of angle measurement comparator under the generalized coordinates x, y and ¢,
are ignored. The force P,; acting in the direction of axis Z; as well as moments of forces M,, and
M,, remain:

le = k(A1 + A4 + As), (5)
My = l;k(A4 + As), 6)
My = llk(Al + A4), (7)

where k is stiffness coefficient, [; and L, are displacements from centres O and O, to supports; A4,
A, and Ag are displacements of granite guides at points A;, A, and 4s.
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Fig. 3. Dynamic model of mechanical system of carriage of angle measurement comparator

Kinetic energy T is expressed as:

) o .
T = {ma? + 103 + Jy$3 = 2y uy}

L ’ y ®
= E {mZ ++ []x,(] + ]x,k (t)]d)x + []y,O + ]y,k (t)](py -2 [](x,y)o + ](x,y)k (t)] ¢x¢y}'
Potential energy can be initially expressed as:

1 a2 2 2
H=Ekm1+A4+AQ, )

where k is constant stiffness coefficient of vertical elastic displacement of support (the same for
all supports); 4; is elastic displacement of attachment of jth support to the machine location 4; in

vertical direction (j = 1, 4, 5).
Displacements A; expressed by generalized coordinates z, ¢, and ¢,, (Fig. 4) are:
Ay =z—lLigy, Dp=z+ 1Py — Ly, As =2+ L1y + 1), (10)

By inserting the values 4; into Eq. (9) we will obtain the final expression of the potential
energy:
1 2 2 2
M=Ck[(z=Lay) +(z+ 0y —1o) +(z+ Loy +1o.)]. (11)
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Expression of dissipative function @ for the case of analysis would be analogous to expression
of potential energy II after replacement of stiffness coefficient k by resistance coefficient h and

of coordinates z, ¢, ¢, by their derivatives z, o ¢3y over time t:

1 . . \2 3 . . \2 . . . \2
®=zh [(2=1dy)" + (24 iy = 1,d2)" + (2 + Ly + 1,6,)°|
Generalized forces F; would be:
F1 == k(Al + A4. + AS); FZ = l7k(A4_ + AS); F3 == llk(Al + A4).

The derivatives of equations are:

oT .

g =mz,
;;=(xp+hx6»¢x—0awo+ka&»¢W
;TET = (Jyo +J5®) by = (Jerwro + e (®) b
d yaT

e (E) - ma

d (0T .. . . .. , ,

E(aqu) = (]x,o +]x,k(t)) ¢x +]x,k(t)¢x - (](x,y)o +](x,y)k(t)) ¢y _](x,y)k(t)¢y]
= ]x,odsx _](x,y)odiy + h¢x,

d (0T . ) ) ) . .

r (@) = (Jyo + Jyac®) by + kO by = (Jeyro +Jixyye(®) bx = ~Jxyye(O)x
= ]y.OdSy _](x,y)Ode +mxgoZ + h¢y,

where:

hqu = ]x,k (t)(px +j'x,k (t)(i?x _](x,y)k(t)diy _j.(x,y)k(t)d?y’
h¢y = ]y,k(t)¢y +]y,k (t)d)y _](x,y)k(t)¢x _](x,y)k (t)d)x-

Obviously:

T 9T _ aT _o
oz d¢, 9P,

(12)

(13)

(14

15)

(16)

amn

because the generalized coordinates z, ¢, ¢, are not included into the kinetic energy, (but only

derivatives of these coordinates), in this case:

on_ 3k on _ 2kl n_ 2kl

62 - z, a¢x - 7¢x1 a¢y - 1¢y.
Accordingly:

0P 3h b hiZd 0o ShIZd

7 - z, 3<l3x - 7¢x' ad’y - 1¢y-

(18)

(19)

The values of derivatives and generalized forces are inserted into Lagrange equations of the
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second order, so such differential equations of machine vibrations are obtained:

mz + 3hz + 3kz = k(A, + A, + As),
]xd)x ](xy)od)y + 2hl3 d)x + 2kl13 ¢x + h(/)x l7k(A4- + AS): (20)
](x,y)oqu +]y_0¢>y + Zhlld)y + 2kll¢y + h¢y = Lk(A; + Ay).

The markings are: z = pz, % = p°z, ¢y = Py, b = P*¢x, by = PPy, b, = p*¢,,. Here
p = d/dt is a differentiation operator. After such transformation the following form of Eq. (20)
is obtained:

(mp2 + 4hp + 4k)Z = k(Al + A4 + As),
(Jxop? + 4hI3D + 2k1Z) by — Jxyyob?dy = Lk (Ay + A5) — hy, Q1)
(]y Op + 4hl 1P + 4kl%)¢y ](xy)Op ¢’x =1 k(Al + A4) h¢y-

Then:

h¢x = (]x,k(t)pz +jx,k(t)p)¢x - (](x,y)k(t)pz _j(x,y)k(t)p)(py
=c1(p, Dby + c2(p, ) Dy,

h¢y = (](x,y)k(t)pz +j(x,y)k(t)p)¢x + (]y,k(t)pz +jy,k (t)p)¢y
= (p, ) + c3(p, )y,

(22)

where:

1 (p' t) = ]x,k (f)PZ +jx,k (?)p:
c;(p,t) = _](x,y)k (t)p'z _](x,y)k(t)p: (23)
Cy (p' t) = ]y,k(t)pz +]y,k(t)p'

As it has been mentioned, values J, (), Jy,k (£), Jx,y)k(t) and their derivatives over time ¢
are known time functions and operator p is not applied to them. It is only applied to derivatives of
variables z, ¢, ¢, over time t.

Inserting markings (when n = 3):

a1 (p) = mp? + 4hp + 4k, a,,(p) = a,, 1(P) = —mysop?,
a3 () = ‘13,1(?7) = mxsropz, a, 2(p) = Ix, op + 4hl3 2P+ 4kl3, (24)
ay3(p) = az,(p) = —Jxy)oP? a33(P) = Jyop* + 4hlip + 4kl3.

Now instead of Eq. (21) the following system of equations is received:

a;,1(P)z + a1,(P) oy + a13(P) Py = Fi (1),
az1(P)z + az,(P)Px + az3(P) Py, = F(t) — hy,, (25)
a31(P)z + a3, (P) P + az3(P) Py = F5(8) — hy,,.

The system of equations is solved by corresponding coordinates z, ¢, ¢,,:
z= ( ) [Fl ) —ay,,(P)Px —as3 (P)(by]' (26)
1 1

O = [Fz @) — a1 (P)z — azz;(p) Py, — h¢x]' (27)

az2(p)
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1
%= [F2(©) — @51 (0)z — a5, ()b — by | o8

4. Results of modelling
Table 1 shows values of parameters of the model.

Table 1. Values of parameters of the model

Inertia Inertia Inertia . .
Mass . . Stiffness Damping
moment | moment | moment | Distance | Distance . .
Parameter m, ] J ] L m L. m coefficient | coefficient
X v Xy» 1> 7>
kg Kgm? kem? Kem? k, N/m h, Ns/m
Numerical | 20 15 6 0.15 0.25 32000 8.0-¢7
value

Table 2 shows values of parameters of jump excitation signals.
Typical amplitude-frequency and phase-frequency characteristics (Bode plots) of the system
are shown in Fig. 4 where Bode plots obtained with LTI-object watcher are presented.

Table 2. Parameters of jump excitation signals
Coordinate | MATLAB marker | Jump time,s | Load

z z 0 1IN

Py Phix 0,5 1 Nm

100 ¢ jump z ) § ~ leP P

Value, dB

-260

-280

-300
-320

100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000
Frequency, Hz

Fig. 4. Amplitude-frequency characteristics of the system

The obtained results of modelling indicate that resonance frequencies of the system are 75, 81
and 375 Hz.

Directions of seismic excitation generally matches direction z and in case of symmetrical
effect on all aerostatic supports and all of them being of equal stiffness it will cause vibrations of
the carriage in the direction z, which is less important to operation of angle measurement
comparator. When excitations affecting aerostatic supports at one end of carriage of angle
measurement comparator differ from excitations affecting aerostatic supports at the other end it is
worse. This will result torsional vibrations around coordinate y which will have components along
x axis. These frequencies may fall into the first resonance zone. Amplitude-frequency response to
this excitation has been calculated (Fig. 4) accepted its amplitudes close to the experimentally
measured amplitudes which makes the result close to the actual one.

In order to simulate a more accurate response of the carriage of angle measurement comparator
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and determine the possible resonant frequencies a finite element method (FEM) analysis has been
performed in SolidWorks software package environment. Fig. 5 shows the first five modes.

Directions of seismic excitation generally match the direction z and in the case of symmetrical
action on all aerostatic supports and if all of supports are of equal stiffness, the carriage will vibrate
in one direction z. Its importance to operation of the comparator is smaller. If excitations at one
end of aerostatic supports are different from these at the other end, the effect is worse, because it
results in torsional vibrations around the coordinate y. These excitation frequencies may fall into
the first resonance zone.

In order to simulate the more accurate response of the carriage to excitation and determine the
possible resonant frequencies the finite element method (FEM) analysis was performed in
SolidWorks software package environment. Fig. 5 shows the first five modes of vibrations.

.
A

X
K

e)
Fig. 5. Results of modal analysis

5. Vibrations of angle comparator carriage

The experimental results of response of mechanical system of the comparator carriage to
external excitation in vertical direction are shown in Fig. 6.

Measurement results (Fig. 6) show that the dominant frequencies are 269, 294-296, 365,
427-437 and 462 Hz. The results indicate that the major dominant amplitudes are at 294-296,
427-437 and 462 Hz.

Results of experimental measurements show that dominant amplitudes obtained above the
250 Hz.
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Fig. 6. Frequency spectrum of experimental modal analysis

(red and blue — respectively x and y axes; black — z axis, axes are showed in Fig. 1)

The vibrations of angle comparator carriage influence accuracy of angle measurement.
Because the CCD camera is attached to the angle comparator carriage, the angle measurement
error is directly proportional to CCD camera vibrations.

Vibrations of the carriage in direction of z axis defocus the optical detection system intended
for measurement of limb dashes position. This reduces the calibration accuracy. Error depends on
the parameters of the optical system and the size of vibration displacement.

Linear displacements and deformations of the carriage displace the detection system in
measurement (calibration) plane with regard to limb. This has a direct influence on errors of the
determined position.

Angular displacements and deformations of the carriage change the angular position of the
optical system in regard to limb. This has the same influence as previously mentioned linear
displacements and deformations.

The size of calibration of angular errors depends on the parameters of the optical system and
previously discussed linear and angular displacements and deformations of the carriage of angle
measurement comparator.

6. Conclusions

It has been determined two modes up to 100 Hz (75 and 81 Hz) in theoretical researches (when
simulated as a rigid body).

Experimental modal analysis on angle comparator carriage has been performed in order to
determine first five modes: 269, 294-296, 365, 427-437 and 462 Hz.

Modal analysis shows the linear and angular deformations of basic details. According to this
relative displacements between the measurement system and optical detection system, which
cause calibration errors, may be assessed. Modal analysis also supposes construction weaknesses
and reduction of deformations, which cause calibration errors.
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