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Abstract. In this paper, we investigated the nonlinear oscillations, vibrations and chaotic
dynamics of a simply supported rectangular plate made of functionally graded materials (FGMs)
through a temperature field subjected to mixed excitations. The rectangular FGM plate system
described by a coupled of nonlinear differential equations (two degree of freedom) including the
quadratic and cubic nonlinear terms. The mathematical solutions of the governing equations of
motion for the FGM plate derived using the perturbation method based on the power series
expansion up to and including the second order approximation. The numerical simulations
investigated using Runge-Kutta of fourth order using MATLAB and MAPLE programs. All
different resonance cases reported and studied numerically. We applied both frequency response
equations and phase-plane technique and also Lyapunov’s first method near the worst resonance
cases to analyze the stability of the steady state solution of vibrating system. The effects of the
different parameters of the rectangular plate system studied numerically. Results compared to
previously published work. In the future work, we can deal with the same system subjected
multi-external and tuned and parametric excitation forces. Also, the system can be studied at
another worst different resonance cases, active and passive controller.
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1. Introduction

The functionally graded materials (FGMs) have received a considerable attention recently as
one class of inhomogeneous composite materials. Functionally graded materials (FGMs) are
inhomogeneous composites within which materials properties vary continuously. This is achieved
by gradually changing the composition of the constituent materials, usually in one direction, to
obtain smooth variation in material properties [1]. Reddy [2] developed both theoretical and finite
element formulations for thick FGM plates according to the higher-order shear deformation plates
theory, and studied the non-linear dynamic response of FGM plates subjected to a sudden applied
uniform pressure. Yang et al. [3] studied the large amplitude vibration of pre-stressed FGM
laminated plates that were composed of an FGM layer and two surface-mounted piezoelectric
actuator layers. Huang and Shen [4] dealt with the nonlinear vibration and dynamic response of
FGM plates in heat environment. Heat conduction and temperature-dependent material properties
were both considered. More recently, Yang and his coworkers studied the sensitivity of nonlinear
vibration and dynamic response of FGM plates to initial geometrical imperfections of arbitrary
shape [5, 6]. Ye et al. [7] dealt with nonlinear dynamic behavior of a parametrically excited, simply
supported, symmetric cross-ply laminated rectangular thin plate. The geometric nonlinearity and
nonlinear damping were included in the governing equations of motion. FGM were initially
designed as thermal barriers for aerospace structures and fusion reactors. Usually, they are made
from a mixture of metals and ceramics. Due to their unique advantage of being able to withstand
sever high-temperature, FGM have found a wide range of applications in many industries,
especially in space vehicles and aircrafts, where they are often subjected to high levels of thermal
and dynamic loading, such as large temperature gradients and acoustic pressure, which may result
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in a complicated nonlinear vibration behavior of the FGM plate structures [8]. Hao et al. [9]
established the nonlinear governing equations of motion for a simply supported FGM rectangular
plate subjected to the transversal and in-plane excitations in thermal environment and investigated
the nonlinear oscillations, bifurcations and chaos of the functionally graded material plate. Zhang
etal. [10] studied the chaotic vibrations of an orthotropic FGM rectangular plate based on
third-order shear deformation theory. Zhang et al. [10] investigated the nonlinear vibrations and
chaotic dynamics of a simply supported orthotropic FGM rectangular plate subjected to the in-lane
and transverse excitations together with thermal loading. The present study is focused on the case
of 1:2:4 internal resonance, primary parametric resonance and sub-harmonic resonance of order
1/2. Yang et al. [11] analyzed the nonlinear dynamic responses of a functionally graded plate with
a through-width surface crack. Li et al. [12] used the extended Melnikov method to investigate the
multi-pulse chaotic dynamics of a functionally graded material rectangular plate with one-to-one
internal resonance. Malekzadeh [13] studied free vibration of functionally graded (FG)
thin-to-moderately thick annular plates subjected to thermal environment and supported on
two-parameter elastic foundation. Akbarzadeh et al. [14] investigated the dynamic response of a
simply supported functionally graded rectangular plate subjected to a lateral thermomechanical
by using the hybrid Fourier-Laplace transform method. Zhang et al. [ 15] investigated the nonlinear
periodic and chaotic motions of a simply supported FGM rectangular plate under both in plane
and transverse excitations in thermal environment. The present analysis is focused on the case of
1:2 internal resonance and primary parametric resonance, 1/2 sub-harmonic resonance. Eissa and
Sayed [16-18], studied the effects of different active controllers on simple and spring pendulum
at the primary resonance via negative velocity feedback or it’s square or cubic. Hamed et al.
[19-21] studied USM model subject to multi-external or both multi-external and multi-parametric
and both multi-external and tuned excitation forces. The model consists of
multi-degree-of-freedom system consisting of the tool holder and absorbers (tools) simulating
ultrasonic machining process. The advantages of using multi-tools are to machine different
materials and different shapes at the same time. This leads to time saving and higher machining
efficiency. Sayed and Hamed [22] studied the response of a two-degree-of-freedom system with
quadratic coupling under parametric and harmonic excitations. The method of multiple scale
perturbation technique is applied to solve the non-linear differential equations and obtain
approximate solutions up to and including the second-order approximations. Hamed et al [23]
presented the behavior of the nonlinear string beam coupled system subjected to external,
parametric and tuned excitations for case 1:1 internal resonance. The stability of the system
studied using frequency response equations and phase-plane method. It is found from numerical
simulations that there are obvious jumping phenomena in the frequency response curves. Sayed
and et al. [24] investigated the non-linear dynamics of a two-degree-of freedom vibration system
including quadratic and cubic non-linearities subjected to external and parametric excitation
forces. There exist multi-valued solutions which increase or decrease by the variation of some
parameters. The numerical simulations show the system exhibits periodic motions and chaotic
motions. Amer and Sayed [25] studied the response of one-degree-of freedom, non-linear system
under multi-parametric and external excitation forces simulating the vibration of the cantilever
beam. The solution of this system up to and including the second order approximation is
determined applying the multiple time scale perturbation. The steady state solution and its stability
are determined. Sayed and Kamel [26, 27] investigated the effect of different controllers on the
vibrating system and the saturation control of a linear absorber to reduce vibrations due to rotor
blade flapping motion. The stability of the obtained numerical solution is investigated using both
phase plane methods and frequency response equations. Sayed and Mousa [28] investigated the
influence of the quadratic and cubic terms on non-linear dynamic characteristics of the angle-ply
composite laminated rectangular plate with parametric and external excitations. They focused on
the case of 1:2 internal resonance and sub-harmomic resonance. Sayed and Mousa [29]
investigated the perturbation method and stability of the composite laminated piezoelectric
rectangular plate under simultaneous transverse and in-plane excitations. They focused on the case

© JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. NOV 2014, VOLUME 16, IsSUE 7. ISSN 1392-8716 3219



1413. NONLINEAR OSCILLATIONS AND CHAOTIC DYNAMICS OF A SUPPORTED FGM RECTANGULAR PLATE SYSTEM UNDER MIXED EXCITATIONS.
YASSER S. HAMED

of 1:1:3 internal resonance and primary resonance. The stability of the system and the effects of
different parameters on system behavior have been studied using frequency response curves.
Stability is performed of figures by solid and dotted lines. The analytical results given by the
method of multiple time scale is verified by comparison with results from numerical integration
of the modal equations. It is quite clear that some of the simultaneous resonance cases are
undesirable in the design of such system.

2. Mathematical analysis

A simply supported FGM rectangular plate subjected to a through-thickness temperature field
together with tuned, parametric and external excitations is considered in this study. The plate is of
length a, width b, and thickness h as shown in Fig. 1. Assume that (u, v, w) represent the
displacements of an arbitrary point of the FGM rectangular plate in the x, y, and z directions
respectively. Along the plate edges x = 0, x = a, the plate is subjected to an in-plane excitation
P = po — p1COSy, t where py, p; are the external excitation amplitude in y direction and a
transverse excitation F(x, y)(cosy; t + siny; t * cosy, t), where F(x,y) are the parametric and
tuned excitation amplitudes in z direction. Here ¢, and ¢,, represent the mid-plane rotations of a
transverse normal about the y and x axes, y;, ¥, Y3 and y, are the excitation frequencies of the
transverse and in-plane excitations, respectively. According to the Reddy’s third-order shear
deformation plate theory (TSDT) [30], the displacement field of the plate is assumed as:

0
u(,7,0) = w0, 6) + 2600, 0) — 67 + 520), (1a)
a
v@y.6) = vo(x.y,0) + 2, (e 3, 0) — iz (8 + 50, (1b)
w(x,y,t) = wy(x,y,t), (lc)

where (ug, Vg, Wy) represent the displacements of a point in middle plane of the FGM rectangular
plate in the x, y, and z directions respectively. According to the von Karman strain-displacements
relationship and the Hamilton’s principle, the nonlinear governing equations of motion for the
FGM rectangular plate are derived as:

. " ow,
Nyxx + ny,y = lpilg + (I; — c113)py — c115 a—xo, (2a)
aw,
Nyyy + Nyyy = IoVo + (I — 6113)¢y 1l —— 3y’ (2b)
ow, 0%wq ow, ow, 0%wy, ow, 0%wy,
Nyy,yW+Nyy 3y + Nyyy —=— 7% + Nyyx—>— 3y +2ny0 % + Nyxx =— Ep x5
+Cl (pxx,xx + pry Xy + pyy yy) + (Qx,x —C xx) + (Q“y,y C2 y,y) +F - VWO (20)
. dily 07, ¢, 99 62151'/0 0%,
= Iogwo + 113 ( ax + E) + (c11y = cf1g) ( =+ ayy —cils Ox2 + ay2 )’
Mxx,x + Mxy,y - Cl(pxx,x + pxy,y) —(Qx — ) = (11 - 0113) ilg
. aw (2d)
+(y = 2¢114 + ¢tlg) Py — (c114 — cf Is)a—xo
Myyy + Myy,y — Cl(pyy.y + pxy,x) - (Qy —C y) = —al3) v
W (2e)

. %
+(Iy = 2¢114 + ctlg) py — (c1ls — C1216)a_o

The boundary conditions for the simply supported plate under current consideration require at:
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x=0, x=a, w—d)y:Mxx:pxx—ny 0, (3a)

y=0, y=b, w=¢, =M pyy Nyy =0, (3b)
b

Nyy|y=0,b =0, fox |x=0,ady = - J-(Po - P1C05Vzt)d)/- (3¢)
0 0

RARESE

Fix y) cos pf +sin pl cos;lq

P=py -

Fig. 1. The model of a rectangular FGM plate and the coordinate system

Applying the Galerkin procedure yield the dimensionless governing differential equation of
transverse motion of the FGM rectangular plate with two degrees of freedom as follows:

The governing differential equation of transverse motion of the FGM rectangular plate with
two degrees of freedom as follows:

X+ wix = e(=f1x% = By% — Bsx® — Baxy? — Bsxy) (4a)
+£2(p,cosy; t — P11 XCOSY,t + PaiSinyst * COSYat — pyX),
J+ wiy = e(=my? —1,x? = n3y° —nax?y —nsxy) (4b)

+&2(pzcoSy1t — P12YCOSY,t + Paasinyst * cosyst — [y Y).
The initial conditions for the simply supported plate are:
x(t=0)=0, yt=0)=0, x(t=0)=0, y(t=0)=0, %)

where x and y are the amplitudes of the FGM rectangular plate for the first and second modes, w;
and w, the natural frequencies of the rectangular plate modes, p; and y, are the modal damping
coefficients, and y;, y,, Y3 and y, are the external and parametric and tuned excitation frequencies
respectively. p1, p2, P11, P12, P21 and p,, are related to the magnitude of the excitation forces of
the FGM rectangular plate modes, € is a small perturbation parameter and 0 < ¢ << 1. We
introducing three time scales:

TO =, Tl = &t, TZ = gzt. (6)
We seek an asymptotic solution of Eq. (4) for x and y in the form:

x(t,€) = x19(Ty, Ty, T2) + €x11(To, Ty, T2) + £°x12(To, Ty, T2) + 0(€?), (7a)
y(t,€) = y10(To, Ty, T2) + €y11 (T, Ty, To) + €2y15(To, Ty, To) + 0(€3). (7b)

Derivatives with respect to t are then transformed into:

d
E=D0+€D1+82D2; (8a)
dZ
27z = D& + 28Dy Dy + €2(D} + 2Dy D). (&0
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The derivatives X, y, X¥ and y are in the form:

% = Dyx19 + €(Dyx11 + D1x14) + €2(Dox1; + DyX11 + Dyxyg), (92)
¥ = D&x19 + £(D3x11 + 2DyD;1x10) + €2(D3x15 + 2DgDyx11 + D?x1o + 2Dy Dyx10), (9b)
y = Doy10 + €(Doy11 + D1¥10) + €2(Doy12 + D1y11 + DyYa0), (9¢)

¥ = D§y10 + €(D§y11 + 2DgD1y10) + €2(D§y12 + 2DgD1y11 + D Y10 + 2DoDoy10), (9d)

where D,, = 9/0T,,n =0, 1, 2. Terms of O(£3) and higher orders are neglected. Substituting
Egs. (7)-(9) into Eq. (4) we get:

(DZx10 + £(DZx11 + 2DoDyx10) + £2(DEx15 + 2DoDyx11 + D2x19 + 2Dy Dyx10))
+w?(xq0 + £x11 + €2%x15)
—B1(x10 + €x11 + £2X12)% = B (V10 + €V11 + €2Y12)°
=e| —B3(x10 + ex1q + €%X12)% — Ba(x10 + 211 + €2%15) (V10 + EV11 + €7Y12)? (10a)
—Bs(x10 + €x11 + €2x12) V10 + €V11 + €2Y12)
+e? ( p1€0sy 1t — pyq (X1g + €x11 + £2X1,)COSY,t + pyySinyztcosy,t )
_M1(Dox10 + €(Dox11 + Dyx10) + €2 (Dox15 + Dyxyq + szm)) '
(Dglﬁo + S(Dgyn + 2D Dy y40) + gz(Dg}ﬁz +2D¢Dyy11 + D123710 + ZDODZyIO))
+w%(3’10 + eyi1 + €%y1,)
N1 (V10 + V11 + €%Y12)% — M (g0 + £x14 + €%X15)°
= | —Nn3(V10 + ey11 + €%¥12)% = Ma(x10 + €211 + €2%15)? Va0 + EV11 + €2Y12) (10b)
—ns5(Xy0 + €11 + €2%12) W10 + Va1 + €2Y12)
22 ( P2€0sy1t — P12 (V1o + €Y11 + £2Y12)COSY,t + pyysinyztcosy,t )
_.Uz(DOYw + &(Doy11 + D1y10) + fz(Dolﬁz + Dy + Dz)’w)) .

We expand the two sides of Egs. (10) and equating the coefficients of similar powers of &, one
obtains the following set of ordinary differential equations:

Order £°:
(Dg+a)%)x10 =0, (11a)
(D§ + w3) y10 = 0. (11b)
Order €':
(Dg + w%) X11 = —2DgD1 X109 — B4 x120 =B Y120 —Bs x130 = Bax10 J’120 = Bs X10 Y10 (12a)
(Dg + ‘U%) Y11 = —2D¢D1 Y10 — M1 }’120 — N2 x120 — 13 }’130 —Na J’10x120 — 15 Y10 X10- (12b)
Order £2:

(D§ + w3) x12 = —2Dg Dy x19 — Dfx19 — 2Dg Dy X11 — 21 X10 X11 — 2B2 Y10 Y11
=35 xfo X11 — M1 DoX19 — Ba(X11 Yo + 2X10 Y10 Y11) — Bs(X10 Y11 + X11 Y10) (13a)
—pP11X109COSY, t + pycoSy; t + pyqSiny; tcosy, t,

(D§ + w3) y12 = —=2Dy Dy y19 — Dfy10 — 2Dg D1 Y11 — 211 Y10 Y11 — 212 X109 X11
=313 Y70 Y11 — M2DoY10 — Ma (V11 X0 + 2Y10 X10 X11) — N5 V10X11 + Y11 X10) (13b)
—pP12Y10€COSY2t + p,coSy; t + pyySinys tcosy, t.

The general solutions of Eq. (11), can be written in the form:

x10 = Arexp(iw;Ty) + Ayexp(—iw; Tp), (14a)
Y10 = Az exp(iw,Ty) + A; exp(—iw,Tp), (14b)
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where 4; and A, are a complex function in Ty, T,. Substituting Eq. (14) into Eq. (12) we get:

(D§ + w?) x11 = (—2DoD; Ay — 24 A1 A, A, — 3B3A7A;) exp(iw; Ty)
+(=2DoD; Ay — 2B4 A1 Az A, — 3B3A5A,) exp(—iw, Ty) — B A7 exp(2iw, Tp)
—B1A% exp(—2iw,Ty) — A3 exp(2iw,Ty) — B, A5 exp(—2iw,Tp)
_33A16Xp(3lw1To) ,83A1exp( 3iw,Ty) — PsAr1Azexp(i(wg + wy)To) (15a)
_ﬂsA Az exp(—i(w; + wz)Ty) — PsA; Az exp(i(w; — wz)Tp)
_ﬂsA Az exp(—i(w; — wy)Ty) — BiA 1A eXp(l(w1 + 2w,)T)
—BuA1 A3 exp(—i(w; + 2w;)To) — B2A1 A5 exp(i(wy — 2w7)T)
—BuA  Adexp(—i(w; — 2w;)Tp) — 2B, A, A, - ZﬁzAgAz:

(D§ + w3) y11 = (=2DoD; Ay — 214 A1A A, — 31345 Az)EXP(iszo)
+(—=2DyD; A, — 21, A1 AL A, — 3n3A,A%) exp(—iw,T,) — N, A%exp(2iw, Ty)
_771A13XP( 2iwTy) — 1, A5exp(2iw, To) — 1, A5exp(—2iw,Ty)

_773A exp(3iw,Ty) — UsAzeXP( 3iw,Ty) — nsArAzexp(i(w, + w1)Ty)
—NsA1Azexp(—i(w, + w1)Ty) — nsA A exp(i(w, — w1)Ty)
775A Ajexp(—i(w, — w1)Ty) — NaAzAfexp(i(w, + 2w,)T))
144, A exp(—i(w, + 201)T,) — N4A,AZexp(i(w, — 2w,)Tp)
_774A Afexp(—i(w; — 2w1)Ty) — 2m1 4, A, — 2772A1A1

(15b)

Eliminating the secular terms e®®170) and e*i@2T0) from Egs. (15), then the first-order
approximations are given by:

x11 = KiexpQRiw,Ty) + Kyexp(Riw,Ty) + Kzexp(Biw, Ty) + Kpexp[(i(w; + w2)Ty)]
+Ksexp[(i(w; — wy)Ty)] + Keexp[(i(w; + 2w,)Ty)] + K7exp[(i(wy — 2w,)Ty)] (16a)
+Kg + cc,

V11 = G1expRiw, Ty) + G,exp(iw,Ty) + Gzexp(Biw,Ty) + Grexp[(i(w, + w)Ty)]
+gseXP[(i(w2 — w1)To)] + Geexp[(i(w, + 2w1)To)] + Grexp[(i(w, — 2w,)Ty)]  (16b)
+Gg + cc,

where K;, (i = 1,..., 8) and G;, (i = 1,..., 8) are a complex function in Ty, T, which are given in the
appendix and cc stands for the complex conjugate of the preceding terms.

With the same steps used to get the first-order approximation, substituting Eqs. (14), (16) into
Eq. (13) and eliminating the secular terms, then the second-order approximations are given by:

X12(Ty, T1,Ty) = Eijexp(w,Ty) + Ezexp(2iw, Ty) + Esexp(Riw,Ty)
+E,exp (3iw, Tp) + Esexp(3iw,Ty) + Egexp(4iw, Ty) + E;exp(4iw,Ty)
+Egexp (5iw, Ty) + Egexp(i(w; + wz) Ty) + Eqpexp (i(w; — wy) Ty)
+E;1exp(i(w; + 2w,) Tp) + Epzexp(i(wy — 2w,) To) + Eqzexp(i(w; + 3w;,) Tp)
+Esexp(i(w; — 3w,) To) + Ersexp(i(wy + 4w,) Tp) + Eqgexp(i(w; — 4w,) To) (17a)
+E,exp(iRw; + w3) Ty) + E1gexp(i(Qw, — w,) Ty) + E19exp(i(Rw; + 2w,) Ty)
+E50exp(i(2w; — 2w3) Ty) + Ez1exp(iBw; + w,) To) + Expexp(i(Bwy — ;) Tp)
+E3exp(i(Bw; + 2w;) Ty) + Ezaexp(i(Bw; — 2w,) Ty) + Ezsexp(i(y, + wq) Tp)
+E56exp(i(y2 — w1) To) + Ez7exp(iy1To) + Exgexp(i(ys + va) To)
+E59exp(i(ys — va) To) + E30 + cc,
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V12(To, Ty, T2) = Hyexp(w;Ty) + Hyexp(2iw, Ty) + Hzexp(2iw,Ty)
+H,exp(3iw, Ty) + Hsexp(3iw,Ty) + Heexp (4iw, Ty) + Hyexp(4iw,Ty)
+Hgexp(5iw,Ty) + Hoexp(i(w; + w,) Ty) + Hypexp (i(w; — wy) Tp)
+Hyexp(i(wg + 2w;) To) + Hizexp(i(wy — 2w;) To) + Hyzexp(i(w; + 3w,) Tp)
+Hy,exp(i(w; — 3w,) Tp) + Hysexp(i(4wq + w;) To) + Higexp(i(4w; — w) Ty)
+H,,exp(i(2w; + w3) Ty) + Higexp(i(2w, — w,) Ty) + Hioexp(i(2w; + 2w,) Ty)
+H,oexp(i(2w; — 2w3) Ty) + Hy1exp(i(Bwy + w,) To) + Hypexp(i(Bwy — wy) Ty)
+H,3exp(i(2w; + 3wy) Ty) + Hypexp(i(2w; — 3w,) To) + Hasexp(i(y, + w3) Tp)
+Haeexp(i(y, — wp) To) + Hyyexp(iy1To) + Hagexp(i(ys +va) To)
+H,oexp(i(ys — va) To) + Hso + cc,

(17b)

where Ej, (j = 1...., 30) and H}, (j = 1,..., 30) are complex functions in T, T, and cc represents
the complex conjugates.

From the above-derived solutions, many resonance cases can be deduced. The reported
resonance cases are classified into:

a) Primary resonance: y; = w4, V1 = 0,.

b) Sub-Harmonic resonance: y, = 2wq, ¥V, = 2w,.

c¢) Internal or secondary resonance: w, = w;, W, = 2w, W, = 3w, W, = 4w,
w, 21/2w,, wy, =1/3wy, w, = 1/4w; and w, = 2/3 w,, wy = 3/2 w;.

d) Combined resonance: +y; + y, = tw,, 1y3 T 7, = tw,.

e) Simultaneous or incident resonance: Any combination of the above resonance cases is
considered as simultaneous or incident resonance.

3. Stability of motion

Here, to investigate the stability the simultaneous primary y; = w;, combined y3; — y, = w,
and internal resonance w, = 1/2 w, are considered. We introduce detuning parameters g, o5,
and g5 such that:

Y1 = W1+ €07, V3~ V4= w1 +ET,, 2w, = w;+ £03. (18)

This case represents the system worst case. Substituting Eq. (18) into Egs. (12) and Eq. (13)
and eliminating the secular terms, leads to the solvability conditions for the first and second order
approximation, we get:

dA _ ~
2wy — = = £(=2 fyw1 A Ay Ay — 3PaARA; — B A5 expliosTy))

+€2(_D121_41 - iwlﬂl_Al + FlAilq_%_ + FZA%AZlAZAZ + FSA%in + F4A1A%14_%
+T5414,4; + (TgAL1 A1 A3 + T,A34,) exp(iosTy) + (TgA7A3) exp(—iosT;)

_ i
+(ToAd; A exp(2io5Ty) + % exp(io T;) — % exp(iole)),

(19a)

. dA - - - .
2iw, d—t2 = e(—2m4,A,4, — 3773A%A2 —ns4,A; exp(—iozTy))

+£2(_D1214_2 - lwzlu.zAz + FlOA%A% + F11A5421_4114_1 + FllA%AZ + FlezAilq_%_ (]9b)
+T34,4:4; + (T14A1A3)exp(iosTy) + (TsA7A3)exp(—2io3Ty) + (T64; 4,43
+I17,43 4, 4)exp(—iosTy)),

where [,,, (m = 1,..., 17) are constants.
To analyze the solutions of Egs. (19), we express A;(T;, T,) and A,(Ty, T,) in the polar form:

a . a .
A(T,,T,) = 71 el?1, A,(Ty,Ty) = 72 el¥2, (20)
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where a4, a, and @4, @, are the steady state amplitudes and phases of the motion. Substituting
Eqgs. (20) into Eq. (19) and equating the real and imaginary parts we obtain the following equations
describing the modulation of the amplitudes and phases of the first and second modes of FGM
rectangular plate response:

. Hq P1 . P21 I3 . I .
4, = ——a; + —— sinf; —-——cosh, — —a?a’sinf; + —a,a3sin26,
2 2w, 4w, w4 w4 (21a)
l—‘25 2 . l—‘26 4 : l—‘27 2 2 .
+—aj5sinf; + —a,sinf; + —afa;sinbs,
Wy w4 Wy
I7 I I I I’ p p
. 8 19 20 21 22 1 21 .
a,¢p, = ——a} ——a} ——a,ai ——a,af ——ala? — — cosh; ——sinb,
. w4 w4 - [ wlF w4 " w4 4w, 21b)
23 24 25 26 27
——=a?a%cosh; ———a,a3c0s20; — —a%cosf; — —ajcosh; — —a?a3cosbs,
. Ha 33 . 34 . 35 . 36 .
G, = ——=—a, — —>a,a,sinf; — —a,a3sinf; — —ala,sinf; — — a,a3siné,
2 Wy Wy Wy Wy (222)
F37 3 : F38 2 3 .
+—a,a;sinf; — —afja;sin26;,
2 )
, g 5 Too o T3 I3, I3p 5 5 Iz
a2(p2=__az__az__alaz__alaz__alaz__a1a2C0593
. w2 wZF 2 [(f’z OF) r w2
34 35 36 37
——q,a3cosf; — —a3a,cosf; — —a,a3cosf; — —a,a3cosf; (22b)
Wy 2 w2 2
I
38
——a?a3cos26,,
2
where T, (r =18,..,38) are constants, 6, =o0;T; — ¢, 6,=0,T, —¢,; and

0; = 03 T; — @1 + 2¢,. Steady-state solutions of the system correspond to the fixed points of
Egs. (21)-(22), which in turn correspond to:

0, — O
P1 =01, P = % (23)

Hence, the fixed points of Egs. (21)-(22) are given by:

M P . P21 I3 . PN . [s .
——a; +— sinf; ——cosf, ——a?a3sinf; +—a,a3sin26; + — a2sinb,
2 - 2w, 4w, W, w4 w4 (24a)
26 . 27 .
+—=a3sinf; + —aaZsinf; = 0,
w1 w1
[g I I20 I Iy, P1 P21
a0, +—a3 +—ad +—a,a% +—a,ai + —aa? + — cosf; +-—sinb,
w4 w4 w4 w4 w4 2w, 4w,
l—‘23 2 2 l—‘24- 4 l—‘25 2 F26 4
+—ajajscosf; + —a,a;co0s260; + —ascosf; + —a;cosh; (24b)
! w1 w1 w1

I
27
+—a?a%cosf; = 0,

w1
¢ T, r r I
2 33 . 34 . 35 . 36 .
—2a, ——a,a,sinf; — —a,a3sinf; — —a3a,sinf; — — a,a3sinf,
2 W, W, W, Wy
(25a)
F37 3 F38 2 3 .
+—a,a;sinf; — —afja;sin26; = 0,
w2 )
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(01 —03) Ty 29 30 31 32 [33
———+=a} +=a +—aja, + —ata, + —=ala3 + —a,a,cosb
w w w

a;
F2 w2 2 r OF) 2 r 2 F2 2
34 35 36 37
+—=a,a3cosf; + —ala,cosh; + — a,;a3cosf; + —a,a3cosf; (25b)
Wy w2 0F) w2
I
38
+—=a?a3cos26; = 0.
0F)

Solving the resulting algebraic equations for the fixed points for practical case a; # 0, a, # 0
we obtained:

2T,,ata%  20,,a%a% 200203  2Ihga$  2@hgaf

(a®)of + + + + + o1
W, W, W, W, W,
piai That  [Bai®  Thafai  Lhafal  Lhatay [hata [faidl
4 w? w? w? w? w? w? w?
1"225(1‘2* iai Thatad  2Lgheal  2Lgheatai  2Lglhiata;
w? w? w? w? w? w?
2hghyata; | 2Lolheatas | 2Lola%a;  2Lolyala3  26h[h.aia3
o7 o7 o7 o7 o7 60
Zrzorzza‘fag 21}11}2(1%(13 211231"24af’a§ 25355“%“3 21—'23['26(1%613
wf wf wf wf wf
2h3hyata; 204050105 204060105 20h.0,a3a5  20hs0h6a5
wf wf wf wf wf
_ 21"251"2761%61‘2} _ 21}657“%“? _ ﬁ _ P%1 _ p11}3a%a% _ p11}4a1a§
w? w? 4w?  16w? w? w?
_ p1l3503 _ p1l3603 _ pily,aia5
o} o} o} '
a_% o2+ (- a0y _ hga; _ 3903 _ yoaias _ I3iata; _ Iy,aia;
4 )73 2 Wy Wy Wy Wy Wy 3
N u3a3 ofal ka3 [ba®  [hatad [Latad [Latad [faiadl
4 4 w? w? w2 w3 w? w?
Ifjaia§ [fatal [fafad [Hafal [fatad  Deoiai | he01a3
w? w? w? w? w? * W, * W,
+I"300'1a%a% +I"310'1afa% n 1ﬂ320'1a%a‘2} " 2[‘281—'29(13 21}850“%“% ZIEslélai‘aé‘
w5 w5 W, w3 w? w?
21—‘281—‘320'%0'2 21}91},0a%ag 211291"31a‘1}a§ 21"291}2(1%615 21130r31afa% (26b)
w? w? + w2 w? w3
21}052“%“3 25152“?“3 21},31}4‘1%‘1; 211331"35ai‘a% 21—'331—'3661%0"2}
of 0w @ W o
21}357“%“3 25358“%“3 21},41}5‘1%‘1‘5 2['341—‘360'%(13 21}457“%“9
w? w2 w3 w? w?
21—‘34—1—‘380'%0'2 25556“%“3 2F35F37a‘fa§ 2['351—‘380'%(13 21—'361—'3761%0'2
w3 w3 w3 w3 w3
_ 26l35a3 a3 _ 2I3, 503 a3 -0
w3 w3 e

In the frequency response curves, the stable (unstable) steady-state solutions have been
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represented by solid (dashed) lines.
3.1. Stability of non-linear solution
To determine the stability of the fixed points, one lets:
Ay = Ao+ aqq, Ay = Ayt Ay, s =050+ 65, and 603 =057+ 65, s = 1,2, 27)

where a,g, @y, Oso and 85, are the solutions of Egs. (24)-(25) and where a,4, a,;, 651 and 854
are perturbations which are assumed to be small compared to where a,q, a,g, 0o and 8.
Substituting Eq. (27) into Egs. (21)-(22), using Egs. (24)-(25) and keeping only the linear terms
in where a44, a,1, 851 and 05, we obtain:

M 203 . 24 . I37 .
a;_l = (_? - a10a5051n930 + agosln2930 + aloa%051n930 all
Wy w1 Wy

P1 P21 . 2I5 . 4l .
+(=—c0s0¢y + ——sinfqy)b0s, + <— —=2a?,a,,5in059 + ——a,y,a3,sin26
(2w1 50t 2o, 50)6s1 w0, “io%z0 30+ 5, t0%20 30

21&5 . 4156 3 . 21}7 2
+—a2051n930 + a2051n930 +—a10a2051n930 a21 (288.)
w1 wWq wq
2053 205, I35 I3
+ (— —= a?,a3,c08050 + ——a,0a3,C052030 + — a%,cosb5, + —— a3,c0s05,
wq wq w1 w1

I3
2 2
+ > a10a20c05930> 0314,
1

g 3lig 5[4 I3 I 22
051 = <—+—a10 +——aj, + a5, + azo +——a,0a5,
Q1o wq wq Ai10W1 A10W1 wWq
I3

25 p
23 27 21
+—=a2,cos65, + a30c0s203, + —a%0c05930> a;, + (— cosfs,
w1 a10w12 4 w1 5 4wia;9
T30 I21 I;
3 22 9 23
< azo + azo + afoazo +—— A10a20C0803
w1 w1 w1
(28b)
154 3 41}6 3 21}7
+——a35,c05203, + a,0C0S03, + a50C0803q + ——a1¢A2(C0S03q | Azq
wq QAq1W1 A10W1 Wy

I I

3 . 24 . .

- (— a10a%05in03, + — az,sin26;, + az,sinfs, +
w1 w1 A10W1 A10W1

P1 .
— m SII’IQSO) 951 +

205

D6

ajosinfs,
27 2
+— a10a2051n630> 034,
wq

' 1?’)3 . ['34- 3 . 1—‘35 2 1?’)6 3 .
ay1 = | ———a,0Sinb3y — —a3,sinf3q — —— a,oai,sinfzy — — a3,sinfs,
w Wy Wy Wy
I3, 3 ¢ing 234 3 ¢in26 Uz | I33 ing
+ — azosln 30 - a10a2051n 30 an - 7 + — a10511’1 30
Wy OF) w2

3134 I35 3136 313,

+—=a,0a3,5in030 + — a3,sinfs, + ——a,,a3,sinf3y + —— a,,a3,sinbs
w3 ] w3 w3 (298.)
3l3g

2 2 . Ié3 154 3
+—a10a20511’12930 a21 - _a10a20C05930 + _a10a20C05630
@3 OV w2

35 I36 I3;
+—=2a3,a,0c0503¢ + — 103,003 + — a,,a3,c0s63,
W w> w>
[‘38 2 3
+—af,a5,c05203q | O34,
w3
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4l 8l3, 413, 2033 203,
- ao + ad, + A10a59 + —= oSO, + —— aZ,cos6
(wz 10+~ o T 020 30T, %o 30

I 2T 2T 4T

35 36 37 38

+—=a?,cos05y + —— a3,cos03 + —— a3,cos03y + —— a10a§0c05030> ag;
w w w w,

2 2 2

g—o03 6l 1005, 2I3 32 2033

- ( + azo + a%o + a%O + _a%oazo + —a10C05930
azo ) W Az0W> ) Az0W>

34 2035 3 36 6137
+ —a10a20C05930 + - a10C05930 + - a10a20C05930 + - a10a20C05930 (29b)
6(11)"2 Az0W; w3y or w3y
38 33 . 34 .
+ —afoazocoszem) az; + (— a,05inf3¢ + —— a,0a3,sin265,
W3 W3 w3

I I
35 . 36 . 37 .
+—=a3,sinf3, + —— a;,a3,5inf;, + —— a,,a3,sinfs,

Wy o) w2

4T
38 .

+— af0a§051n2030) B31.

w2

To study the stability of the fixed points corresponding to the practical case, we let a;; # 0,
051 # 0, ay; # 0 and O3, # 0 in Egs. (28)-(29), and obtain the eigenvalues from the Jacobian
matrix of the right hand sides. The zeros of the characteristic equation are given by:

2,4 + Llﬂ.3 + Lzﬂ.z + Lgﬂ. + L4_ = 0, (30)

where, Lq, L,, L3 and L, are functions of the parameters (a,, a,, wq, Wy, Uy, U2, B1> B2> B3> Bas
ﬁSJ N1, M2, M35 N4> Ns5 P15 P25 P115 P125 P215 P225 95; 935 g, 0-3)' ACCOI'dil’lg to the Routh-Hurwitz
criterion the necessary and sufficient conditions for all the roots of Eq. (30) to posses negative real
parts, such that:

L1 > 0, L1L2 - L3 > 0, L3(L1L2 - L3) - L12L4_ > 0, L4_ > 0. (31)

4. Numerical results

x

T T T

100 200 300 400 500 600

SdD 60‘0

Time Time
2—
153
1 1
0.5
4
dx C. 0
%] ar
0.5-3
_1_
-1
1.5 i
03 02 01- 0 01 02 03 03 02- 01- 0 01 02 03

x
Fig. 2. Non-resonance system behavior (basic case)

To determine the numerical solution and response of the given system of Eq.(4), the
Runge-Kutta of fourth order method was applied. Fig.2 illustrates the response and the
phase-plane for the non-resonant system (basic case) where y; # ¥, # V3 # V4 * W1 * W, at
some practical values of the equation parameters y; = 0.02, f; =0.03, 8, = 0.3, 5 =0.2,
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By =0.05, B35 =03, u, =0.02,7, =0.3,1, =0.03,n3 = 0.5, 7, = 0.03, n5 = 0.3, p; = 8.6,
p, = 8.6, py1 =0.02, p;, =0.02, p,; =0.005, p,, =0.005, n; =0.3, n, =0.03, 13 =0.5,
Ny =0.03,75 = 0.3, p; = 8.6, p, = 8.6, p1; = 0.02, p;, = 0.02, p,; = 0.005, p,, = 0.005. It is
observed from this figure that the response of the first and second modes of the FGM rectangular
plate start with increasing amplitude with some chaotic and tuned oscillation respectively, the
oscillation of the two modes becomes stable and the steady state amplitudes x and y are about
0.35 and 0.4 respectively and the phase plane shows limit cycle, denoting that the system is free
from chaos. Table 1 shows the results of the worst resonance conditions.

Fig. 3 shows that the time response and phase-plane of the simultaneous primary, combined
and internal resonance (y; = w4, Y3 — Vs = w; and w, = 1/2 w,) which is one of the worst
resonance cases. From this figure we have that the amplitude of the first mode of the FGM
rectangular plate is increased to about 1950 % of that values shown in Fig. 2, while the amplitude
of the second mode is increased to about 1150 % and becomes stable and the phase plane shows
multi-limit cycle.

&

4
=

o

x
_2]
_al
_6]

o
Time Time

104
54

dx
2 07
-5
-10

_a

100 200 300 00 500 600 0 100 200 300 400 500 600
6 -2 z a

o
Fig. 3. Simultaneous primary combined and internal resonance case:
i = 002, Bl = 003, BZ = 03, B3 = 02, B4 = 005, ﬂs = 0.3, Uy = 002, mnm= 03, N, = 0.03,
n3 = 05, Ny = 003, Ns = 03, P11 = 86, P2 = 86, P11 = 002, P12 = 002, P21 = 0005,
P22 = 0.005 (y; = wq, V3 — V4 = wg and w, = 1/2 wq)

Table 1. Summary of the worst resonance cases

Resonance cases x % v % Remarks
Non-resonance case 100 % 100 % Limit cycle
V1= W,V S Wy, Wy = Wy 1450 % | 1000 % | Multi Limit cycle
Y1 = w1,V = 2005, Wy = W 1450 % | 900 % | Multi Limit cycle
V1= W,Y3 Ve = Wy, Wy = wy 1450 % | 1000 % | Multi Limit cycle
V1= Wy, Y, = 201, Wy = Wq 1450 % | 900 % | Multi Limit cycle
V1= Wy, Y3 — Ve = W, Wy = Wy 1450 % | 1000 % | Multi Limit cycle
V1= WL,V E Wy, Y3 — Vg = wq 1450 % | 1000 % | Multi Limit cycle
V1= W,V Z200,Y3 — V4 = Wy 1400 % | 900 % | Multi Limit cycle
V1= Wy, Yy Z201,Y3 — V4 = Wy 1450 % | 800 % | Multi Limit cycle
V1S W,Y3— Ve E W, Wy =1/20; | 1950 % | 1150 % | Multi Limit cycle
V1S W,Y3— Ve =W, 0w =1/3w; | 1900 % | 1100 % | Multi Limit cycle
V1S W,Y3— Ve SE W, Wy =1/4w; | 1900 % | 1100 % | Multi Limit cycle

4.1. Response curves and effects of different parameters

In this section, the steady state response of the given system at various parameters near the
simultaneous primary, combined and internal resonance case is investigated and studied. The
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frequency response equations given by Eq. (26) are solved numerically at the same values of the
parameters shown in Fig. 3. In all figures, the solid lines stand for the stable solution and the
dashed lines for the unstable solution.

oy,
""m.'
sy,
{

gy, =0.02
o 103 /p'l

a) Effects of the detuning parameter o; b) Effects of the damping coefficient u

“a,,
3

hess
s,
"
oy

Gy

d) Effects of the non-linear parameter 3,

10 pg=-0.05 "“‘.’-.*'.-.r. B.=02
ey, 3=
uu,"': \

s
et eeraens

5

h) Effects of the non-linear parameter S5

10

.
s,
-
e

i) Effects of the excitation amplitude p; j) Effects of the excitation amplitude p,;
Fig. 4. The steady state amplitudes of the first mode of the FGM rectangular plate

Fig. 4(a) shows the steady state amplitudes of the first mode of the FGM rectangular plate
against the detuning parameter o; at the practical case, where a; # 0, a, # 0. Fig. 4(b) shows
that the steady state amplitude of the first mode of the FGM rectangular plate is a monotonic
decreasing function in the linear damping coefficients u,. Fig. 4(c) show that the steady state
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amplitude of the first mode is a monotonic decreasing function in the natural frequencies w; and
w,, in this Figure, the response curve is bent to the right and has harding spring type and there
exists jump phenomena. Figs. 4(d), (e) shows that the steady state amplitude of the first mode is a
monotonic decreasing function in nonlinear parameter f3;, 5, and the response curves are bent to
the left leading to the occurrence of the jump phenomena and multi-valued amplitudes. The steady
state amplitude of the first mode is a monotonic increasing function in the nonlinear parameter f5,
B, and the excitation amplitudes p; as shown in Figs. 4(f), (g), (i). For increasing value of the
nonlinear parameter S35, the amplitude of the first mode is decreased and the curve is shifted to the
left as shown in Fig. 4(h). The effect of increasing or decreasing the excitation amplitudes p,; on
the steady state amplitude of the FGM is trivial due to saturation occurrence as shown in Fig. 4(j).
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.........
.........

/\\
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\\
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a) Effects of the detuning parameter o5 b) Effects of the damping coefficient u,
5 5
4 4 T]1=0.3 ...........
3 3
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0 o 5 0 5
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BB e I
3 3t °
NN 2 f (UN 2
11 my=-1 1
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3 3
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g) Effects of the non-linear parameter 7, h) Effects of the non-linear parameter 15

Fig. 5. The steady state amplitudes of the second mode of the FGM rectangular plate

Fig. 5(a) shows the steady state amplitudes of the second mode of the FGM rectangular plate
against the detuning parameter g5 at the practical case, where a; # 0, a, # 0. In this Figure, the
response amplitude consists of a continuous curve which is bent to the right and there exists jump
phenomena. Fig. 5(b) shows that the effect of increasing or decreasing the linear damping
coefficients p, on the steady state amplitude of the second mode of FGM is trivial due to
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saturation occurrence. Figs. 5( ) (d), (O, (g) show th tth steady state amplitude of the second
mode is a mon t ¢ decreasing function in nonlinear parameter 74, 13, 17 dth tul
frequencies wq, w, d th onse curvi b nt to th ght leading to th of the
jump phenomen d mu lt 1 ed ampli tud . For ing value of the 1 p ameter

75, the amplitude of the second mode is h ft dt th ght h own n Fig. 5( ) Th steady state

amplitude of the first mode is a monoton ing functio the nonlinear parameter 7,
shown in Fig. 5(h).

4.2. Comparison between the numerical and analytical simulation

I'M Au ”"””"' Wil 'n'”’h'x’l‘ﬂﬂx’h’"hh M”JMn'n

Time
b)
Fig. 6. Comparison between numerical solution (using RKM) and analytical solution
(using perturbation method) of the system at p; = 8.6, p, = 8.6

W

@

Fig. 7. Comparison between numerical solution (using RKM) and analytical solution
(using perturbation method) of the system at p; = 1.6, p, = 1.6

o

Time
b)

"

In this section, the system of nonlinear differential equations given by Egs. (21) and (22) are
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solved numerically at the simultaneous primary, combined and internal resonance case where
V1 = Wy, Y3 — Vs = wq and w, = 1/2 w;. Figs. 6 and 7 show the comparison between numerical
integration for the system Eqgs. 4(a), (b) and the amplitude-phase modulating Egs. (21) and (22) at
different values of excitation force amplitudes p; and p,. We found that all predictions from
analytical solutions are in good agreement with the numerical simulation.

5. Conclusions

Multiple time scale perturbation method is useful to determine approximate solutions for the
coupled nonlinear differential equations describing the FGM rectangular plate system up to and
including the second order approximation. Both the frequency response equations and the
phase-plane technique are applied to study the stability of the system. The effect of the different
parameters of the system is studied numerically. From the above study the following may be
concluded:

1) The amplitude of the first mode FGM rectangular plate is increased to about 0.35, while the
amplitude of the second mode is increased to about 0.4 at the non-resonant case
(Y1 #V2 FV3 #Va # 01 # W3).

2) The amplitude of the first mode FGM rectangular plate is increased to about 1950 % of that
values shown in Fig. 2, while the amplitude of the second mode is increased to about 1150 % at
the worst resonance case (the simultaneous primary, combined and internal resonance y; = w,,
Y3 — Vs = 0y and w, = 1/2 w,).

3) The amplitude of the first and second mode FGM rectangular plate are increased to about
1900 % and 1100 % respectively at the worst resonance case (y; = w;, V3 — V4 = @, and
w, =1/3w;)and (y; = wq, V3 — Vs = wq and w, = 1/4 w,).

4) The steady state amplitudes of the FGM rectangular plate are a monotonic decreasing
function the linear damping coefficients y,, the nonlinear parameters (8;, 82, s, N1, 113, N4) and
the natural frequencies w; and w,.

5) The steady state amplitudes of FGM rectangular plate are a monotonic increasing function
in the nonlinear parameters (f3, f4, 11s5) and the excitation amplitude p;.

6) The effects of increasing or decreasing the linear damping coefficients y, and the excitation
amplitude p,, on the steady state amplitude of the FGM are trivial due to saturation occurrence.

7) The analytical solutions are in good agreement with the numerical simulation at different
values of excitation amplitude forces p; and p,.
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