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Abstract. Consider the effect of nonlinear spring and linear viscous damping in structure, the
motion equations of a helicopter blade-absorber system has been established by Lagrange
equation. Since the helicopter blade-absorber system exists motion coupling, the inertia and
stiffness terms of equations are decoupled via equivalent principal coordinate transformation. The
stability and local bifurcation behaviors of the principal coordinate equations are investigated with
the aid of multiple scales method and normal form theory. Two kinds of critical points for the
bifurcation response equations near the combination resonance are considered, which are
characterized by a pair of purely imaginary eigenvalues and double zero eigenvalues. The Hopf
bifurcation solution, bifurcation path, and transition curves of the model are investigated
respectively. For each case, the numerical results obtained by Runge-Kutta method coincide with
the analytical predictions. These results may provide some guidance for parameter design of
helicopter blade-absorber system.
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1. Introduction

Normal form method is one of the basic methods in the study of nonlinear vibration. The
essential idea of the normal form method is using successive coordinate transformations to
systematically establish the simplest possible form of the original differential equations. The
simple form can demonstrate all possible dynamical properties of the original system in the
neighborhood of the bifurcation point. Normal forms are generally not uniquely defined, and
finding a normal form for a given system of differential equations is not a simple task. In recent
years, normal form methods have got much development. Among them, Yu et al. have proposed
and improved a normal form method with a combination of perturbation analysis and computer
algebra in [1-8]. Since the reduced system obtained by this normal form method can be more
convenient to study bifurcation and stability, Zhang [9] studied the local bifurcation of a nonlinear
viscoelastic panel in supersonic flow model via this method, which is characterized by a pair of
purely imaginary eigenvalues. Subsequently, she and coauthors researched the stability and local
bifurcation of functionally graded material plate under transversal and in-plane excitations in [10].
In addition, Zhou et al. studied several dynamical behaviors for a two degrees of freedom pitch-roll
ship via this normal form method in [11]. Wang et al. [12] research on the stability and bifurcation
for a flexible beam under a large linear motion with a combination parametric resonance.

Vibration problem has always restricted the development of helicopter, and it is also an
important problem which scholars have been dedicated to research and solve. During flight, there
are many factors leading to helicopter vibration. In particular, blade flapping, lagging and
aerodynamical action can make a significant rotor vibration, meanwhile, fuselage vibration
transfers along hub and interacts with rotor, which will aggravate overall vibration. In order to
reduce the vibration level of helicopter blade and fuselage, people take a method of setting
absorber on blade or hub. For instance, absorbers installed on Boeing Vertol 347, Lynx and Black
Hawk have been achieved satisfactory effects [13, 14]. However, if absorber parameters are
designed unreasonable, not only may generate resonance phenomenon, but also may cause entire
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system instability or even leading to a disastrous consequences [15, 16]. Therefore, the research
on helicopter blade-absorber system dynamics behavior is of important theoretical and practical
significance.

Helicopter blade-absorber system not only contains complex nonlinear structure but also exists
motion coupling between each degrees of freedom, therefore, its mathematical modeling and
theoretical analysis both have certain difficulties. At present, the research on this system usually
adopts experiment or numerical simulation [17-20]. Since the analysis objects of analytic method
generally can not be too complicated, the qualitative study on helicopter blade-absorber system is
relatively rare [13, 21, 22]. Among them, Nagasaka et al. [21, 22] respectively established two
degrees of freedom blade-absorber and three degrees of freedom blade-absorber-fuselage model,
numerical simulated the vibration response and verified the numerical results by van der Pol
method. However, in the above two models, only linear structure is considered, and it is obviously
not enough for the in-depth study on dynamical behaviors.

In view of the above problems, in this paper the normal form method proposed by Yu will be
first introduced to the dynamics analysis of helicopter blade-absorber system, also, at modeling
time, structure nonlinear will be considered. Firstly, establish a helicopter blade-absorber model
by Lagrange equation. As the helicopter blade-absorber system exists motion coupling, the inertia
and stiffness terms of equations are decoupled via equivalent principal coordinate transformation.
The stability and local bifurcation behaviors of the principal coordinate equations are investigated
with the aid of multiple scales method and normal form theory. Two kinds of degenerated
equilibrium points of the bifurcation response equations are considered, which are characterized
by a pair of purely imaginary eigenvalues and a pair of complex conjugate having negative real
part as well as a double zero eigenvalues. Finally, Hopf bifurcation solution, bifurcation path and
transition curves are obtained. The analytical predictions agree with the results of Runge-Kutta
method.

This paper is organized as follows: in Section 2, a helicopter blade-absorber model is
established. In Section 3, the bifurcation response equations near combination resonance are
obtained using multiple scales method. The detailed stability and local bifurcation analysis of the
bifurcation response equations in the vicinity of the critical points are given in Section 4, which is
followed in Section 5 by a short conclusion.

2. Helicopter blade-absorber modeling

This paper focuses on the stability and local bifurcation behaviors of a helicopter blade-
absorber system. Consider pendulum absorber is designed in helicopter blade flapping direction,
and there is a harmonic excitation yoRcosw,t acting on rotor hub position. The connections of
blade-hub and blade-absorber are simplified as damping and elastic hinge restrictions. The
horizontal displacement of hub is omitted. The blade-absorber system physical model is shown in
Fig. 1. Aerodynamic force model adopts blade micro segment aerodynamic force Q2F,cosw;t,
which can be found in [22].

Take blade flapping angle ; and absorber swinging angle (relative to the blade) [, as
generalized coordinate. Let upward direction is positive. The coordinate of blade micro segment
mRdr on the R position is:

x; = (e + rcosp,)R, (1)
z; = (rsinf; + yycoswyt)R. ()

If blade rotates with angular velocity Q, then its velocity in Y direction is:

y1 = xQ. 3)
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VR coswyt
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Fig. 1. Physical model of a helicopter blade-absorber system

The coordinate of absorber mass m, is:
x; = [e + lycosPy + lrcos(By + B2)IR, “4)
7, = [IsinBy + Lsin(B; + B) + yocoswyt]R. %)

It has Y direction velocity:
V> = xQ. )

Using Lagrange equation and small angle assumption, blade-absorber system flapping motion
equations can be obtained as follows:

1 .. ..
R2 |:§ (1 - e)3mR + (ll + lz)zmo] Bl + Rzlzmo(ll + lz)ﬁz

+Q2R? {E (1—e)e +§(1 _ e)3] mR + [(I + 1,)? + e(l, + 12)]m0}/31

) (7
+ Q2R%lmg(e + Iy + 1), + ki(By) + C1(ﬁ1)
1
= R%2w3yycos(wyt) - [E (1-e)*mR+(, + lz)mo] + R202F,cos(w,t)(1 — e),
RZl,my(ly + 1) By + R21Bmyf, + O2R2L,my(e + 1 + 1) By ®

+ Q2R?%l,my(e + 1 + 1) By + ko (By) + cz(ﬁz) = L,myR?>wiy,cos(wot),

where ky(B1), k»(B2), c1(B1), c2(B,) are blade-absorber hinge-spring and hinge-damping
constitutive relation respectively. For linear viscous damper and weak nonlinear spring condition,
there are:

c1(B1) = ecibr c2(B2) = ecifa, ©)
ki(By) = kyfy + ekof7 + ek, kp(B2) = kal + eksPs + ekefS3, (10)
where ¢ is a small parameter and € > 0.

Supposing w, = w,; = Q, Y = Qt, and applying dimensionless method, Eq. (7) and (8) can be
simplified as follows:
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Y+ ai By 4 iy + by, + (i By + diff 4 e1f7) = ficos(wyp), (1D
5+ axBy + by + w3, + e(cfy + daf5 + ex83) = frcos(wyp), (12)

where a; = L (I + [)yA, by = Ly(e + 1, + L)A, ¢ = 2nywp,/[1+ 3(; + 1)%y/(1 —e)?],
d; = — =2 fi= {E 1-e)?+ U+ lz))’] Yo+ Fp(1— 6’)} w?A

Q2R3m’ 17 Q2R3m
1 1 “)?;1
o= JFA-e2e+3(1 -+ (L + L) +ell + Lo}y + e,

l e 1 l k
a2=1+iJ2=1+—+imQ=/1+ +1+w&’2_2W%%d2_§FE@

1
e, = ——Amon them —— =—A=—
2 Qszlz f2 g Y 0’ §(1_6)3+(11+12)2y7

!
1 41 ks Cz
==-(1—-¢e)®*mR3, wp. = —_— Wp., =
b 3( ) > Wp, 921 > = 20wg, Iy’ B2 Q2R21Zmy’ N2 = 2nw52R212m0

In order to decouple the inertia and elastic terms in Eq. (11) and Eq. (12), we use coordinate
transformations:

(5)=2() (13)

o . o 1 1
where x4, x, are the principal coordinates of undamped derivation system and Q = (q q )
21 Q22

w? — —a,b; — a;b, + 0} + w} —/(a,b; + a;b, — w2 — w22 — 4(1 — a,a,)(—b;b, + WPw?)

! 2(1—a4a;)
421 = — )
a, <—012b1 —a;b, + w? + w? — J(azbl +ab, — w? — w3)? — 4(1 — a,a)\/—b.b, + wlzcuzz)
by - 2(1—a,a;)
w? — —a,b; — a;by + 0} + w? — /(a,b; + a;b, — W2 — w22 — 4(1 — a,a,)(—b; b, + WEw?)
1 2(1—a,ay)
22 = — .
a, <—a2b1 —a;b, + w? + w? + J(azbl + ab, — w? — w3)? — 4(1 — a,a)\/—b. b, + wlza)zz)
b, —

2(1-a4a,)

Then the original equations Eq. (11) and Eq. (12) can be transformed into equivalent principal
coordinate equations with inertia and elastic decoupling as:

X1+ wh X1 = (=y1x1 + Voxg + X 4 ppXi X5 + pizx5 + Vx5 4 vxix;
+v3x, X% + v4x2) + plcos(wz,b)

X3+ wh %y = e(V3Xy = VaXy + paXf + UsX1Xo + fleX5 + VsX] + VexT X,
+v,;%, %2 + vgx3) + pycos(wi),

(14)
(15)
where:

1 (J)% +w% _a1b2 _azb]_

2(1-ayay) i\/(wlz + w2 — arb, — ayby)? — 4(1 — aya,) (W2w? — byb,) |

2
Wnyn, =

Since the other coefficients of Eq. (14) and Eq. (15) are too complex, using symbols instead
of them, and the specific forms are omitted here.
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3. Combination resonance analysis

Utilizing multiple scales method, the first-order approximate solution of Eq. (14) and Eq. (15)
can be expanded as:

x;(, &) = x;0(To, Ty) + ex41 (T, Ty), i=1,2, (16)
where Ty = 1 is fast variable, and T; = &y is slow variable. Suppose:

d 9 dT, o dT,

T, dp T aT dp
0 dl, 0 dh_ e 18
dp Ty dy ol dy 0T (18)

Dy + €Dy, (17)

Applying the relation of Eq. (17) and Eq. (18), we obtain:

{Dgxw + wf,x19 = picos(wi), (19)
D§ x50 + W}, X320 = pacos(wih),
( _ (—2DoDyx10 — y1DoX10 + ¥2DoXa0 + U1 X{y + 2 X10X20
D X11 t Wy X1 = 2 3 2 2 3 )
HH3X30 T V1X1g t V2X19X20 t V3X10X20 T VaX3o 20)
| p2 —2DyD1x20 + ¥3DoX10 — YaDoX2o + HaXio + HsX10X20
k 0X21 F wn2x21 2 3 2 2 3 :
tleX20 T VsXip T VeXi0X20 T V7X10X20 T VgX20
The solutions of zero-order approximate Equation (19) can be expressed as:
X10 = Al(Tl)exp(iwano) + B exp(iwTy) + cc, (21
X0 = Az(Tl)exp(ia)nzTo) + Byexp(iwTy) + cc, (22)
where A; is plural form free vibration amplitude, and B; is real form forced vibration amplitude,
B; = ﬁ, i = 1, 2. cc represents the conjugate term of all the previous terms.
ni_

Substitute zero-order approximate solutions (21) and (22) into first-order Eq. (20). By
frequency combination relation w = wy, + Wy, + €0 (0 is a tuning parameter), secular terms can
be eliminated. We obtain the following equations with respect to A4, 4,:

_len Ag_ yllwn Al + 2U3A A Az + 6171A Bf + 3V1A%A1 + 4U2A131B2

23

+2v34,B2 + (upA,B; + 2134, Bz)exp(laTl) =0, (23)

—2iwp,A; — y4la)n4A2 + 2vgA1 A, A + 6VgA, B3 + 3vgA3A, + 4v,A,B, B, 24)
+2v¢A,B? + (usA,B, + 2u4A;By)exp(ioT;) = 0,

where () = — and O represents conjugated term. From the process of eliminating secular terms,

it can be seen that when using multiple scales method to investigate nonlinear effect on motion
characteristics of blade-absorber system, only combination resonance in w = w,, + w,, case can
be considered.
. 1, . 1,
Suppose A1 (T1) = (gr1 + igir)exp (g le), Az(T1) = (gr2 +1gi2)exp (; le), where g;4,
Ji1> 9r» and g;, are all real number. Substituting A; and A4, into Eq. (23), (24) yields:

, Y1 o L K 3v,
gr1 = =5 9n + 3 + o) 9n _mgiz 20m, —9u (94 + 9%) + 911(9r2 +9%), (25)

ni n1
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, g L }/1 K 317 3
g =— (— + )gn 591 =5 —gr2— 911(911 +97) — o 9n (972 + 95), (26)

2 Wn, anl 2w n1
, M Va g N 3
Ir2 = _mgil — 5 9r2 + 3 + w_nz iz t %0 glz(grz +9%) + On,y gl.2 (g4 +98), 27
, M o N Va 30,
Jix = _Tnzgn - (E + w_nz> Grz =5 92 = 5 grz(grz +95) — o, 9i2(9r21 +g4), (28)

Where K= #ZBl + 2‘[,[332, L= szBlBZ + 3171312 + U3B%, N = 2177BlB2 + 31]83% + U6Blz,
M = .USBZ + 2#431.

The Jacobi matrix of system (25) to (28) on the initial equilibrium solution
(9r1 9i1) 9r2, 9i2) = (0,0,0,0) is:

o L K
na L 0 _
2 2wy, 2wn,
o L K
j= 2wy, 2 2wy, 29)
- 0 M Ya o NI
2wy, 2 2wy,
M o N
— 0 - =4 — _E
2wy, 2 wpy, 2

The characteristic polynomial of matrix (29) can be written as:
f(l) = 2.4 + Rll3 + R2/12 + R3A + R4_, (30)
where:

yE y? 0> L[> Lo N? No KM
Ri=vitVe Ro=—F+yviVut+t—++—+—

4 472 w2 W, @R wn, 20,0,

1 KM(y; +v)| L?vs Ly, N?y; Nyo

Ry = —|viVa + V1VE + v10% + y40% — + + + + :
377 [h Ya T V1Vs T V10 Va0 W, O, “’7%1 wn, 1212 On,

1 K?M? — 8KMLN + 16L’N*>

Ry=7¢ yio? +yio? + ot + wZ w2, +Vivi
[Lz(y‘}2 +02?) N L(y2o + c3) N N%2(y2 + 0?) N LN%0 — KMNo N NyZo + Ng*®
4 w3, W, w?, Wy, WF, W,
L*No — KLMO’] KM(y1ys + 02) N LNo?
W3, Wy, 8w, Wy, W, W,
By Hurwitz criterion, when:

R1 > 0, R1R2 - R3 > 0, R3(R1R2 - R3) - R%R‘l_ > 0, R4_ > O. (31)

The initial equilibrium solution (g1, i1, 9r2, 9iz) = (0,0,0,0) is stable, otherwise the initial
equilibrium solution is unstable, and bifurcation may occur.
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4. Stability and bifurcation analysis
4.1. The case of a pair of pure imaginary eigenvalues
If:

R, (R R,
—(=——R R,=0, —>0, R{>0, R, >0, 32
(R Re) tRi=0 >0 Ri>0 Ry (32)

the eigenvalues of matrix (29) are 4,, = i\/f—j, A3q = —0y X i0,, (0; > 0,i = 1,2). Thus the

stability of the initial equilibrium is violated and Hopf bifurcation may occur.
In the calculation, the values of dimensionless parameters are taken as follows:

e = 0.05, wg, =2, wg, =01, ny=1,=0.01, y= 0.15, d; =1, e; =5,

33
d, = 0.001, e, = 0.001, I, =0.01, y, =0.1, I, = 0.0154, o =g, = 0.1. (33)

The above data are partly based on Boeing Vertol 347 helicopter and the reference [13]. The
eigenvalues of Jacobi matrix (29) are A; , = £0.17688i and A3 , = —0.0007156+0.03411i.

Considering parameter ¢ as a perturbation parameter and using the parameter transformation
0 = dg, + 6 as well as the state variable transform:

Ir1 2.1601 0.51986 —1.74213 —0.03655][%1
91| _|-051986 21601  —0.03655 1.74213 ‘ Izz (34)
r2 1.09371 —0.04591 -0.38763 —0.12941]]|Z3|
9iz —0.04591 -1.09371 0.12941 —-0.387631124
System (25)-(28) can be rewritten as:
z; = 0.17688z, — 0.259935z; + 1.080056z, + 0.018285z; — 0.871076z, + f3, (35)
zy; = —0.17688z; — 1.080056z, — 0.259938z, — 0.871076z; — 0.018286z, + f>, (36)
z; = —0.000715625 + 0.03411z, + 0.0229652; + 0.546856z, + 0.0647525 (37)
—0.193818z, + f3,
z4 = —0.03411z; — 0.00071562z, + 0.546856z; — 0.022966z, + 0.193816z, (38)

+0.064782, + fo

where f; (i = 1,2, 3,4) represent nonlinear terms. For brevity, the specific forms of f; are omitted
here. The Jacobi matrix evaluated on the initial equilibrium solution (z4, z,, 73, z,) = (0,0,0,0) at
the critical point § = 0 is now in the canonical form:

0 0.17688 0 0
—0.17688 0 0 0
oy = 39
Jz=0) 0 0 —0.0007156  0.03411 (39)
0 0 —0.03411 —0.0007156

The local dynamic behaviors of system (35) to (38) are characterized by the critical variables
z, and z,. Using the normal form method in reference [3] and the time scaling transformation

=5 1;688, we can obtain the normal form in a polar coordinate system as follows:

r 3
— = adér + br3, (40)
dt
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de
T = 14 cér +dr3, (41)

where a = —1.46953, b = 184.88595, ¢ = 6.10612, d = —113.15805. The steady state solutions
of (40) are determined by setting % = 0, which yields the initial equilibrium r; = 0 and Hopf
bifurcation solution:

r? = 0.012976. (42)

The stability of these two steady state solutions are determined by:

d (dr

- dT,) = a6 + 3br2. 43)

Evaluating (43) on the initial equilibrium 7; = 0 yields di(;—) = 1.469535. The initial

equilibrium is stable when § > 0 and unstable when § < 0. In the same way, evaluating (43) on
Hopf bifurcation solution (42) yields :—T (%) = 5.7243845. So Hopf bifurcation solution (43) is

unstable when § > 0 and no meaning when § < 0. The bifurcation path is shown in Fig. 2. Fig. 3
displays unsteady Hopf bifurcation solution. From the above situations and Eq. (42), we can
conclude that when § > 0 the stable region of system (25) to (28) is very small, and system
response is easy to diverge. Therefore the original blade-absorber system is also extremely
sensitive, and this is a very dangerous situation in engineering.

)
Unstable
I, bifurcation
path
Initial ¥
2 )
equilibrium _ - S
\ - d
-
0 ]
Unstable
limit
cycles
Fig. 2. Bifurcation path Fig. 3. Unstable Hopf bifurcation solution

Now different values of parameter § are chosen to confirm the previous analytical results.
Fourth-order Runge-Kutta method is adopted to simulate the response of Equations (25)-(28).
Since this study focuses on local dynamic behaviors in the vicinity of critical point, the parameter
é should be chosen near the critical point § = 0.

If the parameter is chosen as § = 0.001, a numerical solution starting from the initial point
(9r1, 9i1, 9r2, Giz) = (0.01,0.01,0.01,0.01) converges to the initial equilibrium solution, i.e. initial
equilibrium solution is stable. It is indicative that system (25)-(28) disturbed by a small
perturbation can still return its original state, which is shown in Fig. 4. Choosing the parameter as
6 =-0.001 and starting from (g1, i1, Gr2, Giz) = (0.1,0.01,0.01,0), system response is
divergence. It is indicative that system will produce large amplitude vibration, thereby causing
damage to the whole structure. The numerical results are in good agreement with the theoretical
analysis.
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4.x1077 |

w1077 |y

&2

~2%1077 b

s.x1077 b

-5.x1077 |

Fig. 4. Trajectory projections converge to the initial equilibrium solution when § = 0.001
4.2. The case of double zero eigenvalues
Taking parameters as follows:

e =0.05, wp, = 175518, wp, = 0.1, 7, =1, =001, y =015, d; =1,
e, =5, dy =0001, e,=0.001, ; =001, [, =002, wg =2, 6=0,=0.1, (44)
v, = 0.597817.

Jacobi matrix (29) has the eigenvalues A;, =0, A3, = —0.16099+1.36954i. We consider
parameters wg, and y, perturbation parameters and use the parameter transformation
wg, = 1.75518 + &1, yo = 0.597817 + §,. Then characteristic polynomial of the Jacobi matrix
(29) becomes:

fQA) =2*+ R+ R,22 +R;A+R,, (45)

where the specific forms of R; (i = 1,2,3,4) are too complex then omitted.
By Hurwitz criterion, the stability conditions for the initial equilibrium solution

(9r1, 9i1, 9r2, 9i2) = (0,0,0,0) are:

A\ =R, >0, A,=R,R,—R;>0, A;=R,R,—R; >0, A,=R,>0. (46)
From the four inequalities above, we get the following four transition curves:

Li:R, =0, L,:RR,—R3;=0, L3:R,R, —R; =0, Ly:R, = 0. 47)

Since system local property near (&4, 6,) = (0,0) is only considered, L, > 0 always holds in
this region. Therefore when L; > 0 (i = 1, 2, 3), initial equilibrium solution is stable, otherwise it
is unstable. The transition curves in the vicinity of (§;, 8,) = (0,0) and stable region (shaded part)
for initial equilibrium solution (E.S.) are shown in Fig. 5.
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ol [T . — T -
L2
oz} L1 J
\‘ ’|
\
< oot L3 .
\
Stable R [
2 region o | |
for E.S ’l
—0a b, . : . t
-0.4 -0.2 0.0 0.2 0.4
é1

Fig. 5. Transition curves and stable region in the case of double zero eigenvalue
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Now we will confirm the previous analysis by fourth-order Runge-Kutta method. Choosing
parameter values of §; and &, from the stable region for E.S., such as (§;,6,) = (-0.001, 0.01), a
numerical solution starting from an initial point (g,1, i1, 9r2, 9iz) = (0.01,0.01, 0.01, 0.01)
converges to the origin, implying that the E.S. is stable. g,1, gi1, Gr2»> gi» response process as well
as phase diagram projection on the g,1-g,» and g;;-g;» sub-spaces are shown in Fig. 6.

5. Conclusions

In this work, the dynamic behaviors of a helicopter blade-absorber model have been studied
in detail. The research shows that helicopter blade-absorber vibration system has relatively rich in
dynamic behaviors, and its dynamic analysis is of great necessity. When the stable conditions for
the initial equilibrium solution of the bifurcation response equations are not satisfied, two kinds
of critical points (characterized by a pair of purely imaginary eigenvalues and double zero
eigenvalues) have been considered. Bifurcation path, transition curves and stable region have been
obtained. All analytical predictions are agree with numerical results calculated by Runge-Kutta
method. Note that in the blade-absorber system vibration process, the appearance of unstable Hopf
solution is extremely dangerous, we should apply a bifurcation control or avoid taking system
parameter in the vicinity of bifurcation point. Therefore, in order to achieve the purpose of
absorbing vibration, ensure system safety, when designing system parameter, we must fully
consider external excitation frequency, avoid the possible resonance region, and retain a certain
safety margin.
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