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Abstract. A nonlinear vibration isolator with High-Static-Low-Dynamic-Stiffness (HSLDS) 
characteristic comprised of vertical spring and horizontal spring is presented in this paper. 
Response of the nonlinear vibration isolator under three different kinds of base shock excitations 
is considered, the dynamic motion can be approximately described by the classic Duffing 
equation. A transformation function and ultra-spherical polynomial approximation method are 
employed to determine the shock response and compared with numerical method. Then 
performance of the nonlinear vibration isolator under shock excitations is evaluated by three 
performance indicies (Maximum Absolute Displacement Ratio (MADR), Maximum Relative 
Displacement Ratio (MRDR) and Maximum Acceleration Ratio (MAR)), and also compared with 
a linear one. Results show that the analytic method suits for weak nonlinearity and the performance 
of the nonlinear vibration isolator under shock excitations is greatly influenced by the input shock 
magnitude and structural parameters. 
Keywords: nonlinear vibration isolator, HSLDS, shock excitation, response, performance. 

1. Introduction 

Passive vibration isolators are widely used to attenuate unwanted vibrations in the engineering 
industry [1, 2]. A simple linear spring-damper passive vibration isolator can provide an effective 
isolation when the excitation frequencies are greater than √2 times the natural frequency of the 
isolation system. As is well known, in order to achieve a better isolation performance, one can 
reduce the spring stiffness or increase the mass. But these two strategies are undesirable in 
practical engineering. Reduce spring stiffness can cause a larger static displacement on the 
application of a static load, increase the mass is limited by practical conditions. In order to 
overcome this limitation, nonlinear vibration isolator with High-Static-Low-Dynamic-Stiffness 
(HSLDS) can be used. HSLDS means the nonlinear vibration isolator have a high static stiffness 
with a small static displacement to withstand a static load, and a small dynamic stiffness to achieve 
a low natural frequency [3]. 

Nonlinear vibration isolators that have HSLDS property have been studied by many authors. 
Ibrahim [4] summarized many different kinds of nonlinear vibration isolators in detail. Carrella 
and Kovacic et al. [5-8] proposed a nonlinear vibration isolator using a vertical spring in parallel 
with two oblique springs to get the HSLDS property, and studied force and displacement 
transmissibility of this nonlinear vibration isolator. Zhou and Liu [9] used a mechanical spring 
and magnetic spring to build a tunable HSLDS vibration isolator. Le and Ahn [10] considered a 
vibration isolation system in low frequency excitation region with HSLDS property for vehicle 
seat isolation. Liu et al. [11] used a vertical spring in parallel with Euler buckled beam to build 
this nonlinear vibration isolator. A. D. Shaw et al. [12] proposed a HSLDS vibration isolator using 
nonlinear spring mechanism incorporated with a bistable composite plate. 

In these previous researches, they studied response and transmissibility of this HSLDS 
vibration isolator under sinusoidal excitation for both force and displacement excitations, few 
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studies have drawn attention to the random excitation [13,14] and shock excitation [15,16], which 
are common forms of excitations in practice. Shock excitation is considered in this paper. Linear 
shock isolation problems are studied fully by many authors [1, 15]. Snowdon [16] presented the 
response of nonlinear shock isolator and concluded that a soft spring performs better than a hard 
spring. Balandin [17] reviewed optimal shock and vibration isolation including mathematical 
foundations of both optimal open-loop and optimal feedback isolation systems. N. Chandra 
Shekhar et al. [18] considered the response of nonlinear dissipative shock isolators with non-linear 
spring and non-linear damper, and showed that the non-linearity in the stiffness has less effect on 
the response of the isolator than the non-linearity in the damping. They [19] also considered the 
performance of four different types of non-linear isolators and absorbers to shock excitations, and 
concluded that the three-element and two-stage isolators are preferable in the presence of 
non-linear cubic damping. Liu et al. [20] investigated the performance of a zero stiffness isolator 
under shock excitations using numerical methods, but failed to consider using analytic methods 
to indicate the shock response. 

Various analytic methods have been studied for transient analysis of nonlinear systems. In this 
paper, a transformation function with ultra-spherical polynomial approximation method [21, 22] 
are used. In Section 2, a nonlinear passive vibration isolator with HSLDS characteristic comprised 
of vertical spring and horizontal spring is presented and three different kinds of base shock 
excitations are considered. In Section 3, analytic results obtained by using ultra-spherical 
polynomial method are compared with numerical results. In Section 4, three performance indices 
are considered to evaluate the performance of the nonlinear isolator and compared with a linear 
one. Conclusions are drawn in Section 5. 

2. Modeling of nonlinear vibration isolator with HSLDS characteristic 

A nonlinear vibration isolator with HSLDS characteristic comprised of vertical spring and 
horizontal spring is shown in Fig. 1. This model has been studied in detail in [5, 8], so only brief 
description is presented in this section. 

 
Fig. 1. Model of a nonlinear vibration isolator with HSLDS characteristic 

The force-displacement characteristic of the system is given as: 

ܨ = ݔ௩ܭ + ܭ2 ൬1 − ݈√ݔଶ + ݈ଶ൰ ,ݔ (1)

where ܭ௩ is the stiffness of the vertical spring, ܭ is the stiffness of the horizontal spring. ݈ is the 
initial length of the horizontal springs, ݈ is the length when they are in the horizontal position and ݔ is the displacement from the static equilibrium position. 

When the amplitude of the displacement is limited to about 40 % of the static displacement, 
the approximation of Eq. (1) is given by: 

௦ܨ = ൬ܭ௩ − 2 ൬݈݈ − 1൰ ൰ܭ ݔ + ݈݈ଷ ଷݔܭ = ݔଵܭ + .ଷݔଷܭ (2)

Eq. (2) can be written in non-dimensional form as: 
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௦ܨ = ቌ1 − 2݇ ቆ1 − መ݈መ݈ ቇቍ ොݔ + ቆ݇ 1 − መ݈ଶመ݈ଷ ቇ ොଷݔ = ොݔߙ + ,ොଷݔߛ (3)

where ݔො = ݔ ⁄௦ݔ , ௦ܨ  = ௦ܨ ⁄(௦ݔ௩ܭ) ,  መ݈ = ݈ ݈⁄ , ොݔ  = ݔ ⁄௦ݔ , ௦ݔ  = (݈ଶ − ݈ଶ)ଵ/ଶ  is the static 
displacement of the system after being loaded with mass. 

It can be seen from Eq. (3) that if መ݈ < 1, the horizontal springs reduce the linear stiffness of the 
isolator such that the stiffness is less than the stiffness of the vertical spring alone. If ݇ = 1, then መ݈ must be greater than or equal to 2/3 so that the stiffness of the isolator can keep positive and have 
a snap-through characteristic [6, 8]. 

The non-dimensional force-displacement curves and stiffness-displacement curves of the 
nonlinear vibration isolator for various values of መ݈ when ݇ = 1 are shown in Fig. 2. It can be 
clearly seen that when ݇ = 1, decrease መ݈ can reduce the linear stiffness which is less than the 
stiffness of the vertical spring alone, but with the penalty for an increase in the nonlinearity and 
the stiffness region where the dynamic stiffness smaller than the linear one reduces. Overall, the 
nonlinear vibration isolator with HSLDS characteristic can expand the isolation frequency range 
without losing the support capacity, which is superior to the linear isolator. 

 
a) 

 
b) 

Fig. 2. Non-dimensional force-displacement and stiffness-displacement curves of the nonlinear vibration 
isolator for various values of መ݈ when ݇ = 1 

When the base of the system is subjected to shock excitations, the dynamic motion equation 
of the system is given as: ݉(ݔሷ − (ሷݕ + ሶݔ)ܿ − ሶݕ ) + ݔ)ଵܭ − (ݕ + ݔ)ଷܭ − ଷ(ݕ = 0, (4)

where ݔ and ݕ are the absolute displacements of the mass and base respectively, and the dots 
denote derivatives with respect to time ݐ . The initial conditions on ݔ  are taken as ݐ = ݔ  ,0 = ሶݔ = 0. Eq. (4) can be written in non-dimensional form as: ܼᇱᇱ + ᇱܼߞ2 + ܼߙ + ොଶݕ ଷܼߛ = ݂(ܶ), (5)

where ܼ = ݔ) − ݕ/(ݕ ߞ , = (ݓ2݉)/ܿ ݓ , = ඥܭ௩/݉, ߙ  = ௩ܭ/ଵܭ ߛ , = ௩ܭ/௦ଶݔଷܭ , ܶ = ݐݓ ොݕ , = ௦ݔ/ݕ , ݂(ܶ) = ݕ/ᇱᇱݕ− . The primes denote derivatives with respect to ܶ, ݕ   is the 
maximum magnitude of the shock input. 

Three common kinds of base shock excitations [18, 19, 23] are considered: rounded 
displacement step, rounded displacement pulse and oscillatory displacement step. The three 
common base shock excitations are used to represent a discrete irregularity on the road, such as a 
bump or a vertical mismatch between sections of the pavement. The three shock excitations are 
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shown in Fig. 3 and the mathematical expressions are given as: (ݐ)ݕ = (1ݕ − (1 + ,(௪௧ି݁(ݐݓݎ (ݐ)ݕ(6) = ݕ ቆ݁ଶ4 ቇ ,ଶ݁ି௪௧(ݐݓݎ) (ݐ)ݕ(7) = (0.68684)൫1ݕ − ൫cos(ݓݎݐ) + 0.25sin(ݓݎݐ)൯݁ି.ଶହ௪௧൯. (8)

The non-dimensional function ݂(ܶ) can be obtained as follows: ݂(ܶ) = ଶ(1ݎ− − ,்ି݁(ܶݎ (9)݂(ܶ) = − ݁ଶݎଶ4 (2 − ܶݎ4 + ,ଶܶଶ)݁ି்ݎ (10)݂(ܶ) = − ൬1716൰ (ܶݎ)ଶ൫cosݎ(0.68684) − 0.25sin(ܶݎ)൯݁ି.ଶହ், (11)

where ݎ is the severity parameter. Greater ݎ means a more severe shock signal. 

a) b) 
 

c) 
Fig. 3. Three common kinds of base shock excitations: a) rounded displacement step; b) rounded 

displacement pulse; c) oscillatory displacement step 

3. Response of the nonlinear vibration isolator under shock excitations 

Eq. (5) can be expressed in a general form: ܼᇱᇱ + ᇱܼߞ2 + ܼߙ + ,ܼ)Φߝ ܼᇱ) = ݂(ܶ), (12)

where Φ(ܼ, ܼ′) denotes the nonlinear function. The initial conditions of Eq. (12) are taken as  ܶ = 0, ܼ = ܼ′ = 0. The solution of Eq. (12) can be solved by using the transformation: ܼ = ܻ + (13) .ܨ

Substitution of Eq. (13) in Eq. (12) yields: ܻ′′ + ᇱᇱܨ + ᇱܻߞ2 + ᇱܨߞ2 + ܻߙ + ܨߙ + ܻ)Φߝ + ,ܨ ܻᇱ + (ᇱܨ = ݂(ܶ), (14)

Choosing function ܨ(ܶ) satisfies the condition: ܨᇱᇱ + ᇱܨߞ2 + ܨߙ = ݂(ܶ). (15)

Substituting Eq. (15) into Eq. (14) gives: ܻ′′ + ′ܻߞ2 + ܻߙ + ܻ)Φߝ + ,ܨ ܻᇱ + (ᇱܨ = 0, (16)

where Eq. (16) subjected to the initial conditions ܻ| ்ୀ = ୀ, ܻ′| ்ୀ் |ܨ− =  .ୀ் |′ܨ−
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Ultra-spherical polynomial approximation method [21, 22] can be applied to Eq. (16). The 
solution of Eq. (16) is assumed as: ܻ(ܶ) = cos߰, (17)(ܶ)ܣ

where ߰(ܶ) = ܶݓ + ݓ ,(ܶ)ߠ = ඥߙ −  .ଶߦ
Then gives: ܣᇱ + ܣߞ = ݓߝ Φ(ܶ, ,cos߰ܣ cos߰ܣߞ− − ,sin߰)sin߰ܣݓ ᇱߠ(18) = ܣݓߝ Φ(ܶ, ,cos߰ܣ cos߰ܣߞ− − ,sin߰)cos߰ܣݓ (19)

which subjected to the initial conditions: ܣcosߠ = ߠcosܣߞୀ, (20)் |ܨ− + ߠsinܣݓ = |′ܨ ்ୀ, (21)

where ܣ = ୀ் |ܣ ߠ , = ୀ் |ߠ . The right-hand side of Eq. (18) and Eq. (19) are periodic 
functions of ߰ with period 2ߨ. The left-hand side of Eq. (18) and Eq. (19) are proportional to the 
small parameter ߝ , so they are slowly varying functions of time. So the right-hand sides are 
expanded in ultra-spherical polynomials in range ሾ0, 2ߨሿ, the expansions are only restricted to the 
first term, which gives: ܣᇱ + ܣߞ = ݓߝ ܲ(ܶ, ,ܣ ,(ߣ ᇱߠ(22) = ܣݓߝ ܳ(ܶ, ,ܣ (23) ,(ߣ

where ߣ  is the ultra-spherical polynomial index. Combining Eq. (20)-(23) and Eq. (15) can 
determine the function ܻ(ܶ), ܨ(ܶ). Then the response of the system can be obtained. 

The nonlinear function Φ(ܼ, ܼ′) in Eq. (5) equals ܼଷ, using the transformation gives: 

ᇱܣ + ܣߞ = ݓߝ ቆܣଷ8 sin4߰ + 4ܨଶܣ3 sin3߰ + ቆܣଷ4 + 2ܣଶܨ3 ቇ sin2߰ + ൬ܨଷ + 34 ൰ܨଶܣ sin߰ቇ, (24)

ᇱߠ = ܣݓߝ ۈۉ
ଷ8ܣۇ cos4߰ + 4ܨଶܣ3 cos3߰ + ቆܣଷ2 + 2ܣଶܨ3 ቇ cos2߰

+ ൬ܨଷ + 94 ൰ܨଶܣ cos߰ + ቆ3ܣଷ8 + ଶ2ܨܣ3 ቇ ۋی
(25) .ۊ

Expanding the right-hand sides of Eq. (24) and Eq. (25) in ultra-spherical polynomials and 
retaining the first term yields: ܣ′ + ܣߞ = ᇱߠ(26) ,0 = ܣݓߝ ൭ܣଷ8 ସܥ + 4ܨଶܣ3 ଷܥ + ቆܣଷ2 + 2ܣଶܨ3 ቇ ଶܥ + ൬ܨଷ + 94 ൰ܨଶܣ ଵܥ + ቆ3ܣଷ8 + ଶ2ܨܣ3 ቇ൱, (27)

where ܥ = Γ(ߣ + (ߨ݊)ఒܬ(1 ⁄ఒ(2/ߨ݊) , Γ(ߣ + 1) is the gamma function, ܬఒ(݊ߨ) is the Bessel 
function of the first kind of order ߣ. 

The solution of Eq. (26) can be easily obtained: 
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ܣ = ݁ି். (28)ܣ

Response of the nonlinear vibration isolator under rounded displacement step shock excitation 
is first considered. Combing Eq. (6) and Eq. (15) gives: ܨଵᇱᇱ + ଵᇱܨߞ2 + ଵܨߙ = ଶݎ−) + .ଷܶ)݁ି்ݎ (29)

Then ܨଵ(ܶ) can be obtained: ܨଵ(ܶ) = (ܽଵ + ܾଵܶ)݁ି், (30)

where ܽଵ = ସݎ) − (ߙଶݎ ଶݎ) − ݎߞ2 + ⁄ଶ(ߙ , ܾଵ = ଷݎ ଶݎ) − ݎߞ2 + ⁄(ߙ . 
Combing Eq. (15), Eq. (27) and Eq. (30) yields: 

ଵᇱߠ = ݓߝ ቆ൬ܥସ8 + ଶ2ܥ + 38൰ ଶ݁ିଶ்ܣ + ൬3ܥଷ4 + ଵ4ܥ9 ൰ (ܽଵܣ + ܾଵܶ)݁ି(ା)்
     + 32 (1 + ଶ)(ܽଵܥ + ܾଵܶ)ଶ݁ିଶ் + ܣଵܥ (ܽଵ + ܾଵܶ)ଷ݁ି(ଷି)்൰, (31)

where ߝ = ොଶݕ ଵߠ :Integrating Eq. (31) and applying the initial conditions lead to .ߛ = ଵଵߠ + , (32)ߠ

where ߠଵଵ is defined in the Appendix. 
Using Eq. (13), Eq. (28), Eq. (30) and Eq. (32), the response of the nonlinear vibration isolator 

under rounded displacement step shock excitation can be obtained. 
Response of the nonlinear vibration isolator under rounded displacement pulse shock 

excitation is then considered. Combing Eq. (7) and Eq. (15) gives: 

ଶᇱᇱܨ + ଶᇱܨߞ2 + ଶܨߙ = − ݁ଶݎଶ4 (2 − ܶݎ4 + ଶܶଶ)݁ି்ݎ = ଶଵܣ) + ଶଶܶܣ + ଶଷܶଶ)݁ି். (33)ܣ

Then ܨଶ(ݐ) can be obtained: ܨଶ(ݐ) = (ܽଶ + ܾଶܶ + ܿଶܶଶ)݁ି், (34)

where: 

ܽଶ = ଶݎ1 − ݎߞ2 + ߙ ଶଵܣ − ߞ)2 − ଶݎ)(ݎ − ݎߞ2 + ଶ(ߙ ଶଶܣ − ଶݎ)2 − ݎߞ2 + (ߙ − ߞ)8 − ଶݎ)ଶ(ݎ − ݎߞ2 + ଷ(ߙ ଶଷ, ܾଶܣ = ଶݎଶଶܣ − ݎߞ2 + ߙ − ߞ)4 − ଶݎ)ଶଷܣ(ݎ − ݎߞ2 + ଶ(ߙ , ܿଶ = ଶݎଶଷܣ − ݎߞ2 +  .ߙ
Combing Eq. (15), Eq. (27) and Eq. (34) yields: 

ଶᇱߠ = ݓߝ ቆ൬ܥସ8 + ଶ2ܥ + 38൰ ଶ݁ିଶ்ܣ + ൬3ܥଷ4 + ଵ4ܥ9 ൰ (ܽଶܣ + ܾଶܶ + ܿଶܶଶ)݁ି(ା)்
     + 32 (1 + ଶ)(ܽଶܥ + ܾଶܶ + ܿଶܶଶ)ଶ݁ିଶ் + ܣଵܥ (ܽଶ + ܾଶܶ + ܿଶܶଶ)ଷ݁ି(ଷି)்൰. (35)

Integrating Eq. (35) and applying the initial conditions lead to: 
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ଶߠ = ଶଵߠ + , (36)ߠ

where ߠଶଵ is defined in the Appendix. 
Using Eq. (13), Eq. (28), Eq. (34) and Eq. (36), the response of the nonlinear vibration isolator 

under rounded displacement pulse shock excitation can be obtained.  
Finally, response of the nonlinear vibration isolator under oscillatory displacement step shock 

excitation is considered. Combing Eq. (8) and Eq. (15) gives: 

ଷᇱᇱܨ + ଷᇱܨߞ2 + ଷܨߙ = − 1716 (ܶݎ)ଶ൫cosݎ0.68684 − 0.25sin(ܶݎ)൯݁ି.ଶହ்       = ൫ܣଷଵcos(ܶݎ) + .൯݁ି.ଶହ்(ܶݎ)ଷଶsinܣ (37)

Then ܨଷ(ݐ) can be obtained: ܨଷ(ݐ) = ൫ܽଷcos(ܶݎ) + ܾଷsin(ܶݎ)൯݁ି.ଶହ், (38)

where: 

ܽଷ = ቆߙ − ቀ1516 ଶݎ + 2ݎߞ ቁቇ ଷଵܣ − ൬2ݎߞ − ଶ2ݎ ൰ ଷଶܣ
ቆߙ − ቀ1516 ଶݎ + 2ݎߞ ቁቇଶ + ൬2ݎߞ − ଶ2ݎ ൰ଶ , 

ܾଷ = ቆߙ − ቀ1516 ଶݎ + 2ݎߞ ቁቇ ଷଶܣ + ൬2ݎߞ − ଶ2ݎ ൰ ଷଵܣ
ቆߙ − ቀ1516 ଶݎ + 2ݎߞ ቁቇଶ + ൬2ݎߞ − ଶ2ݎ ൰ଶ . 

Combing Eq. (15), Eq. (27) and Eq. (38) yields: 

ଷᇱߠ = ݓߝ ቆ൬ܥସ8 + ଶ2ܥ + 38൰ ଶ݁ିଶ்ܣ + ൬3ܥଷ4 + ଵ4ܥ9 ൰ (ܶݎ)൫ܽଷcosܣ + ܾଷsin(ܶݎ)൯݁ିቀାସቁ்       + 32 (1 + (ܶݎ)ଶ)൫ܽଷcosܥ + ܾଷsin(ܶݎ)൯ଶ݁ିଶ்       + (ܶݎ)ଵ൫ܽଷcosܥ + ܾଷsin(ܶݎ)൯ଷܣ ݁ିቀଷସ ିቁ்൱. (39)

Integrating Eq. (39) and applying the initial conditions lead to: ߠଷ = ଷଵߠ + , (40)ߠ

where ߠଷଵ is defined in the Appendix. 
Using Eq. (13), Eq. (28), Eq. (38) and Eq. (40), the response of the nonlinear vibration isolator 

under oscillatory displacement step can be obtained.  
The ultra-spherical polynomial index ߣ = 1/2  is used. Choosing the parameter ݇ = 1 ,  መ݈ = ݎ ,0.7 = ߞ ,20 = 0.05 and different ݕො are used when conducting the following investigation.  
Approximate results using ultra-spherical polynomial method are compared with numerical 

results. The numerical results can be obtained by solving Eq. (5) using the classical fourth order 
Runge-Kutta method. The comparison is shown in Fig. 4. It can be seen that when the magnitude 
ratio ݕො is a smaller one (ݕො = 0.1, 0.2), which indicates that the nonlinear parameter ߝ is small, 
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the ultra-spherical polynomial approximation method gives very well results compared with the 
numerical results for the three base shock excitations cases. When the magnitude ratio ݕො 
increases to a lager one (ݕො = 0.5), which indicates that the nonlinear parameter ߝ becomes larger, 
the analytic results depart from the numerical results, the error becomes larger for the three base 
shock excitations cases. But compared to the rounded displacement step and rounded displacement 
pulse cases, the error between analytic results and numerical results for the oscillatory 
displacement step is smaller than these two cases. So from these comparisons, it can be seen that 
the ultra-spherical polynomial approximation method suits for the smaller nonlinear parameter 
and weak nonlinearity. 

 
a1) 

 
a2) 

 
a3) 

 
b1) 

 
b2) 

 
b3) 

 
c1) 

 
c2) 

 
c3) 

Fig. 4. Comparison between analytic and numerical results: a) rounded displacement step; b) rounded 
displacement pulse; c) oscillatory displacement step 

4. Performance of the nonlinear vibration isolator under shock excitations 

As is shown in Eq. (5), the responses of the nonlinear vibration isolator under different base 
shock excitations are determined by the stiffness ratio ݇, the length ratio መ݈, the magnitude ratio ݕො 
and the severity parameter ݎ. When the stiffness ratio ݇ is fixed, the response are determined by 
the other parameters.  

In this section, considering two cases: (1) ݇ = 1, መ݈ is taken as the value መ݈ = 2/3, መ݈ = 0.7,  መ݈ = 0.8, investigate the performances of the nonlinear vibration isolator under varied severity 
parameter ݎ  with same መ݈  and different magnitude ratio ݕො , the value of ݕො  is varied with  ݕො = ොݕ ,0.1 = ොݕ ,1 = 5. The effect of the magnitude ratio ݕො  on the performances of the 
nonlinear vibration isolator is studied and compared with a linear one. (2) ݇  ො is taken asݕ ,1 =
the value ݕො = ොݕ ,0.1 = ොݕ ,1 = 5, investigate the performances of the nonlinear vibration 
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isolator under varied severity parameter ݎ with same ݕො and different length ratio መ݈, the value of መ݈ is varied with መ݈ = 2/3, መ݈ = 0.7, መ݈ = 0.8. The effect of the length ratio መ݈ on the performances of 
the nonlinear vibration isolator is studied and compared with a linear one. For all of the cases 
considered, the damping ratio coefficient is taken as ߞ = 0.05.  

The performances of the nonlinear and linear vibration isolator are evaluated by three 
performance indices [19, 20], which defined as follows: 

Maximum absolute displacement ratio (ܴܦܣܯ) =  ;ݕ/௫|ݔ|
Maximum relative displacement ratio (ܴܦܴܯ) = ݔ| − ݕ/௫|ݕ = |ܼ|௫; 
Maximum acceleration ratio (ܴܣܯ) =  .௫|′′ݕ|/௫|′′ݔ|
The Maximum acceleration ratio (MAR) is expressed in dB scale as  20log10(|ݔ′′|௫/|ݕ′′|௫).  
As is shown in the previous part, the ultra-spherical polynomial approximation method suits 

for weak nonlinearity and small nonlinear parameter, so the numerical method using Runge-Kutta 
method is used in this section.  

4.1. Maximum absolute displacement ratio (MADR) 

The MADR curves of the nonlinear vibration isolator under rounded displacement step shock 
excitation of the two cases are shown in Fig. 5 and Fig. 6. The MADR curve of the linear one is 
also plotted in the same figure for comparison. 

a) b) 
 

c) 
Fig. 5. MADR curves of HSLDS vibration isolator under rounded displacement step excitation varied with 

shock parameter ݎ when መ݈ takes a fixed value and ݕො varies 

a) b) 
 

c) 
Fig. 6. MADR curves of HSLDS vibration isolator under rounded displacement step excitation varied with 

shock parameter ݎ when ݕො takes a fixed value and መ݈ varies 

As can be seen in Fig. 5, when the length ratio መ݈ is fixed, the effect of the magnitude ratio ݕො 
on the performances of the nonlinear vibration isolator under rounded displacement step is almost 
the same in the three cases. When the severity parameter ݎ is a small one (ݎ < 0.2), the MADR of 
the nonlinear vibration isolator is lower than the linear one; but when ݎ increases to a certain range, 
different መ݈  and ݕො  corresponds to the different range (e.g. መ݈ = 2/3, ොݕ  = 0.1,  
0.2 < ݎ < 0.8), the MADR of the nonlinear vibration isolator is higher than the linear one; when ݎ continues to increase, the nonlinear vibration isolator can have a lower MADR over the linear 
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one; if ݎ reaches to a higher value, the MADR of the nonlinear vibration isolator maintains a 
constant value, the MADR becomes larger with the increase of magnitude ratio ݕො, when ݕො is a 
smaller one, the MADR is lower than the linear one and falling the most, this is because smaller ݕො provides a larger lower dynamic stiffness region and the overall actual damping ratio is larger.  

As is shown in Fig. 6, when the magnitude ratio ݕො is fixed, the effect of the length ratio መ݈ on 
the performances of the nonlinear vibration isolator is not the same in each case. When ݕො is a 
small one, the MADR of the nonlinear vibration isolator can reach a lower value than the linear 
isolator after ݎ approaches to a value, the MADR becomes larger with the increase of the length 
ratio መ݈; When ݕො = 1, the MADR of the nonlinear vibration isolator is always higher than the 
linear one; When ݕො is a larger one , the MADR of the nonlinear isolator is higher than the linear 
one except ݎ increases to a certain range (about 1 < ݎ < 10), and the MADR becomes larger with 
the increase of the length ratio መ݈. 

The MADR curves of the nonlinear vibration isolator under rounded displacement pulse shock 
excitation of the two cases are shown in Fig. 7 and Fig. 8. The MADR curve of the linear one is 
also plotted in the same figure for comparison. 

a) b) 
 

c) 
Fig. 7. MADR curves of HSLDS vibration isolator under rounded displacement pulse excitation varied 

with shock parameter ݎ when መ݈ takes a fixed value and ݕො varies 

a) b) 
 

c) 
Fig. 8. MADR curves of HSLDS vibration isolator under rounded displacement pulse excitation varied 

with shock parameter ݎ when ݕො takes a fixed value and መ݈ varies 

As can be seen in Fig. 7, when the length ratio መ݈ is fixed, the effect of the magnitude ratio ݕො 
on the performances of the nonlinear vibration isolator under rounded displacement pulse is almost 
the same in three cases, but is different from the rounded displacement step shock excitation. For መ݈ = 2/3 and small magnitude ratio ݕො = 0.1, the MADR of the nonlinear vibration isolator is 
always lower than the linear one. Except this special case, the MADR of the nonlinear vibration 
isolator first increases, reaches a peak value and then decreases with the increase of ݎ. For small 
parameter ݎ, the MADR of the nonlinear vibration isolator is larger than the linear one; when ݎ 
increases to a certain range, different መ݈ and ݕො corresponds to the different range (e.g. መ݈ ොݕ ,2/3 = = 1, 0.3 < ݎ < 1.6), the MADR of the nonlinear vibration isolator is lower than the linear one; 
when ݎ continues to increase, the nonlinear vibration isolator can have a higher MADR over the 
linear one, the MADR becomes larger with the increase of magnitude ratio ݕො. The maximum 
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response of the linear isolator occurs at ݎ = 1 approximately, but the maximum response of the 
nonlinear vibration isolator will shift to greater ݎ with the increase of magnitude ratio ݕො. 

As is shown in Fig. 8, when the magnitude ratio ݕො is fixed, the effect of the length ratio መ݈ on 
the performances of the nonlinear vibration isolator is not the same in each case. When ݕො is a 
small one (ݕො = 0.1), the MADR of the nonlinear vibration isolator can reach a lower value than 
the linear isolator after ݎ approaches to a value, the MADR becomes larger with the increase of 
the length ratio መ݈; When ݕො increases, the MADR of the nonlinear isolator is higher than the linear 
one except ݎ increases to a certain range, and becomes smaller with the increase of the length  
ratio መ݈. 

The MADR curves of the nonlinear vibration isolator under oscillatory displacement step 
shock excitation are similar to the rounded displacement pulse one, so it is no longer described in 
this paper. 

4.2. Maximum relative displacement ratio (MRDR) 

The MRDR curves of the nonlinear vibration isolator under rounded displacement step shock 
excitation of the two cases are shown in Fig. 9 and Fig. 10. 

a) b) 
 

c) 
Fig. 9. MRDR curves of HSLDS vibration isolator under rounded displacement step excitation varied with 

shock parameter ݎ when መ݈ takes a fixed value and ݕො varies 

a) b) 
 

c) 
Fig. 10. MRDR curves of HSLDS vibration isolator under rounded displacement step excitation varied 

with shock parameter ݎ when ݕො takes a fixed value and መ݈ varies 

As can be seen in Fig. 9, when the length ratio መ݈ is fixed, the effect of the magnitude ratio ݕො 
on the performances of the nonlinear vibration isolator under rounded displacement step is almost 
the same in the three cases. When ݕො is a small one (ݕො = 0.1, 1), the MRDR of the nonlinear 
vibration isolator is always higher than the linear one; but when ݕො  increases, the trends are 
opposite, the MRDR of the nonlinear vibration isolator is lower than the linear one when ݎ 
increases to a higher value (ݎ > 0.6), and becomes smaller with the increase of magnitude ratio ݕො. 

As is shown in Fig. 10, when the magnitude ratio ݕො is fixed, the effect of the length ratio መ݈ on 
the performances of the nonlinear vibration isolator is not the same in each case. When ݕො is a 
small one (ݕො = 0.1, 1), the MRDR of the nonlinear vibration isolator is always higher than the 
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linear one and decreases with the increase of the length ratio መ݈; when ݕො increases, the trends are 
opposite, the MRDR of the nonlinear vibration isolator is lower than the linear one when ݎ 
increases to a higher value (ݎ > 0.6), the MRDR becomes larger with the increase of length  
ratio መ݈. 

The MRDR curves of the nonlinear vibration isolator under rounded displacement pulse shock 
excitation of the two cases are shown in Fig. 11 and Fig. 12. 

a) b) 
 

c) 
Fig. 11. MRDR curves of HSLDS vibration isolator under rounded displacement pulse excitation varied 

with shock parameter ݎ when መ݈ takes a fixed value and ݕො varies 

a) b) 
 

c) 
Fig. 12. MRDR curves of HSLDS vibration isolator under rounded displacement pulse excitation varied 

with shock parameter ݎ when ݕො takes a fixed value and መ݈ varies 

As can be seen in Fig. 11, when the length ratio መ݈ is fixed, the effect of the magnitude ratio ݕො 
on the performances of the nonlinear vibration isolator under rounded displacement pulse is almost 
the same in the three cases, but is different from the rounded displacement step shock excitation. 
For small parameter ݎ, the MRDR of the nonlinear vibration isolator is larger than the linear one; 
when ݎ increases to a certain range, different መ݈ and ݕො corresponds to the different range (e.g,  መ݈ = ොݕ ,2/3 = 1, 0.67 < ݎ < 6.7), the MRDR of the nonlinear vibration isolator is lower than the 
linear one; when ݎ continues to increase, the nonlinear vibration isolator can have a higher MRDR 
over the linear one, the MRDR becomes larger with the increase of magnitude ratio ݕො; when ݎ 
reaches a higher value, the MRDR is more or less the same for both isolators. The peak response 
of the nonlinear vibration isolator will shift to greater ݎ with the increase of magnitude ratio ݕො.  

As is shown in Fig. 12, when the magnitude ratio ݕො is fixed, the effect of the length ratio መ݈ on 
the performances of the nonlinear vibration isolator is almost the same in each case. The MRDR 
of the nonlinear vibration isolator is higher than the linear one except ݎ increases to a certain range, 
and becomes larger with the increase of the length ratio መ݈. 

The MRDR curves of the nonlinear vibration isolator under oscillatory displacement step 
shock excitation are similar to the rounded displacement pulse one, so it is no longer described in 
this paper. 

4.3. Maximum acceleration ratio (MAR) 

The MAR curves of the nonlinear vibration isolator under rounded displacement step shock 
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excitation of the two cases are shown in Fig. 13 and Fig. 14. 

a) b) 
 

c) 
Fig. 13. MAR curves of HSLDS vibration isolator under rounded displacement step excitation varied with 

shock parameter ݎ when መ݈ takes a fixed value and ݕො varies 

a) 
 

b)  
c) 

Fig. 14. MAR curves of HSLDS vibration isolator under rounded displacement step excitation varied with 
shock parameter ݎ when ݕො takes a fixed value and መ݈ varies 

As can be seen in Fig. 13, when the length ratio መ݈ is fixed, the effect of the magnitude ratio ݕො 
on the performances of the nonlinear vibration isolator under rounded displacement step is almost 
the same in three cases. When ݕො is a small one, the MAR of the nonlinear vibration isolator is 
lower than the linear one; but when ݕො  increases, the trends are opposite, the MAR of the 
nonlinear isolator is higher than the linear one, and becomes larger with the increase of magnitude 
ratio ݕො. 

As is shown in Fig. 14, when the magnitude ratio ݕො is fixed, the effect of the length ratio መ݈ on 
the performances of the nonlinear vibration isolator is not the same in each case. When ݕො is a 
small one, the MAR of the nonlinear vibration isolator is lower than the linear one and becomes 
larger with the increase of the length ratio መ݈. When ݕො increases, the trends are opposite, the MAR 
of the nonlinear vibration isolator is higher than the linear one and becomes larger with the 
decrease of length ratio መ݈. 

The MAR curves of the nonlinear vibration isolator under rounded displacement pulse and 
oscillatory displacement step shock excitations are similar to the rounded displacement step one, 
so it is no longer described in this paper. 

5. Conclusions 

In this paper, a nonlinear vibration isolator with HSLDS characteristic comprised of vertical 
spring and horizontal spring is presented, and the response of the nonlinear vibration isolator under 
three different kinds of base shock excitations is considered. A closed form solution has been 
approximated by using a transformation function and ultra-spherical polynomial approximation 
method, and then compared with numerical results. The compared results show that the method 
suits for weak nonlinearity, when the nonlinear parameter is a small one, the method gives very 
well results compared with numerical results and can predict the shock response well; but when 
the nonlinear parameter increases, the error between analytic and numerical results becomes  
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larger. 
Three performance indices are defined to evaluate the performance of the nonlinear vibration 

isolator and compared with a linear one, results show that the shock performance of the HSLDS 
vibration isolator depends on not only the performance indices, but also the structural parameters 
and input shock magnitude. When designing the nonlinear vibration isolator with HSLDS 
characteristic for shock isolation, the excitation type and input severity parameter should be 
considered, and choose the structural parameters based on the performance indices and input 
shock magnitude ratio to satisfy the requirements and provide a better shock isolation performance 
than the linear vibration isolator. 
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Appendix 

ଵଵߠ = ݓߝ ൭൬ܥସ8 + ଶ2ܥ + 38൰ ߞଶ2ܣ ൫1 − ݁ିଶ்൯ + ൬3ܥଷ4 + ଵ4ܥ9 ൰ ߞ)ܣ + ଶ(ݎ ൫(ܽଵݎ + ܾଵ +  (ଵܽߞ
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     − ቆ(ܽଵ + ܾଵܶ)ଷ(3ݎ − (ߞ + 3ܾଵ(ܽଵ + ܾଵܶ)ଶ(3ݎ − ଶ(ߞ + 6ܾଵଶ(ܽଵ + ܾଵܶ)(3ݎ − ଷ(ߞ + 6ܾଵଷ(3ݎ − ସቇ(ߞ ݁ି(ଷି)்ቇቍ, 
ଶଵߠ = ݓߝ ൭൬ܥସ8 + ଶ2ܥ + 38൰ ߞଶ2ܣ ൫1 − ݁ିଶ்൯ + ൬3ܥଷ4 + ଵ4ܥ9 ൰ ܣ ൭൬ ܽଶߞ + ݎ + ܾଶ(ߞ +  ଶ(ݎ

     + 2ܿଶ(ߞ + ଷ൰(ݎ − ቆܽଶ + ܾଶܶ + ܿଶܶଶߞ + ݎ + ܾଶ + 2ܿଶܶ(ߞ + ଶ(ݎ + 2ܿଶ(ߞ + ଷ൰(ݎ ݁ି(ା)்ቇ൱ 

     + 3(1 + ଶ)2ܥ ൭ቆܽଶଶ2ݎ + ܽଶܾଶ2ݎଶ + ܾଶଶ + 2ܽଶܿଶ4ݎଷ + 3ܾଶܿଶ4ݎସ + 3ܿଶଶ4ݎହ ቇ − ቆ(ܽଶ + ܾଶܶ + ܿଶܶଶ)ଶ2ݎ  

     + (ܽଶ + ܾଶܶ + ܿଶܶଶ)(ܾଶ + 2ܿଶܶ)2ݎଶ + 2ܿଶ(ܽଶ + ܾଶܶ + ܿଶܶଶ) + (ܾଶ + 2ܿଶܶ)ଶ4ݎଷ  
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