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Abstract. In this paper, we investigated the nonlinear oscillations, vibrations and chaotic 
dynamics of a simply supported rectangular plate made of functionally graded materials (FGMs) 
through a temperature field subjected to mixed excitations. The rectangular FGM plate system 
described by a coupled of nonlinear differential equations (two degree of freedom) including the 
quadratic and cubic nonlinear terms. The mathematical solutions of the governing equations of 
motion for the FGM plate derived using the perturbation method based on the power series 
expansion up to and including the second order approximation. The numerical simulations 
investigated using Runge-Kutta of fourth order using MATLAB and MAPLE programs. All 
different resonance cases reported and studied numerically. We applied both frequency response 
equations and phase-plane technique and also Lyapunov’s first method near the worst resonance 
cases to analyze the stability of the steady state solution of vibrating system. The effects of the 
different parameters of the rectangular plate system studied numerically. Results compared to 
previously published work. In the future work, we can deal with the same system subjected 
multi-external and tuned and parametric excitation forces. Also, the system can be studied at 
another worst different resonance cases, active and passive controller. 
Keywords: FGM rectangular plate, vibrations, chaotic dynamics, stability, saturation. 

1. Introduction 

The functionally graded materials (FGMs) have received a considerable attention recently as 
one class of inhomogeneous composite materials. Functionally graded materials (FGMs) are 
inhomogeneous composites within which materials properties vary continuously. This is achieved 
by gradually changing the composition of the constituent materials, usually in one direction, to 
obtain smooth variation in material properties [1]. Reddy [2] developed both theoretical and finite 
element formulations for thick FGM plates according to the higher-order shear deformation plates 
theory, and studied the non-linear dynamic response of FGM plates subjected to a sudden applied 
uniform pressure. Yang et al. [3] studied the large amplitude vibration of pre-stressed FGM 
laminated plates that were composed of an FGM layer and two surface-mounted piezoelectric 
actuator layers. Huang and Shen [4] dealt with the nonlinear vibration and dynamic response of 
FGM plates in heat environment. Heat conduction and temperature-dependent material properties 
were both considered. More recently, Yang and his coworkers studied the sensitivity of nonlinear 
vibration and dynamic response of FGM plates to initial geometrical imperfections of arbitrary 
shape [5, 6]. Ye et al. [7] dealt with nonlinear dynamic behavior of a parametrically excited, simply 
supported, symmetric cross-ply laminated rectangular thin plate. The geometric nonlinearity and 
nonlinear damping were included in the governing equations of motion. FGM were initially 
designed as thermal barriers for aerospace structures and fusion reactors. Usually, they are made 
from a mixture of metals and ceramics. Due to their unique advantage of being able to withstand 
sever high-temperature, FGM have found a wide range of applications in many industries, 
especially in space vehicles and aircrafts, where they are often subjected to high levels of thermal 
and dynamic loading, such as large temperature gradients and acoustic pressure, which may result 
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in a complicated nonlinear vibration behavior of the FGM plate structures [8]. Hao et al. [9] 
established the nonlinear governing equations of motion for a simply supported FGM rectangular 
plate subjected to the transversal and in-plane excitations in thermal environment and investigated 
the nonlinear oscillations, bifurcations and chaos of the functionally graded material plate. Zhang 
et al. [10] studied the chaotic vibrations of an orthotropic FGM rectangular plate based on 
third-order shear deformation theory. Zhang et al. [10] investigated the nonlinear vibrations and 
chaotic dynamics of a simply supported orthotropic FGM rectangular plate subjected to the in-lane 
and transverse excitations together with thermal loading. The present study is focused on the case 
of 1:2:4 internal resonance, primary parametric resonance and sub-harmonic resonance of order 
1/2. Yang et al. [11] analyzed the nonlinear dynamic responses of a functionally graded plate with 
a through-width surface crack. Li et al. [12] used the extended Melnikov method to investigate the 
multi-pulse chaotic dynamics of a functionally graded material rectangular plate with one-to-one 
internal resonance. Malekzadeh [13] studied free vibration of functionally graded (FG) 
thin-to-moderately thick annular plates subjected to thermal environment and supported on 
two-parameter elastic foundation. Akbarzadeh et al. [14] investigated the dynamic response of a 
simply supported functionally graded rectangular plate subjected to a lateral thermomechanical 
by using the hybrid Fourier-Laplace transform method. Zhang et al. [15] investigated the nonlinear 
periodic and chaotic motions of a simply supported FGM rectangular plate under both in plane 
and transverse excitations in thermal environment. The present analysis is focused on the case of 
1:2 internal resonance and primary parametric resonance, 1/2 sub-harmonic resonance. Eissa and 
Sayed [16-18], studied the effects of different active controllers on simple and spring pendulum 
at the primary resonance via negative velocity feedback or it’s square or cubic. Hamed et al.  
[19-21] studied USM model subject to multi-external or both multi-external and multi-parametric 
and both multi-external and tuned excitation forces. The model consists of 
multi-degree-of-freedom system consisting of the tool holder and absorbers (tools) simulating 
ultrasonic machining process. The advantages of using multi-tools are to machine different 
materials and different shapes at the same time. This leads to time saving and higher machining 
efficiency. Sayed and Hamed [22] studied the response of a two-degree-of-freedom system with 
quadratic coupling under parametric and harmonic excitations. The method of multiple scale 
perturbation technique is applied to solve the non-linear differential equations and obtain 
approximate solutions up to and including the second-order approximations. Hamed et al [23] 
presented the behavior of the nonlinear string beam coupled system subjected to external, 
parametric and tuned excitations for case 1:1 internal resonance. The stability of the system 
studied using frequency response equations and phase-plane method. It is found from numerical 
simulations that there are obvious jumping phenomena in the frequency response curves. Sayed 
and et al. [24] investigated the non-linear dynamics of a two-degree-of freedom vibration system 
including quadratic and cubic non-linearities subjected to external and parametric excitation  
forces. There exist multi-valued solutions which increase or decrease by the variation of some 
parameters. The numerical simulations show the system exhibits periodic motions and chaotic 
motions. Amer and Sayed [25] studied the response of one-degree-of freedom, non-linear system 
under multi-parametric and external excitation forces simulating the vibration of the cantilever 
beam. The solution of this system up to and including the second order approximation is 
determined applying the multiple time scale perturbation. The steady state solution and its stability 
are determined. Sayed and Kamel [26, 27] investigated the effect of different controllers on the 
vibrating system and the saturation control of a linear absorber to reduce vibrations due to rotor 
blade flapping motion. The stability of the obtained numerical solution is investigated using both 
phase plane methods and frequency response equations. Sayed and Mousa [28] investigated the 
influence of the quadratic and cubic terms on non-linear dynamic characteristics of the angle-ply 
composite laminated rectangular plate with parametric and external excitations. They focused on 
the case of 1:2 internal resonance and sub-harmomic resonance. Sayed and Mousa [29] 
investigated the perturbation method and stability of the composite laminated piezoelectric 
rectangular plate under simultaneous transverse and in-plane excitations. They focused on the case 
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of 1:1:3 internal resonance and primary resonance. The stability of the system and the effects of 
different parameters on system behavior have been studied using frequency response curves. 
Stability is performed of figures by solid and dotted lines. The analytical results given by the 
method of multiple time scale is verified by comparison with results from numerical integration 
of the modal equations. It is quite clear that some of the simultaneous resonance cases are 
undesirable in the design of such system. 

2. Mathematical analysis 

A simply supported FGM rectangular plate subjected to a through-thickness temperature field 
together with tuned, parametric and external excitations is considered in this study. The plate is of 
length ܽ , width ܾ , and thickness ℎ  as shown in Fig. 1. Assume that (ݓ ,ݒ ,ݑ ) represent the 
displacements of an arbitrary point of the FGM rectangular plate in the ݕ ,ݔ, and ݖ directions 
respectively. Along the plate edges ݔ ݔ ,0 = = ܽ, the plate is subjected to an in-plane excitation ݌ = ଴݌ − ݐ ଶߛଵcos݌  where ݌଴ ଵ݌ ,  are the external excitation amplitude in ݕ  direction and a 
transverse excitation ݔ)ܨ, ݐ ଵߛcos)(ݕ + sinߛଷ ݐ ∗ cosߛସ ݐ), where ݔ)ܨ,  are the parametric and (ݕ
tuned excitation amplitudes in ݖ direction. Here ߶௫ and ߶௬ represent the mid-plane rotations of a 
transverse normal about the ݕ and ݔ axes, ߛଵ, ߛଶ, ߛଷ and ߛସ are the excitation frequencies of the 
transverse and in-plane excitations, respectively. According to the Reddy’s third-order shear 
deformation plate theory (TSDT) [30], the displacement field of the plate is assumed as: 

,ݔ)ݑ ,ݕ (ݐ = ,ݔ)଴ݑ ,ݕ (ݐ + ,ݔ)௫߶ݖ ,ݕ (ݐ − ܿଵݖଷ ൬߶௫ + ݔ଴߲ݓ߲ ൰, (1a)ݔ)ݒ, ,ݕ (ݐ = ,ݔ)଴ݒ ,ݕ (ݐ + ,ݔ)௬߶ݖ ,ݕ (ݐ − ܿଵݖଷ ൬߶௬ + ݕ଴߲ݓ߲ ൰, (1b)ݔ)ݓ, ,ݕ (ݐ = ,ݔ)଴ݓ ,ݕ ,(ݐ (1c)

where (ݑ଴, ,଴ݒ  ଴) represent the displacements of a point in middle plane of the FGM rectangularݓ
plate in the ݕ ,ݔ, and ݖ directions respectively. According to the von Karman strain-displacements 
relationship and the Hamilton’s principle, the nonlinear governing equations of motion for the 
FGM rectangular plate are derived as: 

௫ܰ௫,௫ + ௫ܰ௬,௬ = ሷݑ଴ܫ ଴ + ଵܫ) − ܿଵܫଷ)߶ሷ௫ − ܿଵܫଷ ሷݓ߲ ଴߲ݔ , (2a)

௬ܰ௬,௬ + ௫ܰ௬,௬ = ሷ଴ݒ଴ܫ + ଵܫ) − ܿଵܫଷ)߶ሷ௬ − ܿଵܫଷ ሷݓ߲ ଴߲ݕ , (2b)

௬ܰ௬,௬ ݕ଴߲ݓ߲ + ௬ܰ௬ ߲ଶݓ଴߲ݕଶ + ௫ܰ௬,௬ ݔ଴߲ݓ߲ + ௫ܰ௬,௫ ݕ଴߲ݓ߲ + 2 ௫ܰ௬ ߲ଶݓ଴߲ݔ߲ݕ + ௫ܰ௫,௫ ݔ଴߲ݓ߲ + ௫ܰ௫ ߲ଶݓ଴߲ݔଶ        +ܿଵ൫݌௫௫,௫௫ + ௫௬,௫௬݌2 + ௬௬,௬௬൯݌ + ൫ܳ௫,௫ − ܿଶܴ௫,௫൯ + ൫ܳ௬,௬ − ܿଶܴ௬,௬൯ + ܨ − ሶݓߛ ଴       = ሷݓ଴ܫ ଴ + ܿଵܫଷ ൬߲ݑሷ ଴߲ݔ + ݕሷ଴߲ݒ߲ ൰ + (ܿଵܫସ − ܿଵଶܫ଺) ቆ߲߶ሷ௫߲ݔ + ߲߶ሷ௬߲ݕ ቇ − ܿଵଶܫ଺ ቆ߲ଶݓሷ ଴߲ݔଶ + ߲ଶݓሷ ଴߲ݕଶ ቇ, (2c)

௫௫,௫ܯ + ௫௬,௬ܯ − ܿଵ൫݌௫௫,௫ + ௫௬,௬൯݌ − (ܳ௫ − ܿଶܴ௫) = ଵܫ) − ܿଵܫଷ) ݑሷ ଴       +(ܫଶ − 2ܿଵܫସ + ܿଵଶܫ଺) ߶ሷ௫ − (ܿଵܫସ − ܿଵଶܫ଺) ሷݓ߲ ଴߲ݔ , (2d)ܯ௬௬,௬ + ௫௬,௬ܯ − ܿଵ൫݌௬௬,௬ + ௫௬,௫൯݌ − ൫ܳ௬ − ܿଶܴ௬൯ = ଵܫ) − ܿଵܫଷ) ݒሷ଴       +(ܫଶ − 2ܿଵܫସ + ܿଵଶܫ଺) ߶ሷ௬ − (ܿଵܫସ − ܿଵଶܫ଺) ሷݓ߲ ଴߲ݕ . (2e)

The boundary conditions for the simply supported plate under current consideration require at: 
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ݔ = ݔ   ,0 = ݓ   ,ܽ = ߶௬ = ௫௫ܯ = ௫௫݌ = ௫ܰ௬ = 0, (3a)ݕ = ݕ   ,0 = ݓ   ,ܾ = ߶௫ = ௬௬ܯ = ௬௬݌ = ௫ܰ௬ = 0, (3b)

௬ܰ௬|௬ୀ଴,௕ = 0,      න ௫ܰ௫௕
଴ |௫ୀ଴,௔݀ݕ = − න(݌଴ − ௕.ݕ݀(ݐଶߛଵcos݌

଴ (3c)

 
Fig. 1. The model of a rectangular FGM plate and the coordinate system 

Applying the Galerkin procedure yield the dimensionless governing differential equation of 
transverse motion of the FGM rectangular plate with two degrees of freedom as follows: 

The governing differential equation of transverse motion of the FGM rectangular plate with 
two degrees of freedom as follows: ݔሷ + ߱ଵଶݔ = ଶݔଵߚ−)ߝ − ଶݕଶߚ − ଷݔଷߚ − ଶݕݔସߚ − ݐଵߛଵcosߩ)ଶߝ+       (ݕݔହߚ − ݐଶߛcosݔଵଵߩ + ݐଷߛଶଵsinߩ ∗ cosߛସݐ − ሶݔଵߤ ), (4a)ݕሷ + ߱ଶଶݕ = ଶݕଵߟ−)ߝ − ଶݔଶߟ − ଷݕଷߟ − ݕଶݔସߟ − ݐଵߛଶcosߩ)ଶߝ+       (ݕݔହߟ − ݐଶߛcosݕଵଶߩ + ݐଷߛଶଶsinߩ ∗ cosߛସݐ − ሶݕଶߤ ). (4b)

The initial conditions for the simply supported plate are: ݐ)ݔ = 0) = ݐ)ݕ   ,0 = 0) = 0, ሶݔ ݐ) = 0) = 0, ሶݕ ݐ) = 0) = 0, (5)

where ݔ and ݕ are the amplitudes of the FGM rectangular plate for the first and second modes, ߱ଵ 
and ߱ଶ the natural frequencies of the rectangular plate modes, ߤଵ and ߤଶ are the modal damping 
coefficients, and ߛଵ, ߛଶ, ߛଷ and ߛସ are the external and parametric and tuned excitation frequencies 
respectively. ߩଵ, ߩଶ, ߩଵଵ, ߩଵଶ, ߩଶଵ and ߩଶଶ are related to the magnitude of the excitation forces of 
the FGM rectangular plate modes, ߝ  is a small perturbation parameter and 0 < ߝ << 1. We 
introducing three time scales: 

଴ܶ = ଵܶ   ,ݐ = ଶܶ   ,ݐߝ = .ݐଶߝ (6)

We seek an asymptotic solution of Eq. (4) for ݔ and ݕ in the form: (ߝ ,ݐ)ݔ = )ଵ଴ݔ ଴ܶ,  ଵܶ, ଶܶ) + )ଵଵݔߝ ଴ܶ, ଵܶ, ଶܶ) + )ଵଶݔଶߝ ଴ܶ, ଵܶ, ଶܶ) + ,(ଷߝ)ܱ (7a)(ߝ ,ݐ)ݕ = )ଵ଴ݕ ଴ܶ,  ଵܶ, ଶܶ) + )ଵଵݕߝ ଴ܶ, ଵܶ, ଶܶ) + )ଵଶݕଶߝ ଴ܶ, ଵܶ, ଶܶ) + .(ଷߝ)ܱ (7b)

Derivatives with respect to ݐ are then transformed into: ݀݀ݐ = ଴ܦ + ଵܦ ߝ + ଶߝ ଶܦ , (8a)݀ଶ݀ݐଶ = ଴ଶܦ + ଵܦ ଴ܦߝ2 + )ଶߝ ଵଶܦ + .(ଶܦ଴ܦ2 (8b)
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The derivatives ݔሶ ሶݕ  , ሷݔ ,  and ݕሷ  are in the form: ݔሶ   = ଵ଴ݔ଴ܦ + ଵଵݔ଴ܦ)ߝ + (ଵ଴ݔଵܦ + ଵଶݔ଴ܦ)ଶߝ + ଵଵݔଵܦ + ,(ଵ଴ݔଶܦ (9a)ݔሷ = ଵ଴ݔ଴ଶܦ + ଵଵݔ଴ଶܦ)ߝ + (ଵ଴ݔଵܦ଴ܦ2 + ଵଶݔ଴ଶܦ)ଶߝ + ଵଵݔଵܦ଴ܦ2 + ଵ଴ݔଵଶܦ + ሶݕଵ଴), (9b)ݔଶܦ଴ܦ2   = ଵ଴ݕ଴ܦ + ଵଵݕ଴ܦ)ߝ + (ଵ଴ݕଵܦ + ଵଶݕ଴ܦ)ଶߝ + ଵଵݕଵܦ + ,(ଵ଴ݕଶܦ (9c)ݕሷ = ଵ଴ݕ଴ଶܦ + ଵଵݕ଴ଶܦ)ߝ + (ଵ଴ݕଵܦ଴ܦ2 + ଵଶݕ଴ଶܦ)ଶߝ + ଵଵݕଵܦ଴ܦ2 + ଵ଴ݕଵଶܦ + ଵ଴), (9d)ݕଶܦ଴ܦ2

where ܦ௡ = ߲ ߲ ௡ܶ⁄ , ݊ = 0, 1, 2. Terms of ܱ(ߝଷ) and higher orders are neglected. Substituting 
Eqs. (7)-(9) into Eq. (4) we get: ൫ܦ଴ଶݔଵ଴ + ଵଵݔ଴ଶܦ)ߝ + (ଵ଴ݔଵܦ଴ܦ2 + ଵଶݔ଴ଶܦ)ଶߝ + ଵଵݔଵܦ଴ܦ2 + ଵ଴ݔଵଶܦ + ଵ଴ݔ)ଵ଴)൯       +߱ଵଶݔଶܦ଴ܦ2 + ଵଵݔߝ + =       (ଵଶݔଶߝ ߝ ቌ ଵ଴ݔ)ଵߚ− + ଵଵݔߝ + ଵଶ)ଶݔଶߝ − ଵ଴ݕ)ଶߚ + ଵଵݕߝ + ଵ଴ݔ)ଷߚ−ଵଶ)ଶݕଶߝ + ଵଵݔߝ + ଵଶ)ଷݔଶߝ − ଵ଴ݔ)ସߚ + ଵଵݔߝ + ଵ଴ݕ)(ଵଶݔଶߝ + ଵଵݕߝ + ଵ଴ݔ)ହߚ−ଵଶ)ଶݕଶߝ + ଵଵݔߝ + ଵ଴ݕ)(ଵଶݔଶߝ + ଵଵݕߝ + (ଵଶݕଶߝ ቍ 

ଶߝ+       ቆ ݐଵߛଵcosߩ − ଵ଴ݔ)ଵଵߩ + ଵଵݔߝ + ݐଶߛଵଶ)cosݔଶߝ + ଵ଴ݔ଴ܦଵ൫ߤ−ݐସߛcosݐଷߛଶଵsinߩ + ଵଵݔ଴ܦ)ߝ + (ଵ଴ݔଵܦ + ଵଶݔ଴ܦ)ଶߝ + ଵଵݔଵܦ + ,ଵ଴)൯ቇݔଶܦ
(10a)

൫ܦ଴ଶݕଵ଴ + ଵଵݕ଴ଶܦ)ߝ + (ଵ଴ݕଵܦ଴ܦ2 + ଵଶݕ଴ଶܦ)ଶߝ + ଵଵݕଵܦ଴ܦ2 + ଵ଴ݕଵଶܦ + ଵ଴ݕ)ଵ଴)൯       +߱ଶଶݕଶܦ଴ܦ2 + ଵଵݕߝ + =        (ଵଶݕଶߝ ߝ ቌ ଵ଴ݕ)ଵߟ− + ଵଵݕߝ + ଵଶ)ଶݕଶߝ − ଵ଴ݔ)ଶߟ + ଵଵݔߝ + ଵ଴ݕ)ଷߟ−ଵଶ)ଶݔଶߝ + ଵଵݕߝ + ଵଶ)ଷݕଶߝ − ଵ଴ݔ)ସߟ + ଵଵݔߝ + ଵ଴ݕ)ଵଶ)ଶݔଶߝ + ଵଵݕߝ + ଵ଴ݔ)ହߟ−(ଵଶݕଶߝ + ଵଵݔߝ + ଵ଴ݕ)(ଵଶݔଶߝ + ଵଵݕߝ + (ଵଶݕଶߝ ቍ 

ଶߝ+        ቆ ݐଵߛଶcosߩ − ଵ଴ݕ)ଵଶߩ + ଵଵݕߝ + ݐଶߛଵଶ)cosݕଶߝ + ଵ଴ݕ଴ܦଶ൫ߤ−ݐସߛcosݐଷߛଶଶsinߩ + ଵଵݕ଴ܦ)ߝ + (ଵ଴ݕଵܦ + ଵଶݕ଴ܦ)ଶߝ + ଵଵݕଵܦ +  .ଵ଴)൯ቇݕଶܦ
(10b)

We expand the two sides of Eqs. (10) and equating the coefficients of similar powers of ߝ, one 
obtains the following set of ordinary differential equations: 

Order ߝ଴: (ܦ଴ଶ + ߱ଵଶ) ݔଵ଴ = 0, (11a)(ܦ଴ଶ + ߱ଶଶ) ݕଵ଴ = 0. (11b)

Order ߝଵ: (ܦ଴ଶ + ߱ଵଶ) ݔଵଵ = ଵܦ଴ܦ2− ଵ଴ݔ − ଵߚ ଵ଴ଶݔ − ଶߚ ଵ଴ଶݕ − ଵ଴ଷݔ ଷߚ − ସߚ ଵ଴ݔ ଵ଴ଶݕ − ହߚ ଵ଴ݔ ,ଵ଴ݕ (12a)(ܦ଴ଶ + ߱ଶଶ) ݕଵଵ = ଵܦ଴ܦ2− ଵ଴ݕ − ଵߟ ଵ଴ଶݕ − ଶߟ ଵ଴ଶݔ − ଵ଴ଷݕ ଷߟ − ସߟ ଵ଴ଶݔଵ଴ݕ − ହߟ ଵ଴ݕ .ଵ଴ݔ (12b)

Order ߝଶ: (ܦ଴ଶ + ߱ଵଶ) ݔଵଶ = ଴ܦ2− ଶܦ ଵ଴ݔ − ଵ଴ݔଵଶܦ − ଵܦ଴ܦ2 ଵଵݔ − ଵߚ2 ଵ଴ݔ ଵଵݔ − ଶߚ2 ଵ଴ݕ ଵ଴ଶݔ ଷߚଵଵ       −3ݕ ଵଵݔ  − ଵ଴ݔ଴ܦଵߤ − ଵଵݔ)ସߚ ଵ଴ଶݕ + ଵ଴ݔ2 (ଵଵݕ ଵ଴ݕ − ଵ଴ݔ)ହߚ ଵଵݕ + ଵଵݔ  ݐ ଶߛଵ଴ cosݔଵଵߩ−       (ଵ଴ݕ + ଵߛଵcosߩ ݐ + ଷߛଶଵsinߩ ସߛcosݐ ଴ଶܦ)(13a) ,ݐ + ߱ଶଶ) ݕଵଶ = ଴ܦ2− ଶܦ ଵ଴ݕ − ଵ଴ݕଵଶܦ − ଵܦ଴ܦ2 ଵଵݕ − ଵߟ2 ଵ଴ݕ ଵଵݕ − ଶߟ2 ଵ଴ݔ ଵ଴ଶݕ ଷߟଵଵ       −3ݔ ଵଵݕ  − ଵ଴ݕ଴ܦଶߤ − ଵଵݕ)ସߟ ଵ଴ଶݔ + ଵ଴ݕ2 (ଵଵݔ ଵ଴ݔ − ଵଵݔଵ଴ݕ)ହߟ + ଵଵݕ  ݐ ଶߛଵ଴cosݕଵଶߩ−       (ଵ଴ݔ + ଵߛଶcosߩ ݐ + ଷߛଶଶsinߩ ସߛcosݐ (13b) .ݐ

The general solutions of Eq. (11), can be written in the form: ݔଵ଴ = ଵexp(݅߱ଵܣ ଴ܶ) + ଵexp(−݅߱ଵܣ̅ ଴ܶ), (14a)ݕଵ଴ = ଶ exp(݅߱ଶܣ ଴ܶ) + ଶܣ̅ exp(−݅߱ଶ ଴ܶ), (14b)
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where ܣଵ and ܣଶ are a complex function in ଵܶ, ଶܶ. Substituting Eq. (14) into Eq. (12) we get: (ܦ଴ଶ + ߱ଵଶ) ݔଵଵ = ଵܦ଴ܦ2−) ଵܣ − ସߚ2 ଶܣଶ̅ܣଵܣ − (ଵܣଵଶ̅ܣଷߚ3 exp(݅߱ଵ ଴ܶ)       +(−2ܦ଴ܦଵ ̅ܣଵ − ସߚ2 ଶܣଶܣଵ̅ܣ̅ − (ଵܣଵଶܣଷ̅ߚ3 exp(−݅߱ଵ ଴ܶ) − ଵଶܣଵߚ exp(2݅߱ଵ ଴ܶ)       −ߚଵ̅ܣଵଶ exp(−2݅߱ଵ ଴ܶ) − ଶଶܣଶߚ exp(2݅߱ଶ ଴ܶ) − ଶଶܣଶ̅ߚ exp(−2݅߱ଶ ଴ܶ)       −ߚଷܣଵଷexp(3݅߱ଵ ଴ܶ) − ଵଷexp(−3݅߱ଵܣଷ̅ߚ ଴ܶ) − ଶexp(݅(߱ଵܣଵܣହߚ + ߱ଶ) ଴ܶ)        −ߚହ̅ܣଵ̅ܣଶ exp(−݅(߱ଵ + ߱ଶ) ଴ܶ) − ଶܣଵ̅ܣହߚ exp(݅(߱ଵ − ߱ଶ) ଴ܶ)       −ߚହ̅ܣଵܣଶ exp(−݅(߱ଵ − ߱ଶ) ଴ܶ) − ଶଶܣଵܣସߚ exp(݅(߱ଵ + 2߱ଶ) ଴ܶ) ଶଶܣଵ̅ܣସ̅ߚ−         exp(−݅(߱ଵ + 2߱ଶ) ଴ܶ) − ଶଶܣଵ̅ܣସߚ exp(݅(߱ଵ − 2߱ଶ) ଴ܶ)       −ߚସ̅ܣଵܣଶଶexp(−݅(߱ଵ − 2߱ଶ) ଴ܶ) − ଵܣଵ̅ܣଵߚ2 − ,ଶܣଶ̅ܣଶߚ2
(15a)

଴ଶܦ) + ߱ଶଶ) ݕଵଵ = ଶܣ ଵܦ଴ܦ2−) − ଶܣଵܣଵ̅ܣ ସߟ2 − ଶ)exp(݅߱ଶܣଶଶ̅ܣଷߟ3 ଴ܶ)       +(−2ܦ଴ܦଵ ̅ܣଶ − ଶܣଵ̅ܣଵܣ̅ ସߟ2 − ଶଶ)exp(−݅߱ଶܣଶ̅ܣଷߟ3 ଴ܶ) − ଵଶexp(2݅߱ଵܣଶߟ ଴ܶ)       −ߟଵ̅ܣଵଶexp(−2݅߱ଵ ଴ܶ) − ଶଶexp(2݅߱ଶܣଵߟ ଴ܶ) − ଶଶexp(−2݅߱ଶܣଵ̅ߟ ଴ܶ)       −ߟଷܣଶଷexp(3݅߱ଶ ଴ܶ) − ଶଷexp(−3݅߱ଶܣଷ̅ߟ ଴ܶ) − ଶexp(݅(߱ଶܣଵܣହߟ + ߱ଵ) ଴ܶ)        −ߟହ̅ܣଵ̅ܣଶexp(−݅(߱ଶ + ߱ଵ) ଴ܶ) − ଵexp(݅(߱ଶܣଶ̅ܣହߟ − ߱ଵ) ଴ܶ)        −ߟହ̅ܣଶܣଵexp(−݅(߱ଶ − ߱ଵ) ଴ܶ) − ଵଶexp(݅(߱ଶܣଶܣସߟ + 2߱ଵ) ଴ܶ)        −ߟସ̅ܣଶ̅ܣଵଶexp(−݅(߱ଶ + 2߱ଵ) ଴ܶ) − ଵଶexp(݅(߱ଶܣଶ̅ܣସߟ − 2߱ଵ) ଴ܶ)       −ߟସ̅ܣଶܣଵଶexp(−݅(߱ଶ − 2߱ଵ) ଴ܶ) − ଶܣଶ̅ܣଵߟ2 −  .ଵܣଵ̅ܣଶߟ2
(15b)

Eliminating the secular terms ݁(±௜ఠభ బ்)  and ݁(±௜ఠమ బ்)  from Eqs. (15), then the first-order 
approximations are given by: ݔଵଵ = ଵexp(2݅߱ଵܭ ଴ܶ) + ଶexp(2݅߱ଶܭ ଴ܶ) + ଷexp(3݅߱ଵܭ ଴ܶ) + ସexpሾ(݅(߱ଵܭ + ߱ଶ) ଴ܶ)ሿ       +ܭହexpሾ(݅(߱ଵ − ߱ଶ) ଴ܶ)ሿ + ଺expሾ(݅(߱ଵܭ + 2߱ଶ) ଴ܶ)ሿ + ଻expሾ(݅(߱ଵܭ − 2߱ଶ) ଴ܶ)ሿ       +଼ܭ + ܿܿ, (16a)ݕଵଵ = ଵexp(2݅߱ଵܩ ଴ܶ) + ଶexp(2݅߱ଶܩ ଴ܶ) + ଷexp(3݅߱ଶܩ ଴ܶ) + ସexpሾ(݅(߱ଶܩ + ߱ଵ) ଴ܶ)ሿ       +ܩହexpሾ(݅(߱ଶ − ߱ଵ) ଴ܶ)ሿ + ଺expሾ(݅(߱ଶܩ + 2߱ଵ) ଴ܶ)ሿ + ଻expሾ(݅(߱ଶܩ − 2߱ଵ) ଴ܶ)ሿ       +଼ܩ  + ܿܿ, (16b)

where ܭ௜, (݅ = 1,..., 8) and ܩ௜, (݅ = 1,..., 8) are a complex function in ଵܶ, ଶܶ which are given in the 
appendix and ܿܿ stands for the complex conjugate of the preceding terms.  

With the same steps used to get the first-order approximation, substituting Eqs. (14), (16) into 
Eq. (13) and eliminating the secular terms, then the second-order approximations are given by:  ݔଵଶ(  ଴ܶ ,  ଵܶ ,  ଶܶ) = ଵexp(߱ଶܧ   ଴ܶ) + ଶexp(2݅߱ଵܧ ଴ܶ) + ଷexp(2݅߱ଶܧ ଴ܶ)       +ܧସexp (3݅߱ଵ  ଴ܶ) + ହexp(3݅߱ଶܧ ଴ܶ) +  ଺exp(4݅߱ଵܧ ଴ܶ) + ଻exp(4݅߱ଶܧ ଴ܶ)       +଼ܧexp (5݅߱ଵ  ଴ܶ) + ଽexp(݅(߱ଵܧ + ߱ଶ)  ଴ܶ) + ଵ଴exp (݅(߱ଵܧ − ߱ଶ)  ଴ܶ)       +ܧଵଵexp(݅(߱ଵ + 2߱ଶ)  ଴ܶ) + ଵଶexp(݅(߱ଵܧ − 2߱ଶ)  ଴ܶ) + ଵଷexp(݅(߱ଵܧ + 3߱ଶ)  ଴ܶ)       +ܧଵସexp(݅(߱ଵ − 3߱ଶ)  ଴ܶ) + ଵହexp(݅(߱ଵܧ + 4߱ଶ)  ଴ܶ) + ଵ଺exp(݅(߱ଵܧ − 4߱ଶ)  ଴ܶ)       +ܧଵ଻exp(݅(2߱ଵ + ߱ଶ)  ଴ܶ) + ଵ଼exp(݅(2߱ଵܧ − ߱ଶ)  ଴ܶ) + ଵଽexp(݅(2߱ଵܧ + 2߱ଶ)  ଴ܶ)       +ܧଶ଴exp(݅(2߱ଵ − 2߱ଶ)  ଴ܶ) + ଶଵexp(݅(3߱ଵܧ + ߱ଶ)  ଴ܶ) + ଶଶexp(݅(3߱ଵܧ − ߱ଶ)  ଴ܶ)       +ܧଶଷexp(݅(3߱ଵ + 2߱ଶ)  ଴ܶ) + ଶସexp(݅(3߱ଵܧ − 2߱ଶ)  ଴ܶ) + ଶߛ)݅)ଶହexpܧ + ߱ଵ)  ଴ܶ)       +ܧଶ଺exp(݅(ߛଶ − ߱ଵ) ଴ܶ) + ଵߛ݅)ଶ଻expܧ ଴ܶ) + ଷߛ)݅)ଶ଼expܧ + (ସߛ ଴ܶ)       +ܧଶଽexp(݅(ߛଷ − (ସߛ ଴ܶ) + ଷ଴ܧ + ܿܿ,

(17a)
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 )ଵଶݕ  ଴ܶ ,  ଵܶ ,  ଶܶ) = ଵexp(߱ଵܪ   ଴ܶ) +  ଶexp(2݅߱ଵܪ ଴ܶ) + ଷexp(2݅߱ଶܪ ଴ܶ)       +ܪସexp(3݅߱ଵ  ଴ܶ) + ହexp(3݅߱ଶܪ ଴ܶ) + ଺expܪ (4݅߱ଵ  ଴ܶ) + ଻exp(4݅߱ଶܪ ଴ܶ)       +଼ܪexp(5݅߱ଶ ଴ܶ) + ଽexp(݅(߱ଵܪ + ߱ଶ)  ଴ܶ) + ଵ଴exp (݅(߱ଵܪ − ߱ଶ)  ଴ܶ)       +ܪଵଵexp(݅(߱ଵ + 2߱ଶ)  ଴ܶ) + ଵଶexp(݅(߱ଵܪ − 2߱ଶ)  ଴ܶ) + ଵଷexp(݅(߱ଵܪ + 3߱ଶ)  ଴ܶ)       +ܪଵସexp(݅(߱ଵ − 3߱ଶ)  ଴ܶ) + ଵହexp(݅(4߱ଵܪ + ߱ଶ)  ଴ܶ) + ଵ଺exp(݅(4߱ଵܪ − ߱ଶ)  ଴ܶ)       +ܪଵ଻exp(݅(2߱ଵ + ߱ଶ)  ଴ܶ) + ଵ଼exp(݅(2߱ଵܪ − ߱ଶ)  ଴ܶ) + ଵଽexp(݅(2߱ଵܪ + 2߱ଶ)  ଴ܶ)       +ܪଶ଴exp(݅(2߱ଵ − 2߱ଶ)  ଴ܶ) + ଶଵexp(݅(3߱ଵܪ + ߱ଶ)  ଴ܶ) + ଶଶexp(݅(3߱ଵܪ − ߱ଶ)  ଴ܶ)       +ܪଶଷexp(݅(2߱ଵ + 3߱ଶ)  ଴ܶ) + ଶସexp(݅(2߱ଵܪ − 3߱ଶ)  ଴ܶ) + ଶߛ)݅)ଶହexpܪ + ߱ଶ)  ଴ܶ)       +ܪଶ଺exp(݅(ߛଶ − ߱ଶ) ଴ܶ) + ଵߛ݅)ଶ଻expܪ ଴ܶ) + ଷߛ)݅)ଶ଼expܪ + (ସߛ ଴ܶ)       +ܪଶଽexp(݅(ߛଷ − (ସߛ ଴ܶ) + ଷ଴ܪ + ܿܿ, 
(17b)

where ܧ௝, (݆ = 1,..., 30) and ܪ௝, (݆ = 1,..., 30) are complex functions in ଵܶ, ଶܶ and ܿܿ represents 
the complex conjugates. 

From the above-derived solutions, many resonance cases can be deduced. The reported 
resonance cases are classified into: 

a) Primary resonance: ߛଵ ≅ ߱ଵ,  ߛଵ ≅ ߱ଶ. 
b) Sub-Harmonic resonance: ߛଶ ≅ 2߱ଵ, ߛଶ ≅ 2߱ଶ. 
c) Internal or secondary resonance: ߱ଶ ≅ ߱ଵ,  ߱ଶ ≅ 2߱ଵ,  ߱ଶ ≅ 3߱ଵ,  ߱ଶ ≅ 4߱ଵ,  ߱ଶ ≅ 1 2⁄ ߱ଵ, ߱ଶ ≅ 1 3⁄ ߱ଵ, ߱ଶ ≅ 1 4⁄ ߱ଵ and ߱ଶ ≅ 2 3⁄ ߱ଵ, ߱ଶ ≅ 3 2⁄ ߱ଵ. 
d) Combined resonance: ±ߛଷ ± ସߛ ≅ ±߱ଵ, ±ߛଷ ± ସߛ ≅ ±߱ଶ. 
e) Simultaneous or incident resonance: Any combination of the above resonance cases is 

considered as simultaneous or incident resonance. 

3. Stability of motion 

Here, to investigate the stability the simultaneous primary  ߛଵ ≅ ߱ଵ, combined  ߛଷ − ସߛ ≅ ߱ଵ 
and internal resonance ߱ଶ ≅ 1 2⁄ ߱ଵ are considered. We introduce detuning parameters ߪଵ, ߪଶ 
and ߪଷ such that: ߛଵ = ߱ଵ + ଷߛ   ,ଵߪߝ − ସߛ = ߱ଵ + ߝ ,ଶߪ 2߱ଶ = ߱ଵ + .ଷߪߝ (18)

This case represents the system worst case. Substituting Eq. (18) into Eqs. (12) and Eq. (13) 
and eliminating the secular terms, leads to the solvability conditions for the first and second order 
approximation, we get: 

2݅߱ଵ ݐଵ݀ܣ݀ = ଶܣଶ̅ܣଵܣସ߱ଵߚ 2−)ߝ − ଵܣଵଶ̅ܣଷߚ3 − ଶଶܣଶߚ exp(݅ߪଷ ଵܶ))       +ߝଶ(−ܦଵଶܣଵ − ݅ ߱ଵߤଵܣଵ  + Γଵܣଵଷ̅ܣଵଶ + Γଶܣଵଶ̅ܣଵܣଶ̅ܣଶ + Γଷܣଵଶ̅ܣଵ + Γସܣଵܣଶଶ̅ܣଶଶ       +Γହܣଵܣଶ̅ܣଶ + (Γ଺ܣଵ̅ܣଵܣଶଶ + Γ଻ܣଶଷ̅ܣଶ) exp(݅ߪଷ ଵܶ) + (Γ଼ (ଶଶܣଵଶ̅ܣ exp(−݅ߪଷ ଵܶ)         +(Γଽ̅ܣଵܣଶସ)exp(2݅ߪଷ ଵܶ) + ଵ2ߩ exp(݅ߪଵ ଵܶ) − ଶଵ4ߩ݅ exp(݅ߪଶ ଵܶ)൰, (19a)

2݅߱ଶ ݐଶ݀ܣ݀ =  ଵܣଵ̅ܣଶܣସߟ 2−)ߝ −  ଶܣଶଶ̅ܣଷߟ3 − ଵܣଶܣହ̅ߟ exp(−݅ߪଷ ଵܶ))       +ߝଶ(−ܦଵଶܣଶ − ݅߱ଶߤଶܣଶ  + Γଵ଴ܣଶଷ̅ܣଶଶ + Γଵଵܣଶଶ̅ܣଶܣଵ̅ܣଵ + Γଵଵܣଶଶ̅ܣଶ + Γଵଶܣଶܣଵଶ̅ܣଵଶ       +Γଵଷܣଶܣଵ̅ܣଵ + (Γଵସ̅ܣଵܣଶଷ)exp(݅ߪଷ ଵܶ) + (Γଵହܣଵଶ̅ܣଶଷ)exp(−2݅ߪଷ ଵܶ) + (Γଵ଺ܣଵܣଶ̅ܣଶଶ       +Γଵ଻ܣଵଶ̅ܣଵ̅ܣଶ)exp(−݅ߪଷ ଵܶ)), (19b)

where Γ௠, (݉ = 1,..., 17) are constants. 
To analyze the solutions of Eqs. (19), we express ܣଵ( ଵܶ,  ଶܶ) and ܣଶ( ଵܶ,  ଶܶ) in the polar form: ܣଵ( ଵܶ,  ଶܶ) = ܽଵ2  ݁௜ఝభ,   ܣଶ( ଵܶ, ଶܶ) = ܽଶ2 ݁௜ఝమ, (20)
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where ܽଵ, ܽଶ and ߮ଵ, ߮ଶ are the steady state amplitudes and phases of the motion. Substituting 
Eqs. (20) into Eq. (19) and equating the real and imaginary parts we obtain the following equations 
describing the modulation of the amplitudes and phases of the first and second modes of FGM 
rectangular plate response: ሶܽ ଵ = − ଵ2ߤ ܽଵ + ଵ2߱ଵߩ sinߠଵ − ଶଵ4߱ଵߩ cosߠଶ − Γଶଷ߱ଵ ܽଵଶܽଶଶsinߠଷ + Γଶସ߱ଵ ܽଵܽଶସsin2ߠଷ       + Γଶହ߱ଵ ܽଶଶsinߠଷ + Γଶ଺߱ଵ ܽଶସsinߠଷ + Γଶ଻߱ଵ ܽଵଶܽଶଶsinߠଷ, (21a)

ܽଵ ሶ߮ ଵ = − Γଵ଼߱ଵ ܽଵଷ − Γଵଽ߱ଵ ܽଵହ − Γଶ଴߱ଵ ܽଵܽଶଶ − Γଶଵ߱ଵ ܽଵܽଶସ − Γଶଶ߱ଵ ܽଵଷܽଶଶ − ଵ2߱ଵߩ  cosߠଵ  − ଶଵ4߱ଵߩ sinߠଶ       − Γଶଷ߱ଵ ܽଵଶܽଶଶcosߠଷ − Γଶସ߱ଵ ܽଵܽଶସcos2ߠଷ − Γଶହ߱ଵ ܽଶଶcosߠଷ − Γଶ଺߱ଵ ܽଶସcosߠଷ − Γଶ଻߱ଵ ܽଵଶܽଶଶcosߠଷ, (21b)

ሶܽ ଶ = − ଶ2ߤ ܽଶ − Γଷଷ߱ଶ ܽଵܽଶsinߠଷ − Γଷସ߱ଶ ܽଵܽଶଷsinߠଷ − Γଷହ߱ଶ ܽଵଷܽଶsinߠଷ − Γଷ଺߱ଶ ܽଵܽଶଷsinߠଷ       + Γଷ଻߱ଶ ܽଵܽଶଷsinߠଷ − Γଷ଼߱ଶ ܽଵଶܽଶଷsin2ߠଷ, (22a)

ܽଶ ሶ߮ ଶ = − Γଶ଼߱ଶ ܽଶଷ − Γଶଽ߱ଶ ܽଶହ − Γଷ଴߱ଶ ܽଵଶܽଶ − Γଷଵ߱ଶ ܽଵସܽଶ − Γଷଶ߱ଶ ܽଵଶܽଶଷ − Γଷଷ߱ଶ ܽଵܽଶcosߠଷ       − Γଷସ߱ଶ ܽଵܽଶଷcosߠଷ − Γଷହ߱ଶ ܽଵଷܽଶcosߠଷ − Γଷ଺߱ଶ ܽଵܽଶଷcosߠଷ − Γଷ଻߱ଶ ܽଵܽଶଷcosߠଷ       − Γଷ଼߱ଶ ܽଵଶܽଶଷcos2ߠଷ, (22b)

where  Γ௥ ݎ)  = 18,..., 38)  are constants, ߠଵ =  ଵߪ ଵܶ − ߮ଵ, ଶߠ  =  ଶߪ ଵܶ − ߮ଵ  and  ߠଷ =  ଷߪ ଵܶ − ߮ଵ + 2߮ଶ. Steady-state solutions of the system correspond to the fixed points of 
Eqs. (21)-(22), which in turn correspond to: 

ሶ߮ ଵ = ଵ,   ሶ߮ߪ ଶ = ଵߪ) − ଷ)2ߪ . (23)

Hence, the fixed points of Eqs. (21)-(22) are given by: 

− ଵ2ߤ ܽଵ + ଵ2߱ଵߩ  sinߠଵ − ଶଵ4߱ଵߩ cosߠଶ − Γଶଷ߱ଵ ܽଵଶܽଶଶsinߠଷ + Γଶସ߱ଵ ܽଵܽଶସsin2ߠଷ + Γଶହ߱ଵ ܽଶଶsinߠଷ       + Γଶ଺߱ଵ ܽଶସsinߠଷ + Γଶ଻߱ଵ ܽଵଶܽଶଶsinߠଷ = 0, (24a)

ܽଵߪଵ + Γଵ଼߱ଵ ܽଵଷ + Γଵଽ߱ଵ ܽଵହ + Γଶ଴߱ଵ ܽଵܽଶଶ + Γଶଵ߱ଵ ܽଵܽଶସ + Γଶଶ߱ଵ ܽଵଷܽଶଶ + ଵ2߱ଵߩ  cosߠଵ  + ଶଵ4߱ଵߩ sinߠଶ       + Γଶଷ߱ଵ ܽଵଶܽଶଶcosߠଷ  + Γଶସ߱ଵ ܽଵܽଶସcos2ߠଷ + Γଶହ߱ଵ ܽଶଶcosߠଷ + Γଶ଺߱ଵ ܽଶସcosߠଷ       + Γଶ଻߱ଵ ܽଵଶܽଶଶcosߠଷ = 0, (24b)

− ଶ2ߞ ܽଶ  − Γଷଷ߱ଶ ܽଵܽଶsinߠଷ − Γଷସ߱ଶ ܽଵܽଶଷsinߠଷ − Γଷହ߱ଶ ܽଵଷܽଶsinߠଷ − Γଷ଺߱ଶ ܽଵܽଶଷsinߠଷ       + Γଷ଻߱ଶ ܽଵܽଶଷsinߠଷ − Γଷ଼߱ଶ ܽଵଶܽଶଷsin2ߠଷ = 0, (25a)
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ܽଶ ଵߪ) − ଷ)2ߪ + Γଶ଼߱ଶ ܽଶଷ + Γଶଽ߱ଶ ܽଶହ + Γଷ଴߱ଶ ܽଵଶܽଶ + Γଷଵ߱ଶ ܽଵସܽଶ + Γଷଶ߱ଶ ܽଵଶܽଶଷ + Γଷଷ߱ଶ ܽଵܽଶcosߠଷ       + Γଷସ߱ଶ ܽଵܽଶଷcosߠଷ + Γଷହ߱ଶ ܽଵଷܽଶcosߠଷ + Γଷ଺߱ଶ ܽଵܽଶଷcosߠଷ + Γଷ଻߱ଶ ܽଵܽଶଷcosߠଷ       + Γଷ଼߱ଶ ܽଵଶܽଶଷcos2ߠଷ = 0. (25b)

Solving the resulting algebraic equations for the fixed points for practical case ܽଵ ≠ 0, ܽଶ ≠ 0 
we obtained: 

(ܽଵଶ)ߪଵଶ + ቆ2Γଶଶܽଵସܽଶଶ߱ଵ + 2Γଶଵܽଵଶܽଶସ߱ଵ + 2Γଶ଴ܽଵଶܽଶଶ߱ଵ + 2Γଵଽܽଵ଺߱ଵ + 2Γଵ଼ܽଵସ߱ଵ ቇ +       ଵߪ ቆߤଵଶܽଵଶ4 + Γଵଶ଼ ܽଵ଺ଵ߱ଶ + ଵଽଶ߁ ܽଵଵ଴
ଵ߱ଶ + ଶ଴ଶ߁ ܽଵଶܽଶସଵ߱ଶ + ଶଵଶ߁ ܽଵଶܽଶ଼ଵ߱ଶ + ଶଶଶ߁ ܽଵ଺ܽଶସଵ߱ଶ − ଶଷଶ߁ ܽଵସܽଶସଵ߱ଶ − ଶସଶ߁ ܽଵଶܽଶ଼ଵ߱ଶ        − ଶହଶ߁ ܽଶସଵ߱ଶ − ଶ଺ଶ߁ ܽଶ଼ଵ߱ଶ − ଶ଻ଶ߁ ܽଵସܽଶ଼ଵ߱ଶ + ଵଽܽଵ଼ଵ߱ଶ߁ଵ଼߁2 + ଶ଴ܽଵସܽଶଶଵ߱ଶ߁ଵ଼߁2 + ଶଵܽଵସܽଶସଵ߱ଶ߁ଵ଼߁2        + ଶଶܽଵ଺ܽଶଶଵ߱ଶ߁ଵ଼߁2 + ଶ଴ܽଵ଺ܽଶଶଵ߱ଶ߁ଵଽ߁2 + ଶଵܽଵ଺ܽଶସଵ߱ଶ߁ଵଽ߁2 + ଶଶܽଵ଼ܽଶଶଵ߱ଶ߁ଵଽ߁2 + +ଶଵܽଵଶܽଶ଺ଵ߱ଶ߁ଶ଴߁2 ଶଶܽଵସܽଶସଵ߱ଶ߁ଶ଴߁2 + ଶଶܽଵସܽଶ଺ଵ߱ଶ߁ଶଵ߁2 − ଶସܽଵଷܽଶ଺ଵ߱ଶ߁ଶଷ߁2 − ଶହܽଵଶܽଶସଵ߱ଶ߁ଶଷ߁2 − ଶ଺ܽଵଶܽଶ଺ଵ߱ଶ߁ଶଷ߁2        − ଶ଻ܽଵସܽଶସଵ߱ଶ߁ଶଷ߁2 − ଶହܽଵܽଶ଺ଵ߱ଶ߁ଶସ߁2 − ଶ଺ܽଵܽଶ଼ଵ߱ଶ߁ଶସ߁2 − ଶ଻ܽଵଷܽଶ଺ଵ߱ଶ߁ଶସ߁2 − ଶ଺ܽଶ଺ଵ߱ଶ߁ଶହ߁2        − ଶ଻ܽଵଶܽଶସଵ߱ଶ߁ଶହ߁2 − ଶ଻ܽଵଶܽଶ଺ଵ߱ଶ߁ଶ଺߁2 − ଵଶ4ߩ ଵ߱ଶ − ଶଵଶ16ߩ ଵ߱ଶ − ଶଷܽଵଶܽଶଶଵ߱ଶ߁ଵߩ − ଶସܽଵܽଶସଵ߱ଶ߁ଵߩ        − ଶହܽଶଶଵ߱ଶ߁ଵߩ − ଶ଺ܽଶସଵ߱ଶ߁ଵߩ − ଶ଻ܽଵଶܽଶଶଵ߱ଶ߁ଵߩ ቇ = 0, 

(26a)

ቆܽଶଶ4 ቇ ଷଶߪ + ቆ− ܽଶଶߪଵ2 − ଶ଼ܽଶସ߱ଶ߁ − ଶଽܽଶ଺߱ଶ߁ − ଷ଴ܽଵଶܽଶଶ߱ଶ߁ − ଷଵܽଵସܽଶଶ߱ଶ߁ − ଷଶܽଵଶܽଶସ߱ଶ߁ ቇ +       ଷߪ ቆߤଶଶܽଶଶ4 + ଵଶܽଶଶ4ߪ + ଶଶ଼߁ ܽଶ଺߱ଶଶ + ଶଽଶ߁ ܽଶଵ଴߱ଶଶ + ଷ଴ଶ߁ ܽଵସܽଶଶ߱ଶଶ + ଷଵଶ߁ ܽଵ଼ܽଶଶ߱ଶଶ + ଷଶଶ߁ ܽଵସܽଶ଺߱ଶଶ − ଷଷଶ߁ ܽଵଶܽଶଶ߱ଶଶ        − ଷସଶ߁ ܽଵଶܽଶ଺߱ଶଶ − ଷହଶ߁ ܽଵ଺ܽଶଶ߱ଶଶ − ଷ଺ଶ߁ ܽଵଶܽଶ଺߱ଶଶ − ଷ଻ଶ߁ ܽଵଶܽଶ଺߱ଶଶ − ଷଶ଼߁ ܽଵସܽଶ଺߱ଶଶ + ଵܽଶସ߱ଶߪଶ଼߁ + ଵܽଶ଺߱ଶߪଶଽ߁        + ଵܽଵଶܽଶଶ߱ଶߪଷ଴߁ + ଵܽଵସܽଶଶ߱ଶߪଷଵ߁ + ଵܽଵଶܽଶସ߱ଶߪଷଶ߁ + ଶଽܽଶ଼߱ଶଶ߁ଶ଼߁2 + ଷ଴ܽଵଶܽଶ଼߱ଶଶ߁ଶ଼߁2 + ଷଵܽଵସܽଶସ߱ଶଶ߁ଶ଼߁2        + ଷଶܽଵଶܽଶ଺߱ଶଶ߁ଶ଼߁2 + ଷ଴ܽଵଶܽଶ଺߱ଶଶ߁ଶଽ߁2 + ଷଵܽଵସܽଶ଺߱ଶଶ߁ଶଽ߁2 + ଷଶܽଵଶܽଶ଼߱ଶଶ߁ଶଽ߁2 + ଷଵܽଵ଺ܽଶଶ߱ଶଶ߁ଷ଴߁2        + ଷଶܽଵସܽଶସ߱ଶଶ߁ଷ଴߁2 + ଷଶܽଵ଺ܽଶସ߱ଶଶ߁ଷଵ߁2 − ଷସܽଵଶܽଶସ߱ଶଶ߁ଷଷ߁2 − ଷହܽଵସܽଶଶ߱ଶଶ߁ଷଷ߁2 − ଷ଺ܽଵଶܽଶସ߱ଶଶ߁ଷଷ߁2        − ଷ଻ܽଵଶܽଶସ߱ଶଶ߁ଷଷ߁2 − ଷ଼ܽଵଷܽଶସ߱ଶଶ߁ଷଷ߁2 − ଷହܽଵସܽଶସ߱ଶଶ߁ଷସ߁2 − ଷ଺ܽଵଶܽଶ଺߱ଶଶ߁ଷସ߁2 − ଷ଻ܽଵଶܽଶ଺߱ଶଶ߁ଷସ߁2        − ଷ଼ܽଵଷܽଶ଺߱ଶଶ߁ଷସ߁2 − ଷ଺ܽଵସܽଶସ߱ଶଶ߁ଷହ߁2 − ଷ଻ܽଵସܽଶସ߱ଶଶ߁ଷହ߁2 − ଷ଼ܽଵଷܽଶ଺߱ଶଶ߁ଷହ߁2 − ଷ଻ܽଵଶܽଶ଺߱ଶଶ߁ଷ଺߁2        − ଷ଼ܽଵଷܽଶ଺߱ଶଶ߁ଷ଺߁2 − ଷ଼ܽଵଷܽଶ଺߱ଶଶ߁ଷ଻߁2 ቇ = 0. 

(26b)

In the frequency response curves, the stable (unstable) steady-state solutions have been 
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represented by solid (dashed) lines. 

3.1. Stability of non-linear solution 

To determine the stability of the fixed points, one lets: ܽଵ =  ܽଵ଴+ ܽଵଵ,   ܽଶ = ܽଶ଴+ ܽଶଵ, ௌߠ = ௌ଴ߠ + ௌଵߠ ܽ݊݀ ଷߠ = ଷ଴ߠ + ,ଷଵߠ ݏ = 1, 2, (27)

where ܽଵ଴, ܽଶ଴, ߠௌ଴ and  ߠଷ଴ are the solutions of Eqs. (24)-(25) and where ܽଵଵ, ܽଶଵ, ߠௌଵ and  ߠଷଵ 
are perturbations which are assumed to be small compared to where ܽଵ଴ , ܽଶ଴ ௌ଴ߠ ,  and  ߠଷ଴ . 
Substituting Eq. (27) into Eqs. (21)-(22), using Eqs. (24)-(25) and keeping only the linear terms 
in where ܽଵଵ, ܽଶଵ, ߠௌଵ and  ߠଷଵ we obtain: 

ܽଵଵᇱ = ൬− ଵ2ߤ − ଶଷ߱ଵ߁2 ܽଵ଴ܽଶ଴ଶ sinߠଷ଴ + Γଶସ߱ଵ ܽଶ଴ସ sin2ߠଷ଴ + ଶ଻߱ଵ߁2 ܽଵ଴ܽଶ଴ଶ sinߠଷ଴൰ ܽଵଵ       +( ଵ2߱ଵߩ cosߠௌ଴ + ଶଵ4߱ଵߩ sinߠௌ଴)ߠௌଵ + ൬− ଶଷ߱ଵ߁2 ܽଵ଴ଶ ܽଶ଴sinߠଷ଴ + ଶସ߱ଵ߁4 ܽଵ଴ܽଶ଴ଷ sin2ߠଷ଴       + ଶହ߱ଵ߁2 ܽଶ଴sinߠଷ଴ + ଶ଺߱ଵ߁4 ܽଶ଴ଷ sinߠଷ଴ + ଶ଻߱ଵ߁2 ܽଵ଴ଶ ܽଶ଴sinߠଷ଴൰ ܽଶଵ       + ൬− ଶଷ߱ଵ߁2 ܽଵ଴ଶ ܽଶ଴ଶ cosߠଷ଴ + ଶସ߱ଵ߁2 ܽଵ଴ܽଶ଴ସ cos2ߠଷ଴ + ଶହ߱ଵ߁ ܽଶ଴ଶ cosߠଷ଴ + ଶ଺߱ଵ߁ ܽଶ଴ସ cosߠଷ଴       + ଶ଻߱ଵ߁ ܽଵ଴ଶ ܽଶ଴ଶ cosߠଷ଴൰ ,ଷଵߠ
(28a)

ௌଵᇱߠ = ൬ ଵ଴ߪܽ + ଵ଼߱ଵ߁3 ܽଵ଴ + ଵଽ߱ଵ߁5 ܽଵ଴ଷ + ଶ଴ܽଵ଴߱ଵ߁ ܽଶ଴ଶ + ଶଵܽଵ଴߱ଵ߁ ܽଶ଴ସ + ଶଶ߱ଵ߁3 ܽଵ଴ܽଶ଴ଶ        + ଶଷ߱ଵ߁2 ܽଶ଴ଶ cosߠଷ଴ + ଶସܽଵ଴߱ଵ߁ ܽଶ଴ସ cos2ߠଷ଴ + ଶ଻߱ଵ߁2 ܽଶ଴ଶ cosߠଷ଴൰  ܽଵଵ + ൬ ଶଵ4߱ଵܽଵ଴ߩ cosߠௌ଴       − ଵ2߱ଵܽଵ଴ߩ sinߠௌ଴൰ ௌଵߠ + ൬2߁ଶ଴߱ଵ ܽଶ଴ + ଶଵ߱ଵ߁4 ܽଶ଴ଷ + ଶଶ߱ଵ߁2 ܽଵ଴ଶ ܽଶ଴ + ଶଷ߱ଵ߁2 ܽଵ଴ܽଶ଴cosߠଷ଴       + ଶସ߱ଵ߁4 ܽଶ଴ଷ cos2ߠଷ଴ + ଶହܽଵ଴߱ଵ߁2 ܽଶ଴cosߠଷ଴ + ଶ଺ܽଵ଴߱ଵ߁4 ܽଶ଴ଷ cosߠଷ଴ + ଶ଻߱ଵ߁2 ܽଵ଴ܽଶ଴cosߠଷ଴൰ ܽଶଵ       − ൬߁ଶଷ߱ଵ ܽଵ଴ܽଶ଴ଶ sinߠଷ଴ + ଶସ߱ଵ߁ ܽଶ଴ସ sin2ߠଷ଴ + ଶହܽଵ଴߱ଵ߁ ܽଶ଴ଶ sinߠଷ଴ + ଶ଺ܽଵ଴߱ଵ߁ ܽଶ଴ସ sinߠଷ଴       + ଶ଻߱ଵ߁ ܽଵ଴ܽଶ଴ଶ sinߠଷ଴൰  ,ଷଵߠ
(28b)

ܽଶଵᇱ = ൬− ଷଷ߱ଶ߁ ܽଶ଴sinߠଷ଴ − ଷସ߱ଶ߁ ܽଶ଴ଷ sinߠଷ଴ − ଷହ߱ଶ߁2 ܽଶ଴ܽଵ଴ଶ sinߠଷ଴ − ଷ଺߱ଶ߁ ܽଶ଴ଷ sinߠଷ଴       + ଷ଻߱ଶ߁ ܽଶ଴ଷ sinߠଷ଴ − ଷ଼߱ଶ߁2 ܽଵ଴ܽଶ଴ଷ sin2ߠଷ଴൰ ܽଵଵ − ൬ߤଶ2 + ଷଷ߱ଶ߁ ܽଵ଴sinߠଷ଴       + ଷସ߱ଶ߁3 ܽଵ଴ܽଶ଴ଶ sinߠଷ଴ + ଷହ߱ଶ߁ ܽଵ଴ଷ sinߠଷ଴ + ଷ଺߱ଶ߁3 ܽଵ଴ܽଶ଴ଶ sinߠଷ଴ + ଷ଻߱ଶ߁3 ܽଵ଴ܽଶ଴ଶ sinߠଷ଴       + ଷ଼߱ଶ߁3 ܽଵ଴ଶ ܽଶ଴ଶ sin2ߠଷ଴൰ ܽଶଵ − ൬߁ଷଷ߱ଶ ܽଵ଴ܽଶ଴cosߠଷ଴ + ଷସ߱ଶ߁ ܽଵ଴ܽଶ଴ଷ cosߠଷ଴       + ଷହ߱ଶ߁ ܽଵ଴ଷ ܽଶ଴cosߠଷ଴ + ଷ଺߱ଶ߁ ܽଵ଴ܽଶ଴ଷ cosߠଷ଴ + ଷ଻߱ଶ߁ ܽଵ଴ܽଶ଴ଷ cosߠଷ଴       + ଷ଼߱ଶ߁ ܽଵ଴ଶ ܽଶ଴ଷ cos2ߠଷ଴൰ ,ଷଵߠ
(29a)
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ଷଵᇱߠ = − ൬4߁ଷ଴߱ଶ ܽଵ଴ + ଷଵ߱ଵ߁8 ܽଵ଴ଷ + ଷଶ߱ଶ߁4 ܽଵ଴ܽଶ଴ଶ + ଷଷ߱ଶ߁2 cosߠଷ଴ + ଷସ߱ଶ߁2 ܽଶ଴ଶ cosߠଷ଴       + ଷହ߱ଶ߁6 ܽଵ଴ଶ cosߠଷ଴ + ଷ଺߱ଶ߁2 ܽଶ଴ଶ cosߠଷ଴ + ଷ଻߱ଶ߁2 ܽଶ଴ଶ cosߠଷ଴ + ଷ଼߱ଶ߁4 ܽଵ଴ܽଶ଴ଶ cosߠଷ଴൰ ܽଵଵ       − ൬ߪ − ଷܽଶ଴ߪ + ଶ଼߱ଶ߁6 ܽଶ଴ + ଶଽ߱ଶ߁10 ܽଶ଴ଷ + ଷ଴ܽଶ଴߱ଶ߁2 ܽଵ଴ଶ + ଷଶ߱ଶ߁6 ܽଵ଴ଶ ܽଶ଴ + ଷଷܽଶ଴߱ଶ߁2 ܽଵ଴cosߠଷ଴       + ଷସ߱ଶ߁6 ܽଵ଴ܽଶ଴cosߠଷ଴ + ଷହܽଶ଴߱ଶ߁2 ܽଵ଴ଷ cosߠଷ଴ + ଷ଺߱ଶ߁6 ܽଵ଴ܽଶ଴cosߠଷ଴ + ଷ଻߱ଶ߁6 ܽଵ଴ܽଶ଴cosߠଷ଴       + ଷ଼߱ଶ߁6 ܽଵ଴ଶ ܽଶ଴cos2ߠଷ଴൰ ܽଶଵ + ൬2߁ଷଷ߱ଶ ܽଵ଴sinߠଷ଴ + ଷସ߱ଶ߁2 ܽଵ଴ܽଶ଴ଶ sin2ߠଷ଴       + ଷହ߱ଶ߁2 ܽଵ଴ଷ sinߠଷ଴ + ଷ଺߱ଶ߁2 ܽଵ଴ܽଶ଴ଶ sinߠଷ଴ + ଷ଻߱ଶ߁2 ܽଵ଴ܽଶ଴ଶ sinߠଷ଴       + ଷ଼߱ଶ߁4 ܽଵ଴ଶ ܽଶ଴ଶ sin2ߠଷ଴൰  .ଷଵߠ

(29b)

To study the stability of the fixed points corresponding to the practical case, we let ܽଵଵ ≠ ௌଵߠ ,0 ≠ 0, ܽଶଵ ≠ 0 and ߠଷଵ ≠ 0 in Eqs. (28)-(29), and obtain the eigenvalues from the Jacobian 
matrix of the right hand sides. The zeros of the characteristic equation are given by: ߣସ + ଷߣଵܮ + ଶߣଶܮ + ߣଷܮ + ସܮ = 0, (30)

where, ܮଵ, ܮଶ, ܮଷ and ܮସ are functions of the parameters (ܽଵ, ܽଶ, ߱ଵ, ߱ଶ, ߤଵ, ߤଶ, ߚଵ, ߚଶ, ߚଷ, ߚସ, ߚହ, ߟଵ, ߟଶ, ߟଷ, ߟସ, ߟହ, ߩଵ, ߩଶ, ߩଵଵ, ߩଵଶ, ߩଶଵ, ߩଶଶ, ߠ௦, ߠଷ, ߪ ,ߪଷ). According to the Routh-Hurwitz 
criterion the necessary and sufficient conditions for all the roots of Eq. (30) to posses negative real 
parts, such that: ܮଵ ൐ ଶܮଵܮ   ,0 − ଷܮ ൐ 0, ଶܮଵܮ)ଷܮ − (ଷܮ − ସܮଵଶܮ ൐ 0, ସܮ ൐ 0. (31)

4. Numerical results 

 
Fig. 2. Non-resonance system behavior (basic case) 

To determine the numerical solution and response of the given system of Eq. (4), the 
Runge-Kutta of fourth order method was applied. Fig. 2 illustrates the response and the 
phase-plane for the non-resonant system (basic case) where  ߛଵ ≠ ଶߛ ≠ ଷߛ ≠ ସߛ ≠ ߱ଵ ≠ ߱ଶ  at 
some practical values of the equation parameters ߤଵ = ଵߚ ,0.02 = ଶߚ ,0.03 = ଷߚ ,0.3 = 0.2,  
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ସߚ = ହߚ ,0.05 = ଶߤ ,0.3 = ଵߟ ,0.02 = ଶߟ ,0.3 = ଷߟ ,0.03 = ସߟ ,0.5 = ହߟ ,0.03 = ଵߩ ,0.3 = ଶߩ ,8.6 = 8.6 ଵଵߩ , = ଵଶߩ ,0.02 = ଶଵߩ ,0.02 = ଶଶߩ ,0.005 = ଵߟ ,0.005 = 0.3 ଶߟ  , = ଷߟ ,0.03 = ସߟ ,0.5 = ହߟ ,0.03 = ଵߩ ,0.3 = ଶߩ ,8.6 = ଵଵߩ ,8.6 = ଵଶߩ ,0.02 = ଶଵߩ ,0.02 = ଶଶߩ ,0.005 = 0.005. It is 
observed from this figure that the response of the first and second modes of the FGM rectangular 
plate start with increasing amplitude with some chaotic and tuned oscillation respectively, the 
oscillation of the two modes becomes stable and the steady state amplitudes ݔ and ݕ are about 
0.35 and 0.4 respectively and the phase plane shows limit cycle, denoting that the system is free 
from chaos. Table 1 shows the results of the worst resonance conditions. 

Fig. 3 shows that the time response and phase-plane of the simultaneous primary, combined 
and internal resonance (ߛଵ ≅ ߱ଵ ଷߛ  , − ସߛ ≅ ߱ଵ  and ߱ଶ ≅ 1 2⁄ ߱ଵ) which is one of the worst 
resonance cases. From this figure we have that the amplitude of the first mode of the FGM 
rectangular plate is increased to about 1950 % of that values shown in Fig. 2, while the amplitude 
of the second mode is increased to about 1150 % and becomes stable and the phase plane shows 
multi-limit cycle. 

 

 
Fig. 3. Simultaneous primary combined and internal resonance case:  ߤଵ = ଵߚ ,0.02 = ଶߚ ,0.03 = ଷߚ ,0.3 = ସߚ ,0.2 = ହߚ ,0.05 = ଶߤ ,0.3 = ଵߟ ,0.02 = ଶߟ ,0.3 = ଷߟ  ,0.03 = ସߟ ,0.5 = ହߟ ,0.03 = ଵߩ ,0.3 = ଶߩ ,8.6 = ଵଵߩ ,8.6 = ଵଶߩ ,0.02 = ଶଵߩ ,0.02 = ଶଶߩ  ,0.005 = ଵߛ ) 0.005 ≅ ߱ଵ,  ߛଷ − ସߛ ≅ ߱ଵ and ߱ଶ ≅ 1 2⁄ ߱ଵ) 

Table 1. Summary of the worst resonance cases 
Resonance cases ݕ % ݔ % Remarks 
Non-resonance case 100 % 100 % Limit cycle ߛଵ ≅ ߱ଵ, ଵߛ ≅ ߱ଶ, ߱ଶ ≅ ߱ଵ 1450 % 1000 % Multi Limit cycle ߛଵ ≅ ߱ଵ, ଶߛ ≅ 2߱ଶ, ߱ଶ ≅ ߱ଵ 1450 % 900 % Multi Limit cycle ߛଵ ≅ ߱ଵ, ߛଷ − ସߛ ≅ ߱ଶ, ߱ଶ ≅ ߱ଵ 1450 % 1000 % Multi Limit cycle ߛଵ ≅ ߱ଶ, ߛଶ ≅ 2߱ଵ, ߱ଶ ≅ ߱ଵ 1450 % 900 % Multi Limit cycle ߛଵ ≅ ߱ଶ, ߛଷ − ସߛ ≅ ߱ଵ, ߱ଶ ≅ ߱ଵ 1450 % 1000 % Multi Limit cycle ߛଵ ≅ ߱ଵ, ߛଵ ≅ ߱ଶ, ଷߛ − ସߛ ≅ ߱ଵ 1450 % 1000 % Multi Limit cycle ߛଵ ≅ ߱ଵ, ߛଶ ≅ 2߱ଶ, ߛଷ − ସߛ ≅ ߱ଵ 1400 % 900 % Multi Limit cycle ߛଵ ≅ ߱ଶ, ߛଶ ≅ 2߱ଵ, ߛଷ − ସߛ ≅ ߱ଵ 1450 % 800 % Multi Limit cycle ߛଵ ≅ ߱ଵ, ߛଷ − ସߛ ≅ ߱ଵ, ߱ଶ ≅ 1 2⁄ ߱ଵ 1950 % 1150 % Multi Limit cycle ߛଵ ≅ ߱ଵ, ߛଷ − ସߛ ≅ ߱ଵ, ߱ଶ ≅ 1 3⁄ ߱ଵ 1900 % 1100 % Multi Limit cycle ߛଵ ≅ ߱ଵ, ߛଷ − ସߛ ≅ ߱ଵ, ߱ଶ ≅ 1 4⁄ ߱ଵ 1900 % 1100 % Multi Limit cycle 

 

4.1. Response curves and effects of different parameters 

In this section, the steady state response of the given system at various parameters near the 
simultaneous primary, combined and internal resonance case is investigated and studied. The 
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frequency response equations given by Eq. (26) are solved numerically at the same values of the 
parameters shown in Fig. 3. In all figures, the solid lines stand for the stable solution and the 
dashed lines for the unstable solution.  

 
a) Effects of the detuning parameter ߪଵ  

 
b) Effects of the damping coefficient ߤଵ 

 
c) Effect of the natural frequencies ߱ଵ, ߱ଶ 

 
d) Effects of the non-linear parameter ߚଵ 

 
e) Effects of the non-linear parameter ߚଶ 

 
f) Effects of the non-linear parameter ߚଷ 

 
g) Effects of the non-linear parameter ߚସ 

 
h) Effects of the non-linear parameter ߚହ 

 
i) Effects of the excitation amplitude ߩଵ 

 
j) Effects of the excitation amplitude ߩଶଵ 

Fig. 4. The steady state amplitudes of the first mode of the FGM rectangular plate 

Fig. 4(a) shows the steady state amplitudes of the first mode of the FGM rectangular plate 
against the detuning parameter ߪଵ at the practical case, where ܽଵ ≠ 0, ܽଶ  ≠ 0. Fig. 4(b) shows 
that the steady state amplitude of the first mode of the FGM rectangular plate is a monotonic 
decreasing function in the linear damping coefficients ߤଵ. Fig. 4(c) show that the steady state 
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amplitude of the first mode is a monotonic decreasing function in the natural frequencies ߱ଵ and ߱ଶ, in this Figure, the response curve is bent to the right and has harding spring type and there 
exists jump phenomena. Figs. 4(d), (e) shows that the steady state amplitude of the first mode is a 
monotonic decreasing function in nonlinear parameter ߚଵ, ߚଶ and the response curves are bent to 
the left leading to the occurrence of the jump phenomena and multi-valued amplitudes. The steady 
state amplitude of the first mode is a monotonic increasing function in the nonlinear parameter ߚଷ, ߚସ and the excitation amplitudes ߩଵ as shown in Figs. 4(f), (g), (i). For increasing value of the 
nonlinear parameter ߚହ, the amplitude of the first mode is decreased and the curve is shifted to the 
left as shown in Fig. 4(h). The effect of increasing or decreasing the excitation amplitudes ߩଶଵ on 
the steady state amplitude of the FGM is trivial due to saturation occurrence as shown in Fig. 4(j). 

 
a) Effects of the detuning parameter ߪଷ 

 
b) Effects of the damping coefficient ߤଶ 

 
c) Effect of the natural frequencies ߱ଵ, ߱ଶ 

 
d) Effects of the non-linear parameter ߟଵ 

   
e) Effects of the non-linear parameter ߟଶ 

 
f) Effects of the non-linear parameter ߟଷ 

 
g) Effects of the non-linear parameter ߟସ 

 
h) Effects of the non-linear parameter ߟହ 

Fig. 5. The steady state amplitudes of the second mode of the FGM rectangular plate 

Fig. 5(a) shows the steady state amplitudes of the second mode of the FGM rectangular plate 
against the detuning parameter ߪଷ at the practical case, where ܽଵ ≠ 0, ܽଶ ≠ 0. In this Figure, the 
response amplitude consists of a continuous curve which is bent to the right and there exists jump 
phenomena. Fig. 5(b) shows that the effect of increasing or decreasing the linear damping 
coefficients ߤଶ  on the steady state amplitude of the second mode of FGM is trivial due to 
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saturation occurrence. Figs. 5(c), (d), (f), (g) show that the steady state amplitude of the second 
mode is a monotonic decreasing function in nonlinear parameter ߟଵ ଷߟ , ସߟ ,  and the natural 
frequencies ߱ଵ, ߱ଶ and the response curves are bent to the right leading to the occurrence of the 
jump phenomena and multi-valued amplitudes. For increasing value of the nonlinear parameter ߟଶ, the amplitude of the second mode is shifted to the right as shown in Fig. 5(e). The steady state 
amplitude of the first mode is a monotonic increasing function in the nonlinear parameter ߟହ, as 
shown in Fig. 5(h). 

4.2. Comparison between the numerical and analytical simulation 

 
a) 

 
b) 

Fig. 6. Comparison between numerical solution (using RKM) and analytical solution  
(using perturbation method) of the system at ߩଵ = ଶߩ ,8.6 = 8.6 

 
a) 

 
b) 

Fig. 7. Comparison between numerical solution (using RKM) and analytical solution  
(using perturbation method) of the system at ߩଵ = ଶߩ ,1.6 = 1.6 

In this section, the system of nonlinear differential equations given by Eqs. (21) and (22) are 
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solved numerically at the simultaneous primary, combined and internal resonance case where ߛଵ ≅ ߱ଵ,  ߛଷ − ସߛ ≅ ߱ଵ and ߱ଶ ≅ 1 2⁄ ߱ଵ. Figs. 6 and 7 show the comparison between numerical 
integration for the system Eqs. 4(a), (b) and the amplitude-phase modulating Eqs. (21) and (22) at 
different values of excitation force amplitudes ߩଵ  and ߩଶ . We found that all predictions from 
analytical solutions are in good agreement with the numerical simulation. 

5. Conclusions 

Multiple time scale perturbation method is useful to determine approximate solutions for the 
coupled nonlinear differential equations describing the FGM rectangular plate system up to and 
including the second order approximation. Both the frequency response equations and the 
phase-plane technique are applied to study the stability of the system. The effect of the different 
parameters of the system is studied numerically. From the above study the following may be 
concluded: 

1) The amplitude of the first mode FGM rectangular plate is increased to about 0.35, while the 
amplitude of the second mode is increased to about 0.4 at the non-resonant case  
ଵߛ) ≠ ଶߛ ≠ ଷߛ ≠ ସߛ ≠ ߱ଵ ≠ ߱ଶ). 

2) The amplitude of the first mode FGM rectangular plate is increased to about 1950 % of that 
values shown in Fig. 2, while the amplitude of the second mode is increased to about 1150 % at 
the worst resonance case (the simultaneous primary, combined and internal resonance  ߛଵ ≅ ߱ଵ, ߛଷ − ସߛ ≅ ߱ଵ and ߱ଶ ≅ 1 2⁄ ߱ଵ). 

3) The amplitude of the first and second mode FGM rectangular plate are increased to about 
1900 % and 1100 % respectively at the worst resonance case ( ଵߛ ≅ ߱ଵ ଷߛ , − ସߛ ≅ ߱ଵ  and  ߱ଶ ≅ 1 3⁄ ߱ଵ) and (ߛଵ ≅ ߱ଵ, ߛଷ − ସߛ ≅ ߱ଵ and ߱ଶ ≅ 1 4⁄ ߱ଵ). 

4) The steady state amplitudes of the FGM rectangular plate are a monotonic decreasing 
function the linear damping coefficients ߤଵ, the nonlinear parameters (ߚଵ, ߚଶ, ߚହ, ߟଵ, ߟଷ, ߟସ) and 
the natural frequencies ߱ଵ and ߱ଶ. 

5) The steady state amplitudes of FGM rectangular plate are a monotonic increasing function 
in the nonlinear parameters (ߚଷ, ߚସ, ߟହ) and the excitation amplitude  ߩଵ. 

6) The effects of increasing or decreasing the linear damping coefficients ߤଶ and the excitation 
amplitude ߩଶଵ on the steady state amplitude of the FGM are trivial due to saturation occurrence. 

7) The analytical solutions are in good agreement with the numerical simulation at different 
values of excitation amplitude forces ߩଵ and ߩଶ. 
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Appendix 

ଵܭ = ଵଶ3ܣଵߚ ଵ߱ଶ ଶܭ   , = )ଶଶܣଶߚ ଵ߱ଶ − 4߱ଶଶ), ଷܭ = ଵଷ8ܣଷߚ ଵ߱ଶ , ସܭ = )ଶܣଵܣହߚ ଵ߱ଶ − (߱ଵ + ߱ଶ)ଶ),ܭହ =  
)ଶܣଵ̅ܣହߚ ଵ߱ଶ − (߱ଵ − ߱ଶ)ଶ), ଺ܭ = )ଶଶܣଵܣସߚ ଵ߱ଶ − (߱ଵ + 2߱ଶ)ଶ), ଻ܭ = )ଶଶܣଵ̅ܣସߚ ଵ߱ଶ − (߱ଵ − 2߱ଶ)ଶ), ଼ܭ = − ଵଵ߱ଶܣଵ̅ܣଵߚ − ଶଵ߱ଶܣଶ̅ܣଶߚ , ଵܩ = ଵଶ(߱ଶଶܣଶߟ − 4 ଵ߱ଶ), ଶܩ  = ଶଶ3߱ଶଶܣଵߟ , ଷܩ = ଶଷ8߱ଶଶܣଷߟ ସܩ , = ଶ(߱ଶଶܣଵܣହߟ − (߱ଶ + ߱ଵ)ଶ), ହܩ = ଵ(߱ଶଶܣଶ̅ܣହߟ − (߱ଶ − ߱ଵ)ଶ), ଺ܩ = ଵଶ(߱ଶଶܣଶܣସߟ − (߱ଶ + 2߱ଵ)ଶ), ܩ଻ = ଵଶ(߱ଶଶܣଶ̅ܣସߟ − (߱ଶ − 2߱ଵ)ଶ), ଼ܩ =   − ଶ߱ଶଶܣଶ̅ܣଵߟ − ଵ߱ଶଶܣଵ̅ܣଶߟ . 

 

 

Y. S. Hamed received his B.Sc. degree in Mathematics from Menofia University, Egypt, 
in 1998. He then received his M.Sc. and Ph.D. degrees from Menofia University, in 2005 
and 2009, respectively. Dr. Y. S. Hamed is currently an Assistant Professor of Pure 
Mathematics at the Department of Physics and Engineering Mathematics, Faculty of 
Electronic Engineering Menofia University, Egypt. Dr. Y. S. Hamed research interests 
include Differential Equations, Numerical Analysis, Dynamical Systems and Vibration 
Control. 

 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /CMYK
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages true
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth 8
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [4000 4000]
  /PageSize [612.000 792.000]
>> setpagedevice


