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Abstract. Based on free interface component modal synthesis method, the free vibration behavior 
of wind turbine structures is investigated. The wind turbine structure is divided into three parts 
including tower, wheel hub-cabin and rotor. The tower is modeled as an isotropic metal cantilever 
beam, the blade as thin-walled composite beam and the wheel hub-cabin as a rigid body due to its 
large extensional stiffness, bending stiffness and torsion stiffness compared with tower and blades. 
The displacements of the blades are described by thin-walled composite beam theory. Galerkin’s 
method is used to discretize blades and tower. Employing Lagrange method, the motion equations 
of blades are derived and then stiffness and mass matrices are obtained. The natural frequencies 
and mode shapes of the wind turbine structure are predicted by numerical simulations. Numerical 
results using the present model are validated by ANSYS software results. 
Keywords: wind turbine, composite, natural frequency, ANSYS software. 

1. Introduction 

Large horizontal axis wind turbines are sophisticated dynamic systems in which structural 
dynamic and aeroelastic stability problems can be frequently suffered from. These problems 
appear because of the highly variable turbulent atmospheric wind environment that flexible 
composite blade system encounters, as it rotates. In order to further improve the dynamical 
performance of wind power generators, a comprehensive model is therefore essential. 

Currently, the most widely used structural modeling method of wind turbine is multi-body 
dynamical method. Several multi-body dynamical formulations have been presented for the 
analysis of horizontal axis wind turbines [1-7]. Typically, flexible components, such as tower and 
rotor blades, are discretized by an FE method. In general, in order to provide an accurate system 
model, many degrees of freedom for each component need to be involved. Thus, the total degrees 
of freedom will increase significantly, which will in turn increase the computational effort, 
especially for such time-dependent systems as large wind power generator systems. Substructure 
or component modal synthesis is useful to model large and complex mechanical systems where 
the exact solution is not available or numerical techniques are inefficient. However, to the best of 
the author’s knowledge, no literature on structural dynamic modelling of a wind turbine by 
component mode synthesis is cited, though a recent study has been found in the dynamical analysis 
of the wind turbines FE based simulations for rotor blades [6]. 

The main problem of in the design of wind turbine is load carrying capacity and the fatigue 
resistance due to dynamic instabilities. As first part of the dynamical design of wind turbine, the 
structural modelling (no aerodynamic loads is included) and analysis of the basic dynamic 
properties, such as natural frequencies and mode shapes are of vital importance for further 
investigation of stability problems and structural integrity of the entire wind turbine. The goal of 
this paper is to present a simpler and less computationally expensive model in order to investigate 
dynamic characteristics of wind turbine. Free interface component modal synthesis method is used 
to calculate the natural frequency of wind turbine. The tower is modeled as an isotropic metal 
cantilever beam, the rotor blades as composite thin-walled closed section beam. A composite 
thin-walled beam theory, which is an asymptotically correct theory referred to as variational 
asymptotically method (VAM) [8] is applied to obtain the displacement field in the rotor. 
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Galerkin’s approach is used for the discretization in space for blades and tower. By using the 
continuity conditions of the deformation, mass and stiffness matrices of these flexible components 
are assembled to get mass and stiffness matrices of whole wind turbine system. Natural 
frequencies of wind turbine are evaluated from the free vibration solution. The finite element 
analysis software, ANSYS is also used to calculate the natural frequencies of wind turbine in order 
to examine validity of the present model. 

2. Wind turbine modeling 

The deformations of cabin and wheel hub are very smaller than the blade and tower. So it’s 
reasonable to model the cabin and wheel hub as rigid body, whereas blade and tower as flexible 
body. The structural model and coordinate systems are shown in Fig. 1. Inertia coordinate system ൫ܱܻܼܺ, ,Ԧܫ ,Ԧܬ  ሬሬԦ൯, which is fixed, and coordinate origin is located at the right center of wheel hubܭ
before deformation. Tower coordinate system ൫ܱ௧ݔ௧ݕ௧ݖ௧, ଓሶԦ, ଔሶԦ, ሬ݇Ԧ൯ , which describes the tower 
motion, and coordinate origin is located at the root of tower. And it doesn’t move during vibration. 
Cabin coordinate system ൫ ܱݔݕݖ, ଓሶԦ, ଔሶԦ, ሬ݇Ԧ൯, which describes cabin motion. The coordinate origin 
is located at the center of cabin, and just at the top of tower. It moves along with the tower wheel 
hub coordinate system ൫ ௦ܱݔ௦ݕ௦ݖ௦, ଓԦ௦, ଔԦ௦, ሬ݇Ԧ௦൯ , which describes the motion of wheel hub. The 
coordinate origin is located at the wheel hub center. And it moves with the cabin and tower. Blade 
coordinate system ൫ ௦ܱݖݕݔ, ଓሶԦ, ଔሶԦ, ሬ݇Ԧ൯ , which describes the blade motion. Its coordinate origin is 
located at the wheel hub and moved with the cabin and tower. 

Based on the structural characteristics of wind turbine, it is divided into three parts: rotor, 
wheel hub and cabin, tower. This is convenient to apply modal synthesis method. 

 
Fig. 1. Wind turbine structural model  

and coordinate systems 

 
Fig. 2. Inertia coordinate system and wheel hub 

coordinate system after deformation 

3. Free vibration characteristics of subsystems 

3.1. Free vibration characteristics of rotor 

The wheel hub coordinate system and blade coordinate system are moveable because of the 
displacements of tower and cabin as shown in Fig. 2. ݍ௫, ݍ௬, ݍ௭ are displacements and ߮௫, ߮௬, ߮௭ 
twist angles of wheel hub in inertia coordinate system. 

Besides all above rigid displacements, the blades have elastic deformations. Let ଵܷ, ܷଶ and ܷଷ represent the average displacement along ݖ ,ݕ ,ݔ directions while ߮ represents the twist angle 
about ݔ-axis, and the subscript ݅ (݅ = 1, 2, 3) identifies the ith blade. So the rotor has 6 rigid 
displacements and 12 elastic displacements. 
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3.1.1. Transformation matrix from inertia coordinate system to blade coordinate system 

In order to derive the kinetic energy of rotor, the rotate transformation matrix from inertia 
coordinates to blade coordinates must be used. 

The inertia coordinate rotates ߮௬  about ݕ-axis, ߮௫  about ݔ-axis and ߮௭  about ݖ-axis to the 
coordinate system of first blade. It rotates same angle about ݕ ,-ݔ-axis to the coordinate system of 
second and the third blades. While rotate ݖ + 120° and ݖ − 120° about ݖ-axis to the coordinate 
system of second and third blades, respectively. 

Letting sin ߮௫ ≅ ߮௫, sin ߮௬ ≅ φ୷, sin ߮௭ ≅ ߮௭, the transformation matrix from inertia to the 
blades’s coordinate system is: 

ܶଵ =  cos Ωݐ − sin Ω߮ݐ௭ − cos Ω߮ݐ௭ − sin Ω ݐ ߮௬sin Ωݐ + cos Ω߮ݐ௭ cos Ωݐ − sin Ω߮ݐ௭ −߮௫−߮௬ cos Ωݐ + ߮௫ sin Ω߮ݐ௭ ߮௬ sin Ωݐ + ߮௫ cos Ωݐ 1 , (1)

ܶଶ = ൦ cos൫Ωݐ + 120°൯ − sin൫Ωݐ + 120°൯ ߮௭ − cos൫Ωݐ + 120°൯ ߮௭ − sin൫Ωݐ + 120°൯ ߮௬sin൫Ωݐ + 120°൯ + cos൫Ωݐ + 120°൯߮௭ cos൫Ωݐ + 120°൯ − sin൫Ωݐ + 120°൯߮௭ −߮௫−߮௬ cos൫Ωݐ + 120°൯ + ߮௫sin൫Ωݐ + 120°൯ ߮௬ sin൫Ωݐ + 120°൯ + ߮௫ cos൫Ωݐ + 120°൯ 1 ൪, (2)

ܶଷ = ൦ cos൫Ωݐ − 120°൯ − sin൫Ωݐ − 120°൯ ߮௭ − cos൫Ωݐ − 120°൯ ߮௭ − sin൫Ωݐ − 120°൯ ߮௬sin൫Ωݐ − 120°൯ + cos൫Ωݐ − 120°൯߮௭ cos൫Ωݐ − 120°൯ − sin൫Ωݐ − 120°൯߮௭ −߮௫−߮௬ cos൫Ωݐ − 120°൯ + ߮௫sin൫Ωݐ − 120°൯ ߮௬ sin൫Ωݐ − 120°൯ + ߮௫ cos൫Ωݐ − 120°൯ 1 ൪.   (3)

3.1.2. Kinetic energy density of rotor 

The displacement vector of any point on the first blade can be expressed in terms of the inertia 
coordinate system: 

ሬܴԦଵ = ,Ԧܫൣ ,Ԧܬ ሬሬԦ൧ܭ  ଵܻܺଵܼଵ൩ = ,Ԧܫൣ ,Ԧܬ ሬሬԦ൧ܭ ൭ݍ௫ݍ௬ݍ௭ ൱ + ൣଓሶԦ, ଔሶԦ, ሬ݇Ԧ൧ ൭ݔ + ݕଵଵݑ + ݖଶଵݑ + ,ଷଵ൱ݑ (4)

where ݑଵଵ, ݑଶଵ, ݑଷଵ are the displacements of any point on the cross-section of the first blade in ݖ ,ݕ ,ݔ direction. Based on Ref. [8], the displacement fields are assumed: ݑଵଵ = ଵܷଵ − ଶଵᇱܷݕ − ଷଵᇱܷݖ + ,ݏ)݃ ଶଵݑ,(ݔ = ܷଶଵ − ଷଵݑ ,ଵ߮ݖ = ܷଷଵ + ଵ. (5)߮ݕ

Based on the displacement vector and coordinate transformation, the velocity of the first blade 
is expressed as: 

Ԧ߭ଵ = ሬܴԦሶଵ = ,Ԧܫൣ ,Ԧܬ ሬሬԦ൧ܭ ∙ ቌݍ௫ሶݍ௬ሶݍ௭ሶ ቍ + ሶܶଵ ൭ݔ + ݕଵଵݑ + ݖଶଵݑ + ଷଵ൱ݑ + ܶଵ ൭ ሶݑ ଵଵݑሶ ଶଵ − ሶݑଵሶ߮ݖ ଷଵ + ଵሶ߮ݕ ൱. (6)

The kinetic energy of per unit length is: 

݇ଵ = 12 ර න ଵଶିଶߩ ߭ଵଶ݀ݏ݀ߦ. (7)

By combining the transformation matrix with Eq. (4), Eq. (6) and Eq. (7), the kinetic energy 
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of the first blade can be obtained. And similarly, the kinetic energy of the second blade ݇ଶ and the 
third blade ݇ଷ can also be obtained. 

Thus the kinetic density of rotor takes the form: ݇ = ݇ଵ + ݇ଶ + ݇ଷ. (8)

3.1.3. Strain energy density of rotor 

Based on Ref. [9], the per unit length strain energy of the first blade takes the form: 

ଵܷ = 12 ሼߜሽ்ሾܥሿସ×ସሼߜሽ + 14 ܷଶଵᇱଶ ݉Ωଶ(݈ଶ − (ଶݔ + 14 ܷଷଵᇱଶ ݉Ωଶ(݈ଶ − ,(ଶݔ (9)

where, ሼߜሽ = ሼ ଵܷଵᇱ  ߮ଵᇱ  ܷଷଵᇱᇱ  ܷଶଵᇱᇱ ሽ. 
In Eq. (9), the first term is the strain energy due to deformation of the composite blade, the 

second and third terms are the strain energy due to rotating motion of the blade, where, ሾܥሿସ×ସ is 
a 4×4 symmetric stiffness matrix, ݉ = ∮ (ݏ)ℎߩ  is the (ݏ)is the mass of per unit length, ℎ ݏ݀
thickness of the blade at any point, (  )ᇱ  and (  )ᇱᇱ  denote first and second differentiation with 
respect to ݔ, respectively, (  ሶ ) and (   ሷ ) denote first and second differentiation with respect to ݐ, 
respectively. 

The strain energy density ܷଶ and ܷଷ of second and third blades can also be obtained just by 
substituting the displacement variables into Eq. (5) with their corresponding variables. 

So the strain energy density of the rotor can be written as: ܷ = ଵܷ + ܷଶ + ܷଷ. (10)

3.1.4. Gravitational potential energy density of rotor 

The gravity acts on the blades along the inertia negative ܺ axis. The gravitational potential 
energy density of the first blade takes the following form: 

ܸଵ = ݃ ଵܺ݉, (11)

where, ଵܺ can be found in Eq. (4). 
Next, one can obtain the gravitational potential energy density of the second blade ܸଶ and the 

third blade ܸଷ. 
Thus gravitational potential energy density of the rotor is: 

ܸ = ܸଵ + ܸଶ + ܸଷ. (12)

The Lagrange density of rotor [10] can be written as: ߞ = ݇ − ܷ − ܸ. (13)

3.1.5. Mass matrix and stiffness matrix of rotor 

The mode shape of rigid motion variable ݍ௫ ௩ݍ , ௭ݍ ,  and ߮௫ , ߮௩ , ߮௭  is assumed to be  ܧሬԦ = (1,1, … ,1). And elastic deformation variable is assumed to take the standard non-rotating, 
non-coupling, uniform cantilever beam mode shape functions as: 
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ߙ = sin ቆ(2݆ − ܮ2ߨݔ(1 ቇ, ߛ = ߨ ൬݆ − 12൰, ߠ = √2 sin ቀߛܮݔ ቁ,   cos൫ߚ൯ cos ℎ൫ߚ൯ = ߣ ,1− = − ൫cos ߚ + cosh ൯൫sinߚ ߚ + sinh ൯ߚ , 
߰ = cos ቆߚܮݔ ቇ − cosh ቆߚܮݔ ቇ + ߣ ቆsin ቆߚܮݔ ቇ − sinh ቆߚܮݔ ቇቇ , ݆ = 1, 2, … , ܰ, 

(14)

where, ܰ is number of mode shapes. 
Substitution the mode shape function Eq. (14) into Eq. (13), then integrating along the blade 

length, the Lagrange function can be obtained. Based on the Lagrange equation, the elements of 
mass matrix ܯ௬  and stiffness matrix ܭ௬  of the rotor are just the coefficients of corresponding 
variables, so the ܯ௬ and ܭ௬ can be derived directly according to the Lagrange function. 

3.2. Free vibration characteristics of wheel hub-cabin and tower 

The tower, wheel hub-cabin are considered as simple isotropic beams. So their vibrations 
dispalcements can be discribed based on the classical extension, bending and torsion beam theory. 
And the tower is a cantilever beam, and wheel hub-cabin can be simplified as a free-free beam.  

The tower has 4 degrees of freedom by ݓ௧௫, ݓ௧௩, ݓ௧௭, ߮௧௫, where, ݓ௧௫ denotes displacements 
along ݔ௧ ௧௩ݓ ,  denotes deflection along ݕ௧ ௧௭ݓ ,  denotes deflection along ݖ௧  and ߮௧௫  denotes 
torsion about ݔ௧. And its mode shape is same as in Eq. (14). While the wheel hub and cabin have 
4 elastic displacements and 6 rigid displacements caused by the deformation of tower. 

The motions of cabin and wheel in every direction can be expressed as: 
Displacement along ݔ direction: 

ܹ௫(ݔ, (ݐ = (ݐ)Ԧ௫ଵݍሬԦܧ + ܮݔ (ݐ)Ԧ௫ଶݍሬԦܧ + ሬ߰Ԧ ሬܹሬሬԦ௫(ݐ). (15)

Displacement along ݖ direction: 

ܹ௭(ݔ, (ݐ = (ݐ)Ԧ௭ݍሬԦܧ + αሬሬԦ ሬܹሬሬԦ௭(ݐ). (16)

Displacement along ݕ direction: 

ܹ௬(ݔ, (ݐ = (ݐ)Ԧ௬ݍሬԦܧ + ܮݔ (ݐ)Ԧ௬ݍሬԦܧ + ሬ߰Ԧ ሬܹሬሬԦ௬(ݐ). (17)

Rotation about ݔ: ߮ఝ(ݔ, (ݐ = (ݐ)ԦఝݍሬԦܧ + Ԧߠ ሬ߮Ԧఝ(ݐ), (18)

where, the mode shape of rigid motion is also supposed to be ܧሬԦ = (1,1, … ,1), and the mode shapes 
of free-free beam can be represented in the form: 

߰ = ℎݏܿ ߚ ܮݔ + ݏܿ ߚ ܮݔ + ݎ ቆ݊݅ݏ ℎ ߚ ܮݔ + ݊݅ݏ ߚ ,ቇܮݔ ߙ = ݏܿ ቆ݅ܮߨ ߠ ,ቇݔ = ݏ2ܿ√ ቆ݅ܮߨ ቇݔ , ߛ    = ℎݏܿ ߚ − ݏܿ ݊݅ݏߚ ℎ ߚ − ݊݅ݏ ߚ , 1 − ݏܿ ߚ ℎݏܿ ߚ = 0, ݅ = 1,2, … , ܰ, (19)
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where, ܰ is number of mode shape. 
Based on Galerkin’s method, one can obtain the mass matrix and stiffness matrix of tower, 

wheel hub and cabin, which are denoted by ܯ, ܭ, ܯ௧, ܭ௧. 

4. Free vibration characteristic of wind turbine 

By assembling the subsystem’s mass and stiffness matrices, the whole wind turbine mass and 
stiffness matrices take the form: 

ᇱܯ = ܯ௬ 0 00 ܯ 00 0 ,௧ܯ ᇱܭ = ܭ௬ 0 00 ܭ 00 0 ,௧ܭ (20)

where, ܯᇱ and ܭᇱ are 32ܰ×32ܰ symmetric matrices. The 32 variables are not independent. The 
deformations are continuous at the interface of tower and cabin, and at the interface of wheel hub 
and rotor. So the following relations have to be fulfilled: 

௧ܹ௫(ܪ, (ݐ = ܹ௫(0, ,(ݐ ௧ܹ௭(ܪ, (ݐ = ܹ௭(0, ,ܪ)௧௫߮ ,(ݐ (ݐ = ܹ௩ᇱ (0, ,(ݐ ௧ܹ௭ᇱ (ܪ) = − ܹ௫ᇱ (0), ௧ܹ௩ᇱ (ܪ) = ߮௭(0), ݍ௫(ݐ) = ܹ௫൫ܮ, (ݐ)ݍ  ,൯ݐ = − ܹ௬൫ܮ, ,൯ݐ (ݐ)௭ݍ = ܹ௭൫ܮ, (ݐ)൯, ߮௫ݐ = ܹ௬ᇱ ൫ܮ, (ݐ)൯, ߮௬ݐ = − ܹ௫ᇱ ൫ܮ, ,൯ݐ ߮௭(ݐ) = ߮௭൫ܮ, ൯. (21)ݐ

By using Eqs. (21), the transformation matrix ܦ can be formed from which one can reduce ܯᇱ 
and ܭᇱ from 32ܰ variables to 20ܰ variables. Thus, the mass and stiffness matrices of wind turbine 
described as Eqs. (20) become: ܯ = ܭ   ,ܦᇱܯ்ܦ = .ܦᇱܭ்ܦ (22)

The expressions for ܯᇱ, ܭᇱ, ܭ ,ܯ, and ܦ are not shown for the sake of simplicity. From ܯ 
and ܭ, the generalized eigenvalue problem can be yielded. So the free vibration of wind turbine 
system can be studied by the eigenvalue equations. 

5. Numerical examples 

The blades is a thin-walled box beam made of T300/5208 graphite/epoxy composite material, 
while tower and wheel hub-cabin are isotropic hollow cylinder beams. The geometric and material 
properties of the blades, the tower and the wheel hub-cabin are given in Table 1 and Table 2, 
respectively. These property parameters are chosen from 2.5 MW wind turbine data. Applying 
Eqs. (22) to obtain the mass and stiffness matrices of wind turbine, the free vibration frequencies 
of the wind turbine can be calculated. 

Table 1. The geometric and material properties of the blades 
Length = 44.2 m Ply thickness = 0.05 cm 
Width = 2 m  Depth = 0.4 m 
Number of piles = 100 ߩ = 1600 kg/m3 ܧଵଵ = 142 GPa ܧଶଶ = ଷଷܧ = 9.8 GPa ܩଵଶ = ଵଷܩ = 6 GPa ܩଶଷ = 4.83 GPa ߤଵଶ = ଵଷߤ = 0.42 ଶଷߤ = 0.5

The first five natural frequencies of the wind turbine obtained by the present model in the still 
state are shown in Table 4. They are compared with the corresponding results of ANSYS software. 
For ANSYS, SHELL 99 element is chosen to discrete the blade, while BEAM44 is used to discrete 
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the tower, wheel hub and cabin. The connects between the wheel hub and blades are assumed as 
rigid constraints. Gravity and rotating speed are loaded on the blades. A perfect agreement of 
numerical results using the present model with ANSYS results can be seen from Table 4. 

Table 2. The geometric and material properties of the tower 
Height = 80 m Outer diameter = 2.515 m 
Inner diameter = 2.485 m ܧ௧ = 200 GPa ߤ௧ = ఛߩ 0.3 = 7800 kg/m3 

Table 3. The geometric and material properties of the cabin-wheel hub 
Length = 3 m Outer diameter = 2.3 m 
Inner diameter = 2 m ܧ = 20000 GPa ߤ = 0.3 ߩ = 7800 kg/m3 

Table 4. First five natural frequencies (Hz) of the wind turbine with Ω = 0 r/min 
Method 1st  2nd 3rd 4th 5th 

Modal Synthesis 0.1271 0.1396 0.1435 0.1689 0.2474 
ANSYS 0.1242 0.1272 0.1426 0.1686 0.2355 

The variation of first five natural frequencies vs. rotating speed of rotor blades is shown in 
Fig. 3 from the present model with the ones from ANSYS software. As it appears from these 
figures, natural frequencies increase as the rotating speed is increased, because of the existence of 
a larger centrifugal forces at a higher rev/min, which is called as the dynamic stiffening. However, 
it can be noted that the effect of the rotating speed appears to be not significant for the lower-mode 
ones. It can also be observed that the results from the present model in general, agree well, as 
compared with ANSYS, at lower rotating speed. Fig. 3 shows close agreement between the present 
model and ANSYS results for the first mode, second mode and fouth mode. And the third mode 
and fifth mode depart slightly in magnitude at higher rotating speed but still have the same trend. 

 
Fig. 3. Variation of first five natural frequencies with rotating speed 

The first five mode shapes are shown in Fig. 4 to Fig. 8. The most important dynamic 
properties of the complete wind turbine structural systems can be seen from these figures, they 
are: the flap and lag vibrations of rotor blades (see Figs. 4-5), the vibration interactions of the rotor 
blades and tower (see Figs. 6-8).  
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Fig. 4. The first mode shape 

 
Fig. 5. The second mode shape 

 
Fig. 6. The third mode shape 

 

 
Fig. 7. The fourth mode shape 

 
Fig. 8. The fifth mode shape 

6. Conclusions 

This paper deals with the structural dynamical modeling of wind turbine. An analytical model 
capable of predicting of the natural frequencies of wind turbine has been proposed based on free 
interface component modal synthesis method. The present model employs thin-walled composite 
beam theory that can be used effectively for the analysis of tubular thin-walled composite blades. 
Flexible subsystems as blades and tower are discretized using Galerkin’s method that is 
computationally efficient compared to the traditional finite element method when applied to 
compute the dynamic behavior of wind turbine. Results obtained by the present model are 
agreement with the ANSYS results. Our study exhibits the capability of component modal 
synthesis method to model the wind turbine. This work is a part of a project on structural dynamics 
and aeroelastics of wind turbine, and the model will be extended to include aerodynamic loads 
arising from the imposed wind field and be used for analysis of stability problems of wind turbine. 
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