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Abstract. On the basis of the research on the morphology of the contact surfaces, a contact model 

is proposed, which regards the rough contact surfaces as the collections of elastic micro peaks. 

These micro peaks generate elastic contact force due to elastic deformation and the contact force 

has relationship to the morphology of the contact surfaces, the motion of the vibrator as well as 

the materials of the specimen and the vibrator. And using Newton’s second law to the specimen’s 

motion, the normal dynamical equation for the specimen with the actuation of the ultrasonic 

vibrator is established. Solving the dynamical equation, the normal kinetic function of specimen 

and the normal elastic contact force are obtained. Furthermore, the normalized contact time could 

be analyzed theoretically, which is defined as the ratio of contact time to period. The calculated 

results indicate that the normalized contact time decreases with the vibrator’s normal amplitude 

increasing, and increases with the standard deviation of the height of micro peaks on the contact 

surfaces. Finally, the average tangential velocity of the specimen, conveyed by a travelling wave 

ultrasonic feeding device, is discussed on the basis of the research on the normalized contact time. 

The formula of the specimen’s average tangential velocity is derived and it is the function of the 

normalized contact time, the tangential amplitude, the angular frequency and the phase difference 

of the tangential and the normal vibrations. Using this formula, the tangential velocity of the 

specimen is theoretically analyzed; in addition, the theoretical conclusions are compared with the 

experimental data. 

Keywords: piezoelectric, ultrasonic feeding, vibrator, nonlinear contact, normal motion. 

1. Introduction 

The history of the ultrasonic conveyance could go back to 1948 [1], but at that time this 

technology was not rapidly developed because of the limitations of the materials and the 

processing technology. Hereafter, the ongoing efforts were made by many scholars [2-5], but the 

conveyance by ultrasonic vibration didn’t go into a period of engineering applications until 1980s. 

During this period, standing wave ultrasonic motor [5] and traveling wave ultrasonic motor [6] 

were successively designed and made by Japanese scientists. Meanwhile, USA, Germany, France, 

Britain etc. have been putting in a lot of manpower and resources to develop the technology of 

ultrasonic conveyance [7, 8]. Nowadays, the ultrasonic motors are developing towards the 

directions of miniaturization and integration [9, 10], and the combination of ultrasonic vibrator 

and biomedical engineering is also the focus of discussion in this area [11]. 

With the development of ultrasonic motors, the modeling of ultrasonic motor rapidly 

developed. The researches were carried out on the influence of the hardness of the contact layer 

material, the high-frequency frictional mechanisms, motor operability and the appropriate control 

strategy etc. [12-15]. But these researches do however not describe the relation between the 

stator-rotor contact and the overall motor behavior. In 1995, Cao and Wallaschek focus on the 

contact layer bonded to the rotor substrate and developed a simple but useful contact model for 

the calculation of the torque-speed characteristics for different motor design parameters [16]. And 

then the similair contact models is successively proposed [17-19]. The first complete motor model 

relaying on design parameters was proposed by Hagood and Macfarland [20], which is important 

for designing the motors and controllers. Whereafter, Hagedorn and Sattel et al. extended the 
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model proposed by Hagood and Macfarland by incorporating the rotor flexibility [21]. And Le 

Letty et al. developed a finite-element model together with a dynamic contact algorithm working 

in the time-domain [22]. On the basis of these works, some new model for special type ultrasonic 

motors were proposed in the last decade [23]. 

In recent years, as the expansion of ultrasonic motor [24-27], the ultrasonic feeding is gaining 

ever increasing attentions. The ultrasonic feedings have many advantages such as no 

electromagnetic interference, fast response, silence of vibration and stable running; furthermore, 

they have a longish service life due to the lower wear. With these advantages, the ultrasonic 

feedings have broad prospects in some fields asking for cleaning environment and low noise, such 

as conveying medicine and electronic components etc. [25, 26]. 

At present, the research on the ultrasonic feeding is still in its initial stage. Although the theory 

of the ultrasonic motor can be used for references, the contact between the vibrator and the 

specimen of the ultrasonic feeding is much more complicated than that of ultrasonic motor, for 

there is no precompression upon the slight and small specimen [26]. There are still many new 

problems that need to solve, such as the impacts, the vibrations and the adhesion in the contact 

process. All these need not only experimental researches but also the theoretical analysis. 

To date, there are three mechanism of the ultrasonic feeding, namely, friction driving, wave 

action, boundary layer interaction [28, 29]. Based on these, some model for special type ultrasonic 

feeding were developed [28, 30] but these models mostly focus on the motion of the vibrator and 

as to the concerned velocity of the specimen or objects, there are only the rough formulas given. 

In practice, since there is no precompression upon the specimen, the contact of the specimen and 

the vibrator is non-linear, and the experiments on electric contact [24] have also proved that the 

specimens separate from the vibrator periodically. So without the quantitative research on the 

contact state, it is impossible for the derivation of the accurate formula of the velocity of the 

specimen driven by the ultrasonic feeding. 

In this paper, the contact process of the travelling wave ultrasonic feeding is quantitatively 

researched, and the motion of the points on the working surface of ultrasonic feeding device can 

be resolved into the tangential motion and the normal motion. Thus the specimen’s motion 

actuated by such vibrator also can be resolved into the normal and the tangential motions. By 

analyzing the process of the specimen contacting the vibrator, a steady-state contact model is 

established, which account for influences of the vibrator’s vibration to the specimen’s motion, as 

well as the influences of the microstructure of the contact surfaces and the materials of the vibrator 

and the specimen. With this model, the contact force between the specimen and the vibrator is 

analyzed; furthermore, the definition of normalized contact time is defined as the ratio of the 

contact time to the period. The curves of the normalized contact time changing with the normal 

amplitude, the frequency and the other parameters are calculated. These results are the basis of 

understanding the tangential motion of the specimen. And the tangential motion of the specimen 

is analyzed on the basis of the research on the normal motion. 

In the calculations of this paper, all the vibrators are considered as the copper vibrator and the 

specimens are all the copper cylinders whose heights and the diameters are all 6 mm. 

2. Introduction to ultrasonic feeding device 

Figure 1 shows a typical travelling wave ultrasonic feeding conveying a solid object. The 

vibrator is cyclic and placed horizontally. Using piezoelectric ceramic wafers, the vibrator can 

generate the normal and the tangential travelling waves propagating along the vibrator, these two 

waves have the same frequency, the same wavenumber and the constant initial phase difference. 

The object without load is small and light, which moves with the actuation of the vibrator. 

As shown in Figure 1, the curvilinear coordinates system along the vibrator is introduced. 𝜏 

and 𝑧 indicate the tangential and the normal directions of the point with the curve length 𝑠 apart 

from the origin (𝑠 = 0), that is, the point with the curvilinear coordinate of 𝑠. 𝜏 direction is along 



1144. MODELLING OF STEADY MOTION OF SOLID SPECIMENS CONVEYED BY TRAVELLING WAVE ULTRASONIC FEEDING.  

LI LIANG, HE QING, ZHENG MIAN 

242 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. FEBRUARY 2014. VOLUME 16, ISSUE 1. ISSN 1392-8716  

the tangent to the cyclic, and 𝑧 direction is perpendicular to the surface of the vibrator. 

In the steady state, the tangential and the normal kinematical equations of some point on the 

ultrasonic vibrator’s working surface are expressed by: 

𝑢(𝑠, 𝑡) = 𝐴𝜏 cos(𝜔𝑡 + 𝜓𝑠), (1) 

𝑧(𝑠, 𝑡) = 𝐴𝑧 cos(𝜔𝑡 + 𝜙𝑠), (2) 

where 𝑠 is the curvilinear coordinates of this point, 𝐴𝜏 and 𝐴𝑧 are the tangential amplitude and the 

normal amplitude respectively, 𝜓𝑠 and 𝜙𝑠 are the tangential and normal initial phases of this point, 

they are all the functions of 𝑠. 
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Fig. 1. The structure of a travelling wave ultrasonic feeding device and the  

curvilinear coordinates system fixed on the vibrator 

If (𝜓𝑠 − 𝜙𝑠) ≡
π

2
, hence: 

𝑢2

𝐴𝜏 
2

+
𝑧2

𝐴𝑧 
2

= 1. (3) 

Eq. (3) indicates that the track of the mass point on the working surface is ellipse for  

(𝜓𝑠 − 𝜙𝑠) ≡
π

2
. 

And the tangential and the normal velocities are: 

𝑣𝜏(𝑠, 𝑡) = −𝜔𝐴𝜏 𝑠𝑖𝑛(𝜔𝑡 + 𝜓𝑠), (4) 

𝑣𝑧(𝑠, 𝑡) = −𝜔𝐴𝑧 𝑠𝑖𝑛(𝜔𝑡 + 𝜙𝑠). (5) 

Under consideration of the travelling waves propagating along the vibrator, the tangential and 

the normal displacements of the point with the coordinate (𝑠 + Δ𝑠) are: 

𝑢(𝑠 + ∆𝑠, 𝑡) = 𝐴𝜏 𝑐𝑜𝑠(𝜔𝑡 + 𝜓𝑠 − 𝑘 ∙ ∆𝑠), (6) 

𝑧(𝑠 + ∆𝑠, 𝑡) = 𝐴𝑧 𝑐𝑜𝑠(𝜔𝑡 + 𝜙𝑠 − 𝑘 ∙ ∆𝑠), (7) 

where 𝑘 is the angular wavenumber. 

From all above, we can make a deduction that the movement of the solid specimen driven by 

the vibrator must be composed by the two movements in tangential and normal directions. In this 

paper, the normal and the tangential movements of the specimen are all going to be analyzed 

theoretically. 

3. Statistical description of contact surfaces 

In this paper, the rough contact surfaces of the specimen and the vibrator are idealized as the 

collection of the discrete micro elastic peaks, with their heights obeying a specific normal 

distribution. The micro peaks are all fixed on the surface of the main part, as shown in Figure 2(a). 

Each peak can be regarded as a micro frustum of cone whose upper radius 𝑎 is far less than its 

lower radius 𝑏, as shown in Figure 2(b). 
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(a) 

 
(b) 

Fig. 2. The schematic diagrams of a) the contacting surfaces and b) the micro peak 

The heights of the peaks on both the specimen and the vibrator meet the normal distribution. 

The distribution density functions are given by: 

𝑁(𝑙𝑠, 𝜇𝑠, 𝜎𝑠) =
1

√2𝜋 ∙ 𝜎𝑠

exp (−
(𝑙𝑠 − 𝜇𝑠)2

2𝜎𝑠
2

), (8) 

𝑁(𝑙𝑣, 𝜇𝑣, 𝜎𝑣) =
1

√2𝜋 ∙ 𝜎𝑣

exp (−
(𝑙𝑣 − 𝜇𝑣)2

2𝜎𝑣
2

), (9) 

where 𝑁(𝑙𝑠, 𝜇𝑠, 𝜎𝑠)  and 𝑁(𝑙𝑣, 𝜇𝑣, 𝜎𝑣)  are the distribution density functions of the specimen’s 

peaks and the vibrator’s peaks. 𝑙𝑠 and 𝑙𝑣 denote the height of the micro peaks on the specimen and 

the vibrator. 𝜇𝑠 and  𝜇𝑣 are the expectations of the micro peaks’ height of the specimen and the 

vibrator. 𝜎𝑠 and 𝜎𝑣 are the standard deviations of the micro peaks’ height of the specimen and the 

vibrator. 

In this theoretical analysis, the assumptions are made that the vibrator’s peaks one-to-one make 

contact with the specimen’s and the interaction between the neighboring micro peaks on one rough 

surface can be ignored. So the highest micro peaks of the two surfaces make contact with each 

other to form the new equivalent elastic peaks firstly, and then the higher peaks of the two surfaces 

meet to form more equivalent elastic peaks during the contact process, as shown in Figure 3. 

Therefore, this normal contact between the specimen’s peaks and the vibrator’s peaks can be 

regarded as the normal contact between the surface of the vibrator and the discrete equivalent 

elastic peaks fixed on the specimen, as shown in Figure 3(b). 

 
(a) 

 
(b) 

Fig. 3. The schematic diagrams illustrating the equivalent micro peaks 

And the other assumption is that the equivalent elastic peaks have one-dimensional linear 

elastic deformation which meets the Hook’s law. In addition, all the upper radii as well as the 

lower radii of the equivalent micro peaks are the same. The upper radii of equivalent peaks are 

represented by a, and the lower by 𝑏. The height of the equivalent elastic peaks meets the normal 

distribution: 

𝑁(𝑙, 𝜇, 𝜎) =
1

√2𝜋 ∙ 𝜎
exp (−

(𝑙 − 𝜇)2

2𝜎2
), (10) 
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where 𝑙 = 𝑙𝑠 + 𝑙𝑣 , 𝜇 = 𝜇𝑠 + 𝜇𝑣  and  𝜎2 = 𝜎𝑆
2 + 𝜎𝑣

2. In addition, 𝜇𝑠  and 𝜇𝑣  can be replaced by 

2𝑅𝑠 and 2𝑅𝑣, respectively. 𝑅𝑠 and 𝑅𝑣 are the roughness average of the specimen and the vibrator 

respectively. 

4. Elastic force of micro peak 

The micro peak with the height 𝑙 is regarded as the frustum of cone whose upper radius 𝑎 is 

far less than its lower radius 𝑏. In addition, it is believed that the micro peak consists of a large 

number of volume elements. Here a particular volume element of the peak is analyzed, seeing 

Figure 4, of which the height is 𝑑𝜉. 

 
(a) 

 
(b) 

Fig. 4. The schematic diagrams of the volume element of the peak:  

a) the micro peak; b) the volume element 

Because 𝑑𝜉 is very small, this element can be regarded as a small cylinder whose radius is 

denoted by 𝜆(𝜉), as shown in Figure 4. According to geometry, 𝜆(𝜉)  can be given by: 

𝜆(𝜉) =
𝑎𝑙 + (𝑏 − 𝑎)𝜉

𝑙
, (11) 

where 𝜉  is the coordinate of this element. If deformed, the peak will generate the elastic force 

which denoted by 𝑓(𝑙). And the deformation of the peak’s elements meets Hook’s law, hence: 

𝑑𝜁 =
𝑓(𝑙)

𝐸 ∙ 𝜋[𝜆(𝜉)]2 
𝑑𝜉, (12) 

where 𝐸 is Young’s modulus of the micro peak and 𝑑𝜁 is the change of this volume element’s 

height. Integrating Eq. (12), the total change Δ𝑙 of the micro peak’s height is given by: 

Δ𝑙 = ∫ 𝑑𝜁 =
Δ𝑙

0

𝑙

𝜋𝐸𝑎𝑏
𝑓(𝑙). (13) 

For equivalent micro peaks, 𝐸 should be replaced by equivalent Young’s modulus 𝐸𝑒𝑞𝑢: 

𝐸𝑒𝑞𝑢 =
𝐸𝑠𝐸𝑣(𝑅𝑠 + 𝑅𝑣)

𝐸𝑠𝑅𝑣 + 𝐸𝑣𝑅𝑠
, (14) 

where 𝐸𝑠, 𝐸𝑣 are the Young’s moduli of the specimen and the vibrator repectively. 

5. Normal contact force between specimen and vibrator 

As shown in Figure 5, when the distance between the specimen and the vibrator is 𝑧′, all the 

equivalent micro peaks of 𝑙 > 𝑧′  will deform, the height change of the equivalent peak of  
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𝑙 > 𝑧′can be given by Δ𝑙 =  𝑙−𝑧′. And the elastic force of the equivalent peak with the height 𝑙 
can be given by Eq. (13). 

 

0
z

z 
Specimen

Vibrator
 

Fig. 5. The schematic diagram illustrating the normal contact force 

Because 𝑙 meets the normal distribution, the number of the equivalent micro peaks of the 

height 𝑙 can be given by: 

𝑑𝑁 = 𝑁
1

√2𝜋𝜎
∙ exp {−

[𝑙 − 2(𝑅𝑠 + 𝑅𝑣)]2

2𝜎2
} 𝑑𝑙, (15) 

where 𝑁 is the total number of the equivalent micro peaks. Here only cylindrical specimen is 

considered and the surface of the vibrator is big enough, so 𝑁 can be estimated by: 

𝑁 = 𝜋 (
𝑟

2𝑏
)

2

, (16) 

where 𝑟 denotes the radius of the cylindrical specimen and it is far greater than 𝑏. The normal 

contact force between the specimen and the vibrator is the sum of the elastic forces of the 

equivalent peaks of 𝑙 > 𝑧′, hence: 

𝐹𝑐(𝑧′) = ∫
𝑙>𝑧′𝑓(𝑙)𝑑𝑁 =

𝜋2𝐸𝑒𝑞𝑢𝑎𝑟2

4√2𝜋𝜎𝑏
∫

𝑙 − 𝑧′

𝑙

∞

𝑧′
exp {−

[𝑙 − 2(𝑅𝑠 + 𝑅𝑣)]2

2𝜎2
} 𝑑𝑙. (17) 

6. Normal dynamical equation of specimen 

As shown in Figure 5, the one-dimensional coordinate system is established. 𝑧0 is the normal 

coordinate of the vibrator’s surface relative to the ground (inertial system). 𝑧′  is the normal 

coordinate of the specimen relative to the vibrator’s surface (noninertial system). The normal 

coordinate of the specimen in the inertial system is given by 𝑧 = 𝑧0 + 𝑧′. The dynamical equation 

of the specimen in the noninertial system has the following form: 

𝑚
𝑑2𝑧′

𝑑𝑡2
= 𝐹𝑐 + 𝐹𝑒𝑥𝑡 − 𝑚

𝑑2𝑧0

𝑑𝑡2
− 𝛾𝑧 (

𝑑𝑧0

𝑑𝑡
+

𝑑𝑧′

𝑑𝑡
), (18) 

where 𝐹𝑐 is normal contact force given by Eq. (17), 𝛾𝑧 is normal damping coefficient, 𝐹𝑒𝑥𝑡 is the 

normal external forces, except the normal contact force, applied on the specimen; for the specimen 

of such ultrasonic feeding, 𝐹𝑒𝑥𝑡 = −𝑚𝑔. 

In steady-state, the normal kinematical equation of the point with the coordinate 𝑠, seeing 

Figure 1, on the vibrator’s working surface is: 

𝑧0(𝑠, 𝑡) = 𝐴𝑧 cos(𝜔𝑡 + 𝜙𝑠), (19) 

where  𝐴𝑧, 𝜔, 𝜙𝑠 is the normal amplitude, the angular frequency and the initial phase of the point 
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with the curvilinear coordinate 𝑠, and 𝜙𝑠 is the function of 𝑠. 

Via solving the Eq. (18), 𝑧′(𝑡) can be obtained, and then 𝐹(𝑡)𝑐 can be calculated by Eq. (17). 

Thereby, the contact state of the specimen and the vibrator can be discussed as fellows: when  

𝐹𝑐 > 0, the specimen makes contact with the vibrator, when 𝐹𝑐 → 0, the specimen separates from 

the vibrator. 

7. Theoretical analysis of normal motion of specimen 

Figure 6 and Figure 7 show the typical calculated curves of the 𝐹𝑐(𝑡) and 𝑣𝑧(𝑡). The calculated 

results indicate that 𝐹𝑐(𝑡) has the same period as 𝑣𝑧(𝑡), and the phase difference of the maximum 

of 𝐹𝑐(𝑡) and the maximum of 𝑣𝑧(𝑡) always approaches to 𝜋/2. Furthermore, see Figure 6 and 

Figure 7, it is obvious that the contact force approaches to the maximum at the instant when the 

vibrator’s normal velocity approaches to zero from the positive maximum. This means that the 

maximum of the contact force appears at the instant when the normal displacement of the point 

on the vibrator’s working surface approaches to the positive maximum. This calculated result 

coincides with the educated imagining of the actual contact process that the elastic contact force 

gets the maximum when the vibrator gets to the highest point and results in the maximal 

deformation of the equivalent micro elastic peaks. 
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Fig. 6. The relationship between the normal contact force and the normal velocity of specimen. 

Solid line is velocity curve 𝑣𝑧  and dash line is contact force curve 𝐹𝑐.  

𝐴𝑧 = 2×10-6 m, 𝜔 = 1.5×105 s-1, 𝑅𝑠 + 𝑅𝑣 = 2×10-6 m, 𝜎 = 5×10-7 m, 𝛾𝑧 = 1 Nms-1 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

Fig. 7. The calculated curves showing the relationship of the normal velocity and the normal  

contact force. Solid line is velocity curve 𝑣𝑧(𝑡) and dash line is contact force curve 𝐹𝑐(𝑡).  

Except for the parameters showing in figures, the other parameters: 𝐴𝑧 =2×10-6 m,  

𝜔 = 1.5×105 s-1, 𝑅𝑠 + 𝑅𝑣 = 2×10-6 m, 𝜎 = 5×10-7 m, 𝛾𝑧 = 1 Nms-1 respectively 
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According to this model, when 𝐹𝑐 > 0, the specimen and the vibrator make contact with each 

other; when 𝐹𝑐 → 0, the specimen and the vibrator separate. So Figure 6 and Figure 7 indicate that 

the specimen and the vibrator touch and separate periodically, while 𝐹𝑐 periodically varies from 

zero to the maximum; and the contact period equals to the period of the vibration. In this paper, 

the symbol 𝑡𝑐 is used to indicate the contact time when the specimen touches the vibrator. And the 

ratio of the contact time 𝑡𝑐 to the vibration period 𝑇 is defined as the normalized contact time 𝑡𝑛𝑐: 

𝑡𝑛𝑐 =
𝑡𝑐

𝑇
. (20) 

Figure 8 shows the calculated curve of 𝑡𝑛𝑐  changing with 𝛾𝑧. This curve indicates that the 

normalized contact time hardly changes with the normal damping coefficient. So in the following 

calculation, the effects of the normal damping coefficient are not considered. 
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Fig. 8. The relationship between the normalized contact time 𝑡𝑛𝑐 and normal damping coefficient 𝛾𝑧.  

The other diameters are in the legend 

Figure 9 shows the calculated curve of 𝑡𝑛𝑐 changing with 𝜔 and 𝐴𝑧. This curve indicates that 

the normalized contact time rapidly decreases with the normal amplitude increasing, and hardly 

changes with the angular frequency. By fitting the calculated results, it is found that the decrease 

of the normalized contact time with the normal amplitudes satisfies the exponential decay. In 

Figure 9, the scatter plots are the calculated results and the solid line is the fitting curve. It is found 

from the fitting curve that the function of the normalized contact time decreasing with the normal 

amplitude has the following form: 

𝑡𝑛𝑐 = 0.0931 + 0.22419 ∙ exp (−
𝐴𝑧

10.72149
). (21) 

Figure 10 shows the calculated curves of 𝑡𝑛𝑐  changing with (𝑅𝑣 + 𝑅𝑠)  and 𝜎 . This curve 

indicates that the normalized contact time increases with the standard deviation, and hardly 

changes with the roughness. According to the statistical theory, the standard deviation represents 

the degree of the uniformity of the micro peaks. Therefore, Figure 10 indicates that the more 

uniform the micro peaks are, the smaller the normalized contact time is. 

From Figure 8, Figure 9 and Figure 10, the following conclusions can be drawn that the 

normalized contact time 𝑡𝑛𝑐  has no relation to the normal damping coefficient 𝛾𝑧 , the angular 

frequency 𝜔 and the roughness of the contact surfaces (𝑅𝑣 + 𝑅𝑠), and it is the function of the 

normal amplitude 𝐴𝑧 and the standard deviation 𝜎, it decreases with 𝐴𝑧 increasing and increases 

with 𝜎 increasing. 
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Fig. 9. The relationship of the normalized contact time 𝑡𝑛𝑐 and the normal amplitude 𝐴𝑧 as well as the 

angular frequency 𝜔. The scatter plots are the calculated results and the solid line is the fitting curve.  

The value of angular frequency is shown in legend 
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Fig. 10. The calculated curve of the normalized contact time 𝑡𝑛𝑐 changing with (𝑅𝑣 + 𝑅𝑠) and 𝜎  
The value of (𝑅𝑣 + 𝑅𝑠) is shown in legend 

8. Assumptions of tangential motion 

In this paper, the assumptions on the tangential motion are made as fellows. 

(1) When the specimen and the vibrator make contact with each other, their interaction force 

is statical friction force. Thus, when they make contact with each other, they have the same 

tangential velocity. 

(2) While the specimen separating from the vibrator, the specimen’s tangential velocity 

doesn’t change and equals to the tangential velocity at the time instant when it separates from the 

vibrator, until the specimen touches the vibrator once more. 

(3) The specimen is idealized as a mass point when it touches the vibrator’s working surface. 

9. Average tangential velocity of specimen 

The curves in Figure 11 describe the vibrator’s tangential velocity 𝑣𝜏(𝑡) of the point with the 

coordinate 𝑠 and its normal contact force 𝐹𝑐(𝑡) changing with time. From Figure 11, the following 

is found. 

(1) During the time interval 𝑡0 − 𝛿 < 𝑡 < 𝑡0 + 𝛿, 𝐹𝑐(𝑡) > 0, and the specimen touches the 

vibrator. According to the assumptions above, when they touch each other, they have the same 
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tangential velocity. So the specimen’s tangential velocity during this interval is the same as the 

vibrator’s tangential velocity. And the specimen’s tangential displacement is: 

𝜒1 = ∫ 𝑣𝜏(𝑠, 𝑡) 𝑑𝑡 = −2𝐴𝜏 sin(𝜔𝑡0 + 𝜓𝑠) sin(𝜔𝛿).
𝑡0+𝛿,

𝑡0−𝛿

 (22) 

(2) If 𝑡 > 𝑡0 + 𝛿, 𝐹𝑐(𝑡) → 0. This means that the specimen and the vibrator separate from each 

other. So during this interval, the specimen keeps the constant tangential velocity until it touches 

the vibrator once more on the other point. Its constant tangential velocity is given by: 

𝑣𝑑 = 𝑣𝜏(𝑠, 𝑡0 + 𝛿) = −𝜔𝐴𝜏 sin(𝜔𝑡0 + 𝜔𝛿 + 𝜓𝑠). (23) 

 

forceContact

velocityTangential

axisTime

 
Fig. 11. The schematic representation of the contacting state of the point with the coordinate 𝑠.  

The solid curve is the vibrator’s tangential velocity, and the dash curve is the normal contact force 

Considering that the phase difference between the successive initial contact instants (i. e. the 

instant when the specimen begins to touch the vibrator) must be 2𝜋, using the Eq. (6) or Eq. (7), 

the time interval ∆𝑡 for specimen to touch the vibrator once more satisfies the following equation: 

𝜔(𝑡0 + 𝛿 + ∆𝑡) − 𝑘 ∙ (𝑣𝑑 ∙ ∆𝑡 + 𝜒1) = 𝜔(𝑡0 − 𝛿) + 2𝜋. (24) 

So the interval ∆𝑡 is: 

∆𝑡 =
2𝜋 − 2𝜔𝛿 + 𝑘𝜒1

𝜔 − 𝑘𝑣𝑑
, (25) 

and the tangential displacement during this time interval ∆𝑡 is given by: 

𝜒2 = 𝑣𝑑 ∙ ∆𝑡, (26) 

where 𝑡0 is the time instant for the maximal contact force appearing. The symbol ∆ represents the 

phase difference of the maximal contact force and the maximal normal velocity. Considering that 

the phase angle of the maximal normal velocity must be (2𝑗𝜋 − 𝜋/2), 𝑗 is an integer, the following 

is obtained: 

𝜔𝑡0 = 2𝑗𝜋 − 𝜙𝑠 + ∆ −
𝜋

2
. (27) 

See Figure 11, 2𝛿 is the contact time of the point with coordinate 𝑠. As mentioned above, the 

ratio of the contact time to the period of the vibration is defined as the normalized contact time 

𝑡𝑛𝑐. Thus the following is found: 

𝜔𝛿 = 𝜋𝑡𝑛𝑐. (28) 
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Hence, 

𝜒1 = −2𝐴𝜏 sin (𝜓𝑠 − 𝜙𝑠 + ∆ −
𝜋

2
) sin(𝜋𝑡𝑛𝑐), (29) 

∆𝑡 =
2𝜋 − 2𝜋𝑡𝑛𝑐 + 𝑘𝜒1

𝜔 + 𝑘𝜔𝐴𝜏 sin (𝜋𝑡𝑛𝑐 + 𝜓𝑠 − 𝜙𝑠 + ∆ −
𝜋
2

)
, (30) 

𝑣𝑑 = −𝜔𝐴𝜏 sin (𝜋𝑡𝑛𝑐 + 𝜓𝑠 − 𝜙𝑠 + ∆ −
𝜋

2
) , (31) 

𝜒2 = 𝑣𝑑 ∙ ∆𝑡 = −𝜔𝐴𝜏 sin (𝜋𝑡𝑛𝑐 + 𝜓𝑠 − 𝜙𝑠 + ∆ −
𝜋

2
) ∙ ∆𝑡, (32) 

where (𝜓𝑠 − 𝜙𝑠) is the phase difference of the point with the curvilinear coordinate 𝑠, it always 

equals to the initial phase difference (𝜓 − 𝜙) of the origin. 

So the change in tangential direction during the time interval (2𝛿 + ∆𝑡) is: 

𝜒 = 𝜒1 + 𝜒2. (33) 

Thus the specimen’s average tangential velocity is: 

𝜈 =
𝜒

2𝛿 + ∆𝑡
=

(𝜒1 + 𝜒2) ∙ 𝜔

2𝜋𝑡𝑛𝑐 + ∆𝑡 ∙ 𝜔
. (34) 

In many instances, (𝜓 − 𝜙) = 𝜋 2⁄ , 𝛥 = 𝜋 2⁄  and 𝐴𝜏 is so small as to be only several microns, 

so 𝑘𝐴𝜏 ≪ 1, and thus the Eq. (34) is simplified as: 

𝜈 =
−𝐴𝜏𝜔[sin(𝜋𝑡𝑛𝑐) + (𝜋 − 𝜋𝑡𝑛𝑐) cos(𝜋𝑡𝑛𝑐)]

𝜋
.  (35) 

It is found from Eq. (35) that the average tangential velocity 𝜈 is a function of 𝐴𝜏, 𝜔 and 𝑡𝑛𝑐. 

𝑡𝑛𝑐 is a function of 𝐴𝑧. In other words, if (𝜓 − 𝜙) = 𝜋 2⁄ , Δ = 𝜋 2⁄  and 𝑘𝐴𝜏 ≪ 1, the specimen’s 

average tangential velocity is a function of frequency, tangential amplitude and normal amplitude 

of the ultrasonic vibrator. 

10. Discuss on calculated average tangential velocities 

Using Eq. (34), Figures 12-14 are obtained. 

Under the condition depicted in the legend of the Figure 12, the curves in Figure 12 indicate 

that when 𝐴𝜏  is from 1 m to 2.5 m, the average tangential velocity 𝜈  of the specimen is 

proportional to the frequency as well as the tangential amplitude. This is the same as what is 

indicated by Eq. (35). This also proves that, if (𝜓 − 𝜙) = 𝜋 2⁄ , Δ = 𝜋 2⁄  and 𝑘𝐴𝜏 ≪ 1 , the 

average tangential velocity satisfies the simplified formula represented by Eq. (35). 

Notice from Eq. (34) that the average tangential velocity has no direct relationship with the 

normal amplitude 𝐴𝑧 of the vibrator, but has relationship with the normalized contact time 𝑡𝑛𝑐. 

According to the calculated results in Figure 9, the normalized contact time decreases with the 

normal amplitude 𝐴𝑧; and for 0.5 m ≤ 𝐴𝑧 ≤ 3.5 m, the normalized contact time decrease with 

the normal amplitude as exponential decay and isn’t greater than 0.5. Thus, the normal amplitudes 

𝐴𝑧 of vibrator have consequences in the specimen’s average tangential velocity by changing the 

normalized contact time. In this case, using Eq. (31), it is found that, while the normalized contact 

time 𝑡𝑛𝑐 decreases with the normal amplitude 𝐴𝜏 increasing as mentioned above, the magnitude 

of the constant velocity 𝑣𝑑 of the specimen increases. Whereas, the interval ∆𝑡 of the Eq. (30) is 

roughly unchanged, for the  𝑘𝐴𝜏 ≪ 1. So the value of 𝜒2 calculated by using Eq. (32) becomes 

greater while the vibrator’s normal amplitude increasing. Meanwhile, in this case, 𝜒1 ≪ 𝜒2, the 
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change of 𝜒1 could be ignored. So the average tangential velocity increases with the vibrator’s 

normal amplitude increasing, just as shown in Figure 13.  

20 25 30 35 40

100

200

300

400

500

600

700

800

900

 

 

 A

=10×10

-7
m     A

z
=15×10

-7
m

 A

=15×10

-7
m     = /2

 A

=20×10

-7
m      - = /2      

 A

=25×10

-7
m     k = 0.25×10

3
m

-1

A
v
e
ra

g
e
 t

a
n
g
e
n
ti

a
l 

v
e
lo

c
it

y
 

 (
1
0

-3
m

/s
)

Frequency  /2   (10
3
Hz)

 
 

Fig. 12. The calculated curves of the specimen’s average tangential velocity 𝜈 changing  

with frequency (𝜔/2𝜋) and tangential amplitude 𝐴𝜏. The tangential amplitudes  

and the other parameters are given by legend 
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Fig. 13. The calculated curves of the specimen’s average tangential velocity 𝜈 changing with normal 

amplitude 𝐴𝑧 and frequency (𝜔/2𝜋). The frequencies and the other parameters are given by legend 

Moreover, if the vibrator’s normal amplitude approaches zero, the specimen never separates 

from the vibrator, thus the normalized contact time approaches 1. Under such condition, using 

Eq. (29), 𝜒1 is zero, using Eq. (30), ∆𝑡 is zero, and further 𝜒2 also is zero. Substituting 𝜒1 and 𝜒2 

into Eq. (34), the average tangential velocity is zero, that is, the specimen vibrates with vibrator 

in tangential direction and has no macroscopic tangential displacement. On the other hand, if 𝑡𝑛𝑐 

approaches 0.5 and (𝜓 − 𝜙) = 𝜋 2⁄ , Δ = 𝜋 2⁄ , the specimen’s constant tangential velocity 𝑣𝑑 

calculated from Eq. (31) is zero; in this case, the main part of the specimen’s tangential 

displacement is 𝜒1, and the average tangential velocity 𝜈  became smaller and approaches 𝐴𝜏𝜔/𝜋, 

which is just in accordance with the result of the Eq. (35).  

To sum up, for the ultrasonic vibrator of which the phase difference of the tangential and the 

normal vibrations is 𝜋 2⁄ , the normal amplitude must not be too small in case the normalized 

contact time is too big. 

Figure 14 shows the calculated specimen’s average tangential velocity changing with the phase 

difference and the angular wavenumber. The calculated results indicate that the angular 

wavenumber has no obvious correlation with the average tangential velocity of specimen  𝜈. But 
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the phase difference (𝜓 − 𝜙) obviously influences the average tangential velocity of specimen 𝜈. 

Under the condition depicted by the legend in Figure 14, if (𝜓 − 𝜙) approaches ±𝜋/2, that is, if 

the track of the points on the vibrator’s working surface is ellipse, the magnitude of the specimen’s 

average tangential velocity 𝜈 approaches the maximal value. This can be analyzed in more detail: 

when 𝑡𝑛𝑐 is very small compared with 1, the main part of the tangential displacement is 𝜒2 and 𝜒2 

change with phase angle (𝜋𝑡𝑛𝑐 + 𝜓𝑠 − 𝜙𝑠) as a sinusoidal function for Δ = 𝜋 2⁄ , because ∆𝑡 in 

Eq. (32) is roughly unchanged in this instance. As is well known, sine function has the maximal 

value when the phase angle is 𝜋/2. In the instance depicted in Figure 14, 𝜋𝑡𝑛𝑐 is very small, and 

thus the maximum of the average tangential velocity appears when (𝜓 − 𝜙) approaches ±𝜋/2. 
Whereas, if (𝜓 − 𝜙) approaches 0 or ±𝜋  and 𝑡𝑛𝑐  is very small, 𝜒1  calculated by Eq. (29) 

approaches zero, 𝜒2 calculated by Eq. (32) is also very small. So, seeing Eq. (34), the average 

tangential velocity is roughly zero when (𝜓 − 𝜙) is around 0 or ±𝜋, just as shown in Figure 14. 

From Figure 14, it is found important to optimize the phase difference of the tangential and 

the normal vibrations to approach ±𝜋/2 in order to obtain the maximal average tangential velocity. 
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Fig. 14. The theoretical relationship between the specimen’s tangential velocity and the phase difference 

11. Discuss on the experimental results 

In the laboratory, the experiments to research the average tangential velocity were 

accomplished by author’s team [30]. The devices are shown as the Figure 1. 

The cyclic vibrator is made of copper, whose outer diameter and inner diameter are 100 mm 

and 80 mm respectively. It works in two different modes 𝐵0,11 and 𝐵0,15. The parameters of the 

two modes are given in Table 1. The specimen in this experiment is a copper cylinder and its 

height and diameter are all 6 mm. As shown in Figure 1, FS-V31 optical fiber sensor is applied to 

measure the average tangential velocity. 

Table 1. The parameters of the vibration modes 

 𝐴𝜏 𝐴𝑧 𝜔/2𝜋 𝜓 − 𝜙 𝑘 

𝐵0,11 1.08 m 1 m 24.69 kHz 𝜋/2 0.24 / mm 

𝐵0,15 1.485 m 1 m 39.31 kHz 𝜋/2 0.31 / mm 

Under the conditions of 𝐵0,11 and 𝐵0,15, the experimental values of the specimen’s average 

tangential velocities are 148.38 mms-1 and 316.65 mms-1 respectively [30]. 

Taking the parameters of the Table 1 into Eq. (34), the calculated values of the average 

tangential velocity are found to be 144.269 mms-1 and 315.834 mms-1. The calculated results are 

roughly identical to the experimental results. At the same time, the calculated results by using 
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Eq. (35) are 144.268 mms-1 and 315.832 mms-1. It is once again proved that, if (𝜓 − 𝜙) = 𝜋 2⁄ , 

Δ = 𝜋 2⁄  and 𝑘𝐴𝜏 ≪ 1, the simplified formula represented by Eq. (35) gives the same results as 

Eq. (34). 

Another experiment on the specimen’s tangential motion is also accomplished by this 

team [31]. The experimental device is shown in Figure 15 [31]. 

The piezoelectric vibrator is elastic straight beam which have proper structure to synchronize 

the vibrations of all mass points on the working surface. So every point on vibrator’s working 

surface has the same amplitude, the same frequency and the same initial phase. The two 

piezoelectric ceramic wafers are applied to generate vibrations in 𝑧 direction and 𝜏 direction. All 

the points actuated by such two vibrations on the working surface rapidly move in step along the 

same ellipse in the plane 𝜏𝑜𝑧. The semi-major axis and the semi-minor axis are controlled by the 

voltage amplitudes 𝑈1 and 𝑈2 [31]. 

The specimen actuated by such vibrator must has an average tangential velocity satisfying 

Eq. (34) with 𝑘 = 0. If a cantilever is placed close to the specimen’s initial position, while the 

specimen begins to move, the cantilever should have a bending deformation. And it is certain that 

there is some correlation between the specimen’s tangential velocity and the deformation of the 

cantilever. Anyhow, it must be educated guess that the specimen has no macroscopic displacement 

while deformation of the cantilever is zero, and the greater deformation indicates that the specimen 

has the greater average tangential velocity. 
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Fig. 15. The schematic representation of the experiment on the specimen’s tangential motion 

The experimental results indicate that if either 𝐴𝑧  or 𝐴𝜏  is zero, the deformation of the 

cantilever is zero; if (𝜓 − 𝜙) = 0, the deformation of the cantilever approaches zero; and if 
(𝜓 − 𝜙) = 𝜋/2, the deformation approaches the maximum. This could be understood as follows: 

if either 𝐴𝑧 or 𝐴𝜏 is zero, the specimen’s average tangential velocity is zero; if (𝜓 − 𝜙) = 0, the 

specimen’s average tangential velocity also approaches zero; and if (𝜓 − 𝜙) = 𝜋/2 , the 

specimen’s average tangential velocity approaches the maximum. Such results agree with the 

calculated results above. 

12. Conclusions 

The specimen’s motion with actuation of the vibrator of the ultrasonic feeding is considered 

as the composition of the tangential and the normal motions. 

In the normal direction, the normal contact force arises by the elastic deformation of the 

equivalent micro peaks whose heights satisfied a specific normal distribution. Using the Newton’s 

second law of motion, the dynamic equation of the specimen’s motion is established, of which the 

solution is used to calculate the normal contact force and analyze the contact process. The 

calculated results imply that the specimen touches the vibrator periodically, and the period equals 

to that of the vibration. And the maximum of the contact force always appears at the instant when 

the vibrator’s normal displacement approaches the positive maximum. So the phase difference of 

maximum of the contact force and the maximum of the vibrator’s velocity always approaches 𝜋/2. 

The ratio of the contact time to the period is defined as the normalized contact time. The 

calculated results show that the normalized contact time has no relationship with the angular 

frequency, the normal damping coefficient and the roughness average. And it increases with the 
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standard deviations of the equivalent peaks’ heights and decreases with the normal amplitudes 

increasing. The standard deviation represents the degree of the uniformity of the equivalent peaks’ 

height. So the more uniform the equivalent micro peaks are, the smaller the normalized contact 

time is. 

And in tangential direction, the average specimen’s tangential velocity is proportional to the 

vibrator’s tangential amplitude and the vibrator’s frequency for (𝜓 − 𝜙) = 𝜋 2⁄ , Δ = 𝜋 2⁄  and 

𝑘𝐴𝜏 ≪ 1, according to the model of this paper. The vibrator’s normal amplitude influences the 

specimen’s tangential velocity by changing the normalized contact time. In general, the 

normalized contact time 𝑡𝑛𝑐  decrease with the vibrator’s normal amplitude increasing. If the 

vibrator’s normal amplitude is so small as to cause 𝑡𝑛𝑐 to be 1, the specimen has no macroscopic 

tangential displacement; if 𝑡𝑛𝑐 approaches 0.5, the specimen’s average tangential velocity also 

becomes small and approaches to 𝐴𝜏𝜔/𝜋 ; and if 𝑡𝑛𝑐  is less than 0.5 and (𝜓 − 𝜙) = 𝜋 2⁄ ,  

Δ = 𝜋 2⁄  and 𝑘𝐴𝜏 ≪ 1, the specimen’s average tangential velocity increases with the vibrator’s 

normal amplitude increasing. Thus, under the condition of (𝜓 − 𝜙) = 𝜋 2⁄ , Δ = 𝜋 2⁄  and  

𝑘𝐴𝜏 ≪ 1, the specimen’s normal amplitude must be not too small in case that 𝑡𝑛𝑐 is too big. 

Meanwhile, the vibrator’s phase difference of the tangential motion and the normal motion 

also has effects on the specimen’s tangential motion. The calculated results indicate that if 
(𝜓 − 𝜙) approaches ±𝜋/2, the specimen’s average tangential velocity approaches its maximum; 

if (𝜓 − 𝜙) approaches 0 or ±𝜋, the specimen’s average tangential velocity is roughly zero. And 

so it is important to optimize the phase difference of the tangential and the normal vibrations to 

approach ±𝜋/2 in order to obtain the maximal average tangential velocity. Furthermore, the 

experiments on the specimen’s average tangential velocity are analyzed in detail. The 

experimental results coincide with the theoretical results calculated by using this model. 
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