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Abstract. A belt driving system (BDS) of beam pumping unit is of the following characteristics:
1) energy can flow bidirectional freely; 2) the equivalent rotational inertia is a function of the
pulley angle and the stiffness is a function of time. Take account of the above characteristics, a
new mathematical model of nonlinear longitudinal vibration is built for BDS. The nonlinear
relationship between the equivalent rotational inertia and driven-pulley angle as well as the
equivalent stiffness and slipping angle is obtained. Comparing experiment results with simulated
results, good agreement is found, which shows the simulation model is feasible. The
amplitude-frequency curves are given, which show the jumping phenomenon. In addition, the
amplitude-frequency curves are very sensitive to the system parameters, such as Young’s
modulus, the preload force, the rotational inertia and load torque. In the details, with increasing
Young’s modulus as well as decreasing the preload force, the jumping phenomenon moves the
high frequency region, and the amplitude-frequency curves of the system move their mutational
direction with load torque increasing. The jumping phenomenon of equivalent stiffness suggests
that the jumping phenomenon of steady-state response of the pulley is influenced by the nonlinear
dynamic stiffness of the belt. Real application indicates that the system energy consumption is
increasing with the preload force decreasing, and it is also increasing with the load torque
increasing. Therefore, the simulation analysis of nonlinear longitudinal vibration of BDS plays an
important role in understanding the effects of the system parameters on the nonlinear steady-state
response and saving energy by parameter optimization in practical application.

Keywords: belt driving system, nonlinear longitudinal vibration, equivalent rotational inertia,
equivalent stiffness, jumping phenomenon, energy consumption.

1. Introduction

The beam pumping units have been widely used in international and domestic oil field. When
the crude oil is produced, the tremendous energy will be consumed. Improving system efficiency
and reducing energy consumption are always an important research for artificial lift, which has
been widely considered by experts all over the world [1]. At present, when energy consumption
of beam pumping system is analyzed, the energy consumption of BDS is considered as a constant,
for example, it is usually set to 2 %-10 % [1, 2]. However, the load torque of a belt-driving system
not only fluctuates greatly but changes instantaneously, which increases friction loss power and
decreases belt transmission efficiency. As a result, there is rotating variation loss for driven-pulley
and crank, influencing the instantaneous motion of movement parts and nodes’ force-power
parameters. Therefore, the dynamic behavior of belt-driving unit needs to be considered while
nodes’ energy consumption is analyzed, and the simulation model of nonlinear longitudinal
vibration for BDS needs to be built.

The dynamic performances of BDS are systematic studied by the experts and scholars from
China and abroad. A large numbers of simulation models have been presented, but there are some
shortcomings. A review of the references [3-10] identifies three well-defined groups of studies.
The response of the transversal vibration belt has been studied by the first group [4-6]. The
longitudinal vibration simulation models of BDS are given by the second group [7, 8]. The third
group deals with describing coupled longitudinal-transverse dynamics of the belt [9, 10]. In the
models above, most of which are derived with classical creep theory [11] or the shear theory [12].

1494 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. MAY 2014. VOLUME 16, ISSUE 3. ISSN 1392-8716



1258. A NEW NONLINEAR LONGITUDINAL VIBRATION MODEL OF BELT DRIVING SYSTEM APPLIED IN ENERGY SAVING.
MINGMING XING, SHIMIN DONG

However, the three groups have a common defect that the influences of variable equivalent
stiffness and rotational inertia on belt-driving system’s vibration are neglected while uniform mass
belt and pulleys are only considered.

Many experiments show that the contact parameters between the pulley and V-ribbed belts
influences on the longitudinal vibration of belt-driving system. Therefore, the contact models are
built by a proper method, which is very important to find an effective approach for modeling and
predicting the dynamic response of belt-driving system. To do this, a lot of researches have been
carried out. Leamy and Sheng [13, 14] developed a general, dynamic finite-element model of
BDS, including a detailed frictional contact. A more general planar model of the belt-drive was
developed in Ref. [15]. The absolute nodal coordinate formulation was originally proposed by
Shabana [16]. Recently, BolteZar and Cepon [17] presented a belt-drive model using the absolute
nodal coordinate formulation with a detailed contact formulation between the pulley and the belt.
The method for the experimental identification of the contact parameters between the pulley and
V-ribbed belts was presented in Ref. [18]. However, these models are not appropriate for modeling
the belt-drive dynamics over longer time scales as they are computationally inefficient.
Considering the influences of the motor speed fluctuation and the load torque fluctuation on the
contact parameters, the equivalent stiffness of the belt is a function of time and the equivalent
rotational inertia is a function of the pulley angle. Therefore, the influences of contact parameters
on longitudinal vibration of BDS are needed to consider, and a new nonlinear longitudinal
vibration model needs to be presented to solve the vibration problem of nonlinear system.

In this paper, the formulas of the equivalent stiffness and the rotational inertia as well as the
generalized torque are deduced, a new nonlinear longitudinal vibration model of the belt-driving
system is proposed for beam pumping system in Section 2. In Section 3 the measurement
experiment of BDS is built to verify the feasibility of the proposed dynamics simulation method,
and the characteristic of nonlinear longitudinal vibration and steady-state response of BDS are
analyzed. In Section 4, the practical application of the new model is given to analyze the affecting
factors of system energy consumption and guide for saving energy in oilfield. In Section 5 the
signification of dynamic simulation research on BDS and the conclusions are summarized.

2. Mechanical model and dynamic nonlinear differential equations of BDS

built-in torque speed sensor]

Fig. 1. The physical figure of BDS

The physical figure of BDS is shown in Fig. 1 and the mechanical model of BDS is shown in
Fig. 2. From Fig. 2, AjA is the static contact arc between belt and driving-pulley and AB the
dynamic contact arc between belt and driving-pulley. Similarly, C;C is the static contact arc
between belt and driven-pulley and CD the dynamic contact arc between belt and driven-pulley.
The belt and pulley are running simultaneously in the static contact area. And there is relative
sliding speed between belt and pulleys in the dynamic contact area, which is changed by the
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preload and load torque. The belt movement is disassembled into synchronous motion and relative
motion. Therefore, the static contact area is considered as the reserve of the friction force, which
could prevent skidding.

Fig. 2. The mechanical model of BDS

For the mechanical model, the following assumptions are considered:

1) The belt is simplified as a massless spring.

2) The influence of slipping angle am on the equivalent stiffness as well as the influence of the
driven-pulley angle on the equivalent rotational inertia is considered.

3) The pulleys are considered to be rigid bodies.

Based on these assumptions, the BDS’s degrees of freedom are defined as 6,, 6,. Therefore,
a new nonlinear longitudinal vibration model of BDS can be derived, as follows:

1 dle ,
Jest1 + 591 40 + [K1(t) + K, ()] (R161 — RR,6,)
1 ]
C'yRy(61R, — 6,R;) — C',R (6,R; — 6,Ry) = Q4 )
1. dJ
bs

TpsOz + 2922 40 + [K1(t) + K, ()] (R560, — RyR,6;)
2 ]

k C’1R2(é1R1 - éZRZ) + CIZRZ(H'ZRZ - élRl) = QZ

where J,, is the equivalent rotational inertia of the driving pulley (kg-m?) and J, is the equivalent
rotational inertia of the driven pulley (kg-m?), K; is the spring coefficient of the belt from point C
to point A, in Fig. 2 (N/m) and K, is the spring coefficient of the belt from point A to point C; in
Fig. 2 (N/m), R, and R, are radiuses of the pulleys, as shown in Fig. 2 (m), Q;, Q, are the
generalized torques (N-m). C; is the equivalent damping of the belt from point C to point A; in
Fig. 2 and Cj is the equivalent damping of the belt point 4 to point C; in Fig. 2 (N-s /m?).

2.1. The equivalent rotational inertia

The energy balance equations for devices from the motor rotors to polished rod of pumping
unit are deduced by the energy balance principle:

1. 1, 1,
5]«591 = ZE]iwi +Z§mivi:

1 1, 1
Efb592 = sziwi +ZEmivi'

i=123, @)

where, J;, m; and ; are the moment of inertia (kg-m?), the mass (kg) and the turn angle of the
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devices from the motor rotor to polished rod of pumping unit (rad).
2.2. The equivalent stiffness and damping

Currently, while the equivalent stiffness coefficients of tight and lose side K;, K, is calculated,
the influence of pulley sliding angle on the elastic stiffness is ignored, as a result of which, the
stiffness coefficients of tight and lose side may be considered to be constant and equivalent.
However, considering the influence of the pulley instantaneous sliding angle on the equivalent
stiffness, the equivalent stiffness is a variable. Therefore, the equivalent stiffness coefficients of
belt are derived in this paper.

Based on the equivalent stiffness expression of the series springs, two balance equations are
obtained:

1 .I-Lt+aMR2 1
= —dx,
!K1 ®) 0 Ky

1 thHxMRl 1
= —dx,
le ® J Ky

where:

3)

e#aM —

0 gnam + 1 = K1 (R0, — Ry0,) + C’1(R1‘9.1 - Rzéz) — K,(R,6, — R.6,)
_Clz(Rzez - ngl)'

“)

Combining Egs. (3) and (4), the equivalent stiffness formulas are got, as follows:

1 K,

K.(t) L, +auR,’
. K, 5)

K(6)  L; + ayRy’

And the equivalent damping formulas are calculated, as follows:

CZI = yKZ (t)!

where, K, is the equivalent stiffness per unit length (N/m), L, is pitch line length of belt (m), y is
damping coefficient (s/m).

Because the Eq. (5) is transcendental equation, analytical solution cannot be obtained for the
slipping angle. The Newton-Raphson method is applied to solve above transcendental equation,
then the slipping angle at any moment, a,, is obtained.

2.3. The generalized torque

The infinitesimal element of BDS is removed to analyze the friction force between belt and
pulley. The mechanical model of the infinitesimal element is built in Fig. 3.
Therefore, the equation is derived, as follows:

_ e da Ja d(F,e*®) - /da
dFp, = u| Fre sm7+ Fyet® + da da ) sin <)) )
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Considering the increment da is small enough, the sine function of the increment is simplified:

da da
inl— ) ~ —. 8
Sm( 2) 2 ®

(dF,e"*/da)do

Fig. 3. The mechanical model of the infinitesimal element
From Egs. (7) and (8), the unit friction of driving pulley can be simplified as follows:
dFyy = pFe*%da. )
In the same way, the unit friction of driven pulley is given:
dFy, = uF,e**da, (10)

where:
{F1(t) = Fy + K;(t)(R,16, — R,0,) + ({ (R191 - Rzéz)' an

F,(t) = Fy + K,(t)(R20;, — R16;) + Czl(Rzéz - R191);

where, F, is the initial tensile force of the belt (N).
Considering the sliding friction between belt and pulley, an equation is given, as follows:

F an

0186, + Q280, = Moy80; — M50, + ——— (R, 56, — Rlaal)f e hedy
ayRy + L o

UF, am (12)

B2 (R0, —R,56 ke,

+aMR2+Lt(1 1 2 z)fo e a

The generalized torque is given, as follows:
Q=M +—(e—uaM_1)+i(euaM_1)
1T T Ry + Ly ayR, + L, '

(e~Ham — 1) — __FRy (eHam — 1),
ayR, + L,

(13)
=-M,, ——=
Q2 P ayRy + Ly

where, M., is the equivalent driving torque of BDS (N-m), and M, is the load torque of
BDS (N-m).
From Ref. [1], the expression of the driving torque and the load torque are given, as follows:
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_ 2MMySpwo(wo — 91)
T Shwg 4 (wo—61)?
Py
My = 9550 —,
ny
18,0 = Sy (ak+ /Ai—l), (14)
(no — ny)
SH = nil
0
_2mny
%0 =55
( — . (0
MLTZTF(PRL_Bw)_MCsln(, _T)l
tpox (15)
M., = M7
v’ ibox’

where, TF is the torque factor of pumping unit (m); By, is the counterbalance weight of pumping
unit (N); M, is the maximum balanceable torque (N-m); 7 is the lagging angle of balance weight
(rad); ip,, 1s the drive ratio of gearbox; PRL is the load of polished rod (N); wq is synchronous
speed of motor (rad/s); Py is the rated power of motor (kW); ny is the rated speed of motor
(min!); ng is the synchronous speed of motor (min™'); A, is the overload coefficient of motor
which is the ratio of maximum torque to rated torque; S,, is motor critical slip; Sy is motor rated
slip; M, ¢ is load torque (N-m).

3. Experiment and discussion
3.1. The experimental facility of BDS

The experimental facility is shown in Fig. 1. The torque-speed sensor is installed on the output
shaft of motor and input shaft of gearbox. When the system is a stable state, the data is obtained
by torque-speed sensor.

1) The preload force.

The preload force is one of the important characteristic parameters, which influences on the
dynamic behaviors of BDS [8]. Therefore, the preload force is given accurately in this work. The
geometrical model of BDS is shown in Fig. 4.

From Fig. 4, the relational formula is obtained as follows:

= A B+ 2L, +C.D, (16)

where, Ly is the adjusted base length of the belt (m).
With the geometric relationships, the arc length formulas of the driving-pulley and
driven-pulley as well as tangent length of the belt are derived:

— R2 - R1
(AlB = 2R1arccos( a ),

Ly =+a*— (R, — Ry)?, (17)

— R, — Ry
CiD = 2nR, — 2R2arccos< a )

Combining Egs. (16) and (17), the preloaded force of the belt is derived:
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2EA R; —Ry\ Lg
F, = L_<nR2 +a?2— (R, —R)?+ (R, — Rz)arccos( " ) - —) (18)
d

where, E is Young’s modulus (Pa), 4 is the cross-section area of the belt (m?).

! |
Fig. 4. The geometrical model of BDS

2) The polished rod load.

In order to verify the feasibility of the simulation method, the experimental facility of the
surface driving system for beam pumping system is designed (see Fig. 5). From Fig. 5, the sucker
rod is replaced by many different masses, and the load of the polished rod is changed by altering
different masses. The load of polished rod is given, as follows:

W,
PRL =W, + (?”) a., (19)

where, W, is the gravity of the masses (N); n is the quantity of the masses; g is the gravitational
acceleration (m/s?) and a, is the acceleration of the polished rod (m/s?).

3) The percentage of energy consumption.

With the simulation results of the new nonlinear longitudinal vibration model, the equation for
percentage of energy consumption is derived, as follows:

sign(Mpy)
dt ; x 100 %,

1 (T M, 0
(nec =41 _Tf . | = 2|
{ 0 [|Myz6,| + sign(My)P;
_ (2Fy — F)?(etem — 1)?
5 = 8EA

]sign(be) (20)

(61Ry + 62R,),

where, 7. is the percentage of instantaneous energy consumption (%); 1. is the percentage of
average energy consumption (%); P; is the power of sliding friction (kw); F, is the effective
tension (N); sign(x) is the symbolic function, it is defined as shown below:

1, x>0,
sign(x) = { 0, x=0, 2n
-1, x<0.

3.2. Results and discussion
3.2.1. Precision verification

The fundamental parameters of system dynamic simulation are given in Table 1. Applying the
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fourth order Runge-Kutta method, the dynamic simulating analysis of nonlinear longitudinal
vibration model for BDS is carried out with zero initial conditions. And, Fig. 6 shows the
measured result of driven-pulley torque. Considering the measured torque as a systematic
excitation, the responses of BDS are given in Fig. 7.

Fig. 7 shows that the simulation precision is less than plus or minus 10 percent, and the
simulated speeds of pulleys have found a good match with the experimental ones. Therefore, the
simulation results are enough to content application. Meanwhile, as in conjunction with Fig. 6,
when the pulley torque appears negative values, the angular velocity of driving-pulley installed
on the motor output-shaft exceeds the synchronous speed of motor rotor. At this point, the motor
is dragged and the energy appears reverse flow, which needs to be considered in the analyzing of
energy consumption.

250 0
=) ° [~
_ 200} s o =2
E ] e z Drivi lley speed
Z = —— Driving-pulley ¢
<150 i ° ) £ 60 —— Driven-pulley speed
% o S| — = Synchronous speed
% 100 f e ° § ® Measured driving-pulley speed
S o N & A Measured driven-pulley speed
> | >
5 50 O . o 3 30F
& o £ aay asadct e At At b
0 e =) =]
b e «
-50 L L L ) 0 L L L s
0 90 180 270 360 0 90 180 270 360
Crank angle 6(°) Crank angle 6(°)

Fig. 6.The driven-pulley torque with the crank angle Fig. 7. The pulley velocity with crank angle

Table 1. The fundamental parameters of BDS
Item | Unit | Value | Item | Unit Value
Py kW 10 ng | r/min 750
nyg | r/min | 667 Ly m 3.55
p kg/m | 0.37 A m? 1.55x10
D, m 0.172 | D, m 0.635

E | Pa | 2x10° | A, 25
u 0.6 z 3
NBox 0.95 iBox 35
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3.2.2. Parametric regularity

Taking beam pumping unit as the research object, the driven-pulley torque is used as the
excitation in Fig. 6, Fig. 8 shows the changing laws of the main parameters. In the details, Fig. 8(a)
shows the equivalent rotational inertia for driven-pulley with the crank angle and Fig. 8(b) shows
the derivative of the rotational inertia for driven-pulley with the crank angle. Fig. 8(c) and
Fig. 8(d) show the slipping angle and equivalent stiffness of the belt with the crank. As you can
see in the above figures, the changing law of the equivalent rotational inertia is a sine function,
whose amplitude and frequency are different with the different load devices. The equivalent
stiffness of the belt is affected by the slipping angle, decreasing with the slipping angle increasing.
Based on the theory of nonlinearity, the instantaneous variable equivalent rotational inertia as well
as equivalent stiffness has influence on the vibration system. Therefore, the research on the
changing law of the equivalent stiffness as well as the equivalent rotational inertia is the
foundation of nonlinear characteristic analysis.

25 g 201
E 5
~ 20} £
£ N
& S
s 15F s
2 g
h= £
£ 10} 50
= g
g g5
5 s Z
& 5-10
2
% % 80 270 60 215 y . . y
= 0 90 180 270 360
Crank angle ¢(°) A Crank angle 6(°)
a) Equivalent rotational inertia b) Derivative of the rotational inertia
2.5 9r - =K
1
£
20F >
) (=
= X
& 1.5F f
kS ¢
on
§ 10} S
50 2
g ~
g E
Z 05 i
3
sy
00 L 1 4 4 5 1 1 1 J
0 90 180 270 360 0 90 180 270 360
Crank angle (°) Crank angle 6(°)
¢) Slipping angle d) Equivalent stiffness

Fig. 8. The changing laws of the main parameters of nonlinear system in time domain
3.2.3. Nonlinear characteristic analysis

When BDS is applied to a high-speed driving machine, the load torque of the system can be
defined as follow:

My = My + M;sin(wst) + M,[1 — cos(2wyt)]. (22)

When M, = -1000 N-m, M; = 1000 N-m, M, = 4200 N-m, Fy = 2000 N, £ = 2x10° N-m,
w;ps = 1 rad/s, the steady-state response of nonlinear longitudinal vibration is given by changing
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load frequency. Changing Young’s modulus E, Fig. 9(a) and (b) show the comparison of the
response of the belt pulleys angle with different belt materials. In addition, changing the parameter
M,, Fig. 10(a) and (b) show the comparison of the amplitude-frequency response curves with
different driven-pulley torques. Furthermore, changing preload force F, Fig. 11(a) and (b) show
the comparison of the response of the pulleys angle with different preload forces. In the details,
BDS shows the jumping phenomenon, which is a consequence of the nonlinear dynamic tension
of the belt. In Fig. 9(a) and (b), the jumping phenomena of the different materials system occurs
in different scopes and the jumping phenomenon of BDS with the smaller Young’s modulus
occurs in lower excitation frequency range. In addition, when the Young’s modulus E is
increasing, the jumping phenomenon will be more obvious. In the other word, the nonlinear
vibration characteristic of BDS is more pronounced with the Young’s modulus decreasing. In
Fig. 10(a) and (b), the jumping phenomenon in the resonance of the BDS with different
driven-pulley torque occurs at the same conditions. So, with increasing load torque, the nonlinear
longitudinal vibration characteristic is more obvious, but it will not change frequency range of
occurrence of the jumping phenomenon. In Fig. 11(a) and (b), with decreasing preload force, the
jumping phenomenon moves to the higher excitation frequency area. Conversely, the jumping
phenomenon will occur in the lower frequency when the preload force is increasing.

15 12F
~ el E=2%10° Pa -l E=2x10° Pa
2 B ~ 9
gﬁ ool E=0.5%10° Pa g 10 A F=0.5x10° Pa
< ‘}5
S1 < 8
g =
! 2
g g6
El PV vy, SRS B4
2 E
Z 2 2
a S
5=
0 1 1 1 1 J Q 0 1 1 1 1 J
0 200 400 600 800 1000 0 200 400 600 800 1000
Excitation frequency o, (rad/s) Excitation frequency o, (rad/s)
a) Driving-pulley amplitude-frequency curve b) Driven-pulley amplitude-frequency curve

Fig. 9. The pulley angle amplitude-frequency curves for the different belt materials
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Fig. 10. The pulley angle amplitude-frequency curves for the different driven-pulley torques

When M, = —1000 N-m, M; = 1000 N-m, M, = 4200 N-m, F, = 2000 N, E = 2x10° N-m,
wy = 10 rad/s, the characteristic of nonlinear longitudinal vibration is analyzed by changing the

period of the rotational inertia. Changing Young’s modulus E, Fig. 12 gives the pulley
amplitude-frequency curves for different belt materials. Comparing Fig. 9, the pulley angle

© JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. MAY 2014. VOLUME 16, ISSUE 3. ISSN 1392-8716 1 503



1258. A NEW NONLINEAR LONGITUDINAL VIBRATION MODEL OF BELT DRIVING SYSTEM APPLIED IN ENERGY SAVING.
MINGMING XING, SHIMIN DONG

amplitude and frequency area of occurrence of jumping phenomenon is different, but they all show
clear hysteresis phenomenon. In addition, changing the parameter M, Fig. 13(a) and (b) show the
comparison of the response of the pulleys with different driven-pulley torques. From Fig. 13, with
increasing load torque, the amplitude-frequency curve of the system will move their mutational
direction. Compared to Fig. 11, the changing of rotational inertia frequency has more influence
on nonlinear longitudinal vibration. Furthermore, changing the preload force, Fig. 14 gives
amplitude-frequency curves for different preload forces. In Fig. 14, when the preload force is
decreasing, the jumping phenomenon of nonlinear vibration will occur in high frequency region.

In conclusion, the rotational inertia is a major parameter, influencing on the nonlinear vibration
characteristic of BDS.

>
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Fig. 11. The pulley angle amplitude-frequency curves for the different preload forces
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Fig. 12. The pulley angle amplitude-frequency curves for the different belt materials

3.2.4. Sensitive parameters of equivalent stiffness

In this section, when M, = —1000 N-m, M; = 1000 N-m, M, = 4200 N-m, F, = 2000 N,
E =2x10° N-m, wjps = 1 rad/s, wr =10 rad/s, the steady state response of BDS is simulated by

changing one of them and the influences of parameters on the belt equivalent stiffness are
examined.

1504

© JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. MAY 2014. VOLUME 16, ISSUE 3. ISSN 1392-8716



1258. A NEW NONLINEAR LONGITUDINAL VIBRATION MODEL OF BELT DRIVING SYSTEM APPLIED IN ENERGY SAVING.
MINGMING XING, SHIMIN DONG

30F 16
5 oW M =240 Nem ol My =240 Nem »
) bfinax . : ;
\5125 L e M =411 Nem - ] ke M =411 Nem ' !,
< bl bglz i w |
220} LA < P
=1 & i [ $ H
= 1 4 i = 1
= P g
g 15F § i 2 8} ;
< H g H
g | S 5
10 ! & i
T = 4} |
£ 5 i :L ! & ‘. L] ¥ Xi
s H L S !
b= Kk kkkk 2 5 R | {
£ P LT T T
0 1 1 1 1 D 0 1 1 1 1
0 400 800 1200 1600 0 400 800 1200 1600
Frequency of rotational inertia @, (rad/s) Frequency of rotational inertia o, _(rad/s)
a) Driving-pulley amplitude-frequency curve b) Driven-pulley amplitude-frequency curve

Fig. 13. The pulley angle amplitude-frequency curves for the different driven-pulley torques
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Fig. 15. Equivalent stiffness amplitude-frequency curve

Changing the frequency of load torque and rotational inertia, Fig. 15 shows the equivalent
stiffness amplitude-frequency curve. And changing the preload force and driven-pulley torque,
Fig. 16 shows the equivalent stiffness amplitude curve with the main parameters. In the details,
the frequencies of load torque and rotational inertia will all affect equivalent stiffness and thus
affect nonlinear longitudinal vibration of BDS. According to contrast Fig. 15(a) and Fig. 15(b),
the equivalent stiffness has larger fluctuation in the high frequency region of rotational inertia. In
addition, the equivalent stiffness is influenced by the preload force and load torque. In Fig. 16, the
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equivalent stiffness amplitude has a reducing trend with the preload force increasing, and it has
an increasing trend with the driven-pulley torque increasing. Therefore, the jumping phenomenon
of the steady state response is influenced by the nonlinear stiffness of belt.
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Fig. 16. Equivalent stiffness amplitude curve with main parameter
3.2.5. Sensitive parameters of pulley angle

In this part, when Py = 30kw, My = —1000 N-m, M; = 1000 N-m, M, = 4200 N-m,
Fy = 6000 N, E =2x10° N-m, wyps = 1 rad/s, wy = 10 rad/s, the steady-state response of pulley
angle is simulated by changing the parameter M,, and the influence of load torque on pulley angle
amplitude is given in Fig. 17(a). And, when Py = 10 kw, My = —4000 N-m, M; = 4000 N-m,
M, = 7200 N-m, F, = 6000 N, E = 2x10° N-m, wps = 1 rad/s, wr =10 rad/s, the steady-state
response of pulley angle is simulated by changing the parameter M;, and the influence of load
torque degree on pulley angle is given in Fig. 17(b). From Fig. 17, the pulley angle amplitude is
increasing with the load torque increasing. In addition, when load torque is unbalance, the pulley
angle will have larger fluctuation. Therefore, reducing load torque and keeping torque balance are
beneficial to reduce nonlinear longitudinal vibration of BDS.
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Fig. 17. Pulley angle amplitude curve with sensitive parameter

4. Application

Based on the new longitudinal vibration model of BDS, the simulation software is developed
for energy consumption analysis. By simulating analysis, the major factors of energy-consuming
and the strategy of energy-conserving are presented.
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4.1. The preload force

When M, =-1000 N-m, M; = 1000 N-m, M, = 7200 N-m, w;,; = 1 rad/s; w; = 1 rad/s; the
preload force is changed by adjusting the pulley center distance, and the energy consumption as a
percentage of the total energy is calculated. Fig. 18 gives the energy consumption percentage
under different preload forces.

Fig. 18 shows that, the energy consumption is influenced by the preload force. As the preload
force decreases, the energy consumption will increase. Combing with Fig. 16(a), when the preload
force becomes very small, there will be a major fluctuation in equivalent stiffness and a sliding
failure between belt and pulleys, at this point, the BDS is no longer operating and all input energy
of BDS is converted into friction consumption. At the other extreme, when the preload force
becomes very big, the BDS has the low energy consumption but a short lifetime. Therefore, the
dynamic simulation of BDS with the proposed new model is needed to determine the pulley center
distance and proper preload force, which is important significance for energy-saving in oilfield.
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Fig. 18. Energy consumption percentage with the preload force

4.2, The maximum load torque

When M, = —1000 N-m, M; = 1000 N-m, M, = 4200 N-m, F, = 6000 N; w;,s = 1 rad/s;
ws = 1 rad/s; the energy consumption percentage is obtained by changing the parameter M,.
Fig. 19 shows the energy consumption percentage under different the driven-pulley torques.
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Fig. 19. Energy consumption percentage with the driven-pulley maximum torque

Fig. 19 shows that the driven-pulley torque influences on the energy consumption of BDS. The
energy consumption is increasing with the driven-pulley torque increasing. Combing with Fig. 17,
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the greater load torque as well as torque unbalance increases nonlinear vibration of BDS and
reduces the energy consumption. Therefore, based on the new model proposed in this paper, the
dynamic simulation analysis of BDS is useful to understand the influence of sensitive parameters
on system efficiency, optimize the sucker parameters and determine the reasonable driven-pulley
torque.

5. Conclusions

The following conclusions can be summarized from the theoretical formulation and the
numerical studies in this paper:

1) Considering the influence of the driven-pulley angle on the equivalent rotational inertia as
well as the influence of pulley sliding angle on the equivalent stiffness, the equations of the
equivalent rotational inertia and stiffness are derived. With the bidirectional flow of energy and
the variation of the equivalent rotational inertia and stiffness, a new simulation model of nonlinear
longitudinal vibration for BDS is built. In order to analyze major factors of energy consumption,
an equation of the percentage of the energy consumption is obtained.

2) In order to verify the feasibility of the proposed dynamics simulation model, the
measurement experiment of pulley speed is built. It shows that the simulation precision is less
than plus or minus 10 percent, and the simulated and experimental speeds of pulleys have a good
match.

3) There is a jumping phenomenon in the amplitude-frequency curve, which is a major
characteristic of nonlinear vibration. The amplitude-frequency curves are very sensitive to the
system parameters, such as Young’s modulus, the preload force, the rotational inertia and load
torque. When the frequency of rotational inertia as well as frequency of load torque is slowly
increased, there will be more obvious jumping phenomenon under same conditions. In the details,
with increasing Young’s modulus as well as decreasing the preload force, the jumping
phenomenon moves the high frequency region, and the amplitude-frequency curves of the system
move their mutational direction with load torque increasing. In addition, the equivalent stiffness
amplitude is jumping with the frequency of load torque slowly increasing as well as frequency of
rotational inertia increasing, and it is also sensitive to the main parameters, such as the frequency
of rotational inertia, the frequency of load torque, preload force and load torque. With decreasing
preload force as well as increasing load torque, the equivalent stiffness amplitude is increasing.
Therefore, the jumping phenomenon of equivalent stiffness suggests that the jumping
phenomenon of steady-state response of the pulley is influenced by the nonlinear dynamic
stiffness of the belt. Furthermore, with reducing load torque and keeping torque balance, the pulley
angle amplitude is reducing. In a practical application, the energy consumption is increasing with
the load torque increasing, and it is also increasing with the preload force decreasing. Therefore,
the simulation analysis of nonlinear longitudinal vibration of BDS plays an important role in
understanding the effects of the system parameters on the nonlinear steady-state response and
saving energy by parameter optimization in practical application.
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