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Abstract. There are always clearances between the movement pairs in mechanical systems, which 

will deteriorate the dynamical performance of these systems when they become larger than the 

necessary size to allow their relative movement between the movement parts. In this paper, a 

special linkage mechanism for excavation with two clearances was concerned, and the effects of 

size of the clearance and the friction coefficient between the movement parts on the dynamical 

performance were investigated by modeling and numerical analysis. It shows that, with the 

increase of the friction coefficient and the size of clearance, the trajectory of mass center of 

connecting rod does not change greatly, but the dynamic response, such as the angular velocity, 

the impact force, and the load torque, will sharply increase, which may cause structure damage in 

many cases. Therefore, in the design and manufacture of this kind of mechanisms, we should find 

way to decrease the clearance and friction coefficient to ensure the dynamical performance. 
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1. Introduction  

Excavating instrument with low noise is one of the important equipments in civil engineering. 

In the machine, clearance is inevitable, and its size will affect the dynamic response and noise. 

Study on clearance of machine is of essential significance. Many works on dynamic response of 

machine with clearance had been done by many scholars. 

Different kinematic models with clearance are studied, assessing the actual configuration of a 

mechanism with clearance-affected pairs [1]. Imed [2] studied the dynamic behavior of a planar 

flexible slider-crank mechanism with clearance, using a contact model based on the 

impact-function. Tsai and Lai [3], using the properties of reciprocal screws to determine the 

instantaneous configurations, introduced a generalized method for error analysis of multi-loop 

mechanisms with joint clearance. Joint clearance was treated as a virtual link to simplify the study. 

Equivalent kinematical pair was used to model the motion freedoms furnished by the joint 

clearances. Schwab [4] made a comparison between several continuous contact force models and 

an impact model. The results showed that, both impact model and Hertzian contact force model 

could predict the dynamic response of mechanisms and machines having unlubricated revolute 

joint clearance including the peak values of the forces and position and velocity deviations due to 

the clearance. 

Flores [5] presented the dynamical analysis of mechanical systems considering joint with 

clearance and lubrication. The numerical results pointed that the existence of dry joint clearances 

caused high peaks on the kinematic and characteristics of dynamic system due to contact-impact 

forces when compared to those obtained with lubricated model. Due to contact-impact forces 

when compared to those obtained with lubricated model, the numerical results pointed that the 

existence of dry joint clearances caused high peaks on the characteristics of kinematic and 

dynamic system. In Hu’s research [6], the support structure and the supports were considered 

flexible and the contribution from the flexible deformation to the clearance between the shaft and 

the support was included in the shaft support interaction problem. The equation of final system 

was non-linear [7-8]. Flores [9] analyzed the dynamic characters of multi-body system with pair 
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clearance. Rhee [10-11] investigated the response of a revolute joint in a four-bar mechanism with 

one clearance. The numerical results showed that nonlinearity depended on both the size of the 

clearance and the coefficient of friction between the pin and bearing. Olyaei’s research results 

showed that the system may exhibit chaotic behavior under specific conditions [12].  

In this paper, the nonlinear dynamic characters of excavating system with two clearances will 

be studied based on the references and research results. Our model will be established firstly, and 

the dynamic equations are derived, then the response of excavating system with two clearances 

will be analyzed. The effects of the size of clearance and the coefficient of friction will be 

discussed respectively. 

2. The dynamic model of excavating system with two clearances 

The model of low-noise excavating system with two clearances is shown in Fig. 1. The 

machine has two parts, and the left and right part have similar structure. For simplification, only 

the right side is considered. 𝑂𝐴 is crank and 𝐵𝐶 is cutter head. There are clearances at 𝐴, between 

the crank and connecting-rod, and 𝐵, between the connecting-rod and cutter head. 𝑙1, 𝑙2, 𝑙3 are the 

length of crank, connecting-rod and cutter head, respectively, 𝑙4 is the distance from fixed point 

𝑂 to contact point when the cutter head is at the equilibrium position. 𝑚1, 𝑚2, 𝑚3 are the mass of 

crank, connecting-rod and cutter head, respectively. 𝑠1, 𝑠2, 𝑠3  are the mass center of crank, 

connecting-rod and cutter head, respectively. 𝐽𝑠1 and 𝐽1 are the rotational inertia of crank about 

fixed point 𝑂 and mass center, respectively, 𝐽𝑠2 and 𝐽𝑠3 are the rotational inertia of connecting-rod 

and cutter head about mass center. The torque of crank is 𝑇, and the crushing torque between 

crushed body and cutter head is 𝑀43, the torsion induced by the distortion of spring in tangential 

direction is 𝑀𝑇. 𝜃1, 𝜃2 are the angular of crank and connecting-rod, 𝜃3 is angle of the engagement 

line of cutter head and crushed body, 𝜃4 is the angle of the centre line of cutter head. The curvature 

radius of crushed body is 𝑅𝑖. 𝑥𝑠2, 𝑦𝑠2 are the projection of mass center 𝑠2 of connecting rod in 𝑥 

and 𝑦 directions, the distance from shaft pin to shaft sleeve at 𝐴 is 𝑒1, and 𝑒2 at 𝐵.  

 
Fig. 1. Model of excavating system with two clearances 

Choose 𝜃1, 𝜃2, 𝜃3, 𝑥𝑠2, 𝑦𝑠2 as generalized coordinates, and 𝑜 as the origin of the coordinates, 

𝑒1𝑥, 𝑒1𝑦, 𝑒2𝑥, 𝑒2𝑦  are the projections of distance between shaft pin and shaft sleeve in 𝑥 and 𝑦 

direction. According to the geometrical relation, 𝑒𝑖 is expressed as follows: 

Pair A: 
𝑒1𝑥 = 𝑥𝑠2 − 𝑙1cos𝜃1 − 𝑙𝑠2cos𝜃2,
𝑒1𝑦 = 𝑦𝑠2 − 𝑙1sin𝜃1 − 𝑙𝑠2sin𝜃2,

 (1) 

Pair B: 
𝑒2𝑥 = 𝑙4 − 𝑥𝑠2 − (𝑙2 − 𝑙𝑠2)cos𝜃2 − (𝑅 − 𝑙3)cos𝜃3,

𝑒2𝑦 = (𝑅 − 𝑙3)(1 − sin𝜃3) − 𝑦𝑠2 − (𝑙2 − 𝑙𝑠2)sin𝜃2.
 (2) 
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When the distance 𝑒𝑖 between shaft pin and shaft sleeve is smaller than the clearance 𝑟𝑖, the 

shaft pin does not contact the sleeve, that is, the free state; otherwise, when 𝑒𝑖 is larger than the 

clearance 𝑟𝑖, the shaft pin contacts the sleeve and the system is in contact. The criterion is that: 

𝑒𝑖 − 𝑟𝑖 < 0,   (𝑖 = 1,  2), the free state, 
𝑒𝑖 − 𝑟𝑖 > 0,   (𝑖 = 1,  2), the contact state. 

(3) 

The connected angle 𝛼𝑖 can be determined by: 

𝛼𝑖 = arctan (
𝑒𝑖𝑦

𝑒𝑖𝑥
),   (𝑖 = 1, 2). (4) 

At the contact point, the relative velocity of shaft pin relative to craft sleeve in normal and 

tangential direction is that: 

𝑣𝑖𝑛 = 𝑒̇𝑖𝑥cos𝛼𝑖 + 𝑒̇𝑖𝑦sin𝛼𝑖 ,   (𝑖 = 1,2), 

𝑣𝑖𝑡 = 𝑒̇𝑖𝑦cos𝛼𝑖 − 𝑒̇𝑖𝑥sin𝛼𝑖 + (𝜃̇𝑖 − 𝜃̇𝑖+1)𝑅𝑖 ,   (𝑖 = 1,2). 
(5) 

The nonlinear contact force according to Hertz modeling is that [12, 13]: 

𝐹12
𝑛 = {

𝐾1𝛿1
1.5 + 𝐶1𝑛𝑣1𝑛, 𝛿1 > 0,

0, 𝛿1 ≤ 0,
   𝐹12

𝑡 = {
𝑓1𝜎1𝐹12

𝑛 + 𝐶1𝑡𝑣1𝑡, 𝛿1 > 0,
0, 𝛿1 ≤ 0,

 (6-7) 

𝐹32
𝑛 = {

𝐾2𝛿2
1.5 + 𝐶2𝑛𝑣2𝑛, 𝛿2 > 0,

0, 𝛿2 ≤ 0,
   𝐹32

𝑡 = {
𝑓2𝜎2𝐹32

𝑛 + 𝐶2𝑡𝑣2𝑡, 𝛿2 > 0,
0, 𝛿2 ≤ 0,

 (8-9) 

where: 

𝜎1 = {
1, 𝑣1𝑡 ≥ 0,
−1, 𝑣1𝑡 < 0,

    𝜎2 = {
1, 𝑣2𝑡 ≥ 0,
−1, 𝑣2𝑡 < 0,

 (10-11) 

where 𝐹12
𝑛 , 𝐹12

𝑡 , 𝐹32
𝑛 , 𝐹32

𝑡  are the contact forces at pair 𝐴 and 𝐵 in normal and tangential direction, 

respectively. 𝐾1, 𝐾2, 𝐶1𝑛, 𝐶2𝑛, 𝐶1𝑡, 𝐶2𝑡 , 𝑓1, 𝑓2 are the stiffness coefficient, damping coefficient and 

friction coefficient in normal direction in normal and tangential direction, respectively. 

The projections of contact force at pair 𝐴 in 𝑥 and 𝑦 direction are that: 

𝐹12𝑥 = 𝐹12
𝑛 cos𝛼1 + 𝐹12

𝑡 sin𝛼1, 
𝐹12𝑦 = 𝐹12

𝑛 sin𝛼1 − 𝐹12
𝑡 cos𝛼1. 

(12) 

The projections of contact force at pair 𝐵 in 𝑥 and 𝑦 direction are that: 

𝐹32𝑥 = 𝐹32
𝑛 cos𝛼2 + 𝐹32

𝑡 sin𝛼2, 
𝐹32𝑦 = 𝐹32

𝑛 sin𝛼2 − 𝐹32
𝑡 cos𝛼2. 

(13) 

Now the motion relationship, contact and force relationship are obtained. 

The dynamical equations can be established according to d’Alembert’s principle. By 

substituting the expressions of clearance and forces in formula (1)-(13) into dynamical equations, 

the motion equations are obtained. Motion equation of crank is as follows: 

−𝐹21𝑥𝑙1sin𝜃1 + 𝐹21𝑦𝑙1cos𝜃1 + 𝑚1𝑦̈𝑠1𝑙𝑠1cos𝜃1 − 𝑚1𝑥̈𝑠1𝑙𝑠1sin𝜃1 − 𝑇

− 𝑅1(𝐹12𝑥sin𝛼1 − 𝐹12𝑦cos𝛼1) − 𝐽𝑠1𝜃̈1 = 0. 
(14) 

The dynamic equations of connecting-rod are that: 
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𝐹12𝑥 − 𝐹32𝑥 − 𝑚2𝑥̈𝑠2 = 0, (15) 

𝐹12𝑦 − 𝐹32𝑦 − 𝑚2𝑦̈𝑠2 = 0, (16) 

𝑅2(𝐹32𝑥sin𝛼2 − 𝐹32𝑦cos𝛼2) + 𝑙𝑠2(𝐹12𝑥sin𝜃2 − 𝐹12𝑦cos𝜃2)

+ (𝑙2 − 𝑙𝑠2)(𝐹32𝑥sin𝜃2 − 𝐹32𝑦cos𝜃2) + (𝑅1 + 𝑒1)(𝐹12𝑦cos𝛼1 − 𝐹12𝑥sin𝛼1)

− 𝐽𝑠2𝜃̈2 = 0. 

(17) 

The dynamic equation of cutter head is that: 

{𝐽𝑠3 − 𝑚3[(𝑅 − 𝑙3)sin𝜃3 + 𝑙𝑠3sin𝜃4][𝑙3(sin𝜃3 + cos𝜃3) − 𝑙𝑠3(sin𝜃4 + cos𝜃4)]}𝜃̈3

= 𝑚3𝜃̇3
2[(𝑅 − 𝑙3)cos𝜃3 + 𝑙𝑠3cos𝜃4][𝑙3(sin𝜃3 − cos𝜃3) − 𝑙𝑠3(sin𝜃4 − cos𝜃4)]

+ (𝐹32𝑥sin𝜃3 − 𝐹32𝑦cos𝜃3)𝑙3 + 𝐹32𝑥(𝑅2sin𝛼2 + 𝑒2𝑦) − 𝐹32𝑦(𝑅2cos𝛼2 + 𝑒2𝑥)

− 𝐹𝑇𝑦(𝑙3cos𝜃3 − 𝑙𝑇cos𝜃4) + 𝐹𝑇𝑥(𝑙3sin𝜃3 − 𝑙𝑇sin𝜃4) + 𝑣𝑀𝑇 + 𝑢𝑀43, 

(18) 

where: 

𝑢 = {
1, 𝜃1 ∈ (0° + 2𝑘𝜋, 180° + 2𝑘𝜋), 𝑘 ∈ 𝑁+,

−1, 𝜃1 ∈ (180° + 2𝑘𝜋, 360° + 2𝑘𝜋), 𝑘 ∈ 𝑁+.
 (19) 

Formula (19) is used to determine the direction of crushing torque 𝑀43. 

𝑣 = {
1, 𝜃3 ≤ 𝜋 2⁄ ,

−1, 𝜃3 > 𝜋 2⁄ .
 (20) 

Formula (20) is used to determine the direction of torque 𝑀𝑇. The crushing torque 𝑀43 can not 

be measured by experimental method, but it can be estimated through the transfer efficiency and 

power. The low-noise excavating system is nonlinear dynamic system with 5-dof. 

3. Results and discussions  

According to the sample machine, the parameters of each part in excavating system are as 

follows: 𝑙1 = 20 mm,  𝑙2 = 130 mm,  𝑙3 = 365 mm,  𝑙𝑇 = 190 mm,  𝑙𝑠1 = 20 mm,  
𝑙𝑠2 = 74.27 mm,  𝑙𝑠3 = 180 mm,  𝐹𝑇𝑌 = 8000 N,  𝑚1 = 0.609 kg,  𝑚2 = 1.757 kg,  

𝑚3 = 3.986 kg,  𝑟1 = 0.07 mm,  𝑟2 = 0.03 mm,  𝐽𝑠1 = 0.0006 kg m2,  𝐽𝑠2 = 0.009 kg m2,  

𝐽𝑠3 = 0.041 kg m2,  𝑅1 = 80 mm,  𝑅2 = 20 mm,  𝐶1𝑡 = 0,  𝐶2𝑡 = 0,  𝐾1 = 9.59 × 1011 N/m2, 

𝐾2 = 3.91 × 107 N/m2. The numerical simulation results in different conditions are obtained. 

When the crank rotate with speed 𝜔1 = 15.6 rad/s, and the model is Hertz contact modeling, 

the results are obtained when the friction coefficients in tangential direction is 𝑓 = 0  and  

𝑓 = 0.05, shown in Figures 2 and 3. 

It can be seen from Figures 2 and 3 that when the friction increases, the vibration amplitude of 

crank at mass center is increased, and the high frequency component will appear. 

 
a) 𝑓 = 0 

 
b) 𝑓 = 0.05 

Fig. 2. Trajectory of the mass center of connecting-rod with different friction coefficient 
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a) 𝑓 = 0 

 
b) 𝑓 = 0.05 

Fig. 3. Angular curve of connecting-rod with different friction coefficient 

 
a) 𝑓 = 0 

 
b) 𝑓 = 0.05 

Fig. 4. Angular velocity curve of connecting-rod with different friction coefficient 

The angular velocity curve of connecting-rod is also calculated, as shown in Figure 4. It can 

be seen from Figure 4 that, when 𝑓 = 0, the maximum angular velocity is 40 rad/s, but when  
𝑓 = 0.05, the maximum angular velocity is 90 rad/s. Therefore, the angular velocity increases 

with the increasing of friction coefficient. To reduce the vibration, lubrication is needed. 

When the crank rotates with angular velocity 𝜔1 = 15.6 rad/s, and the friction coefficient 

𝑓 = 0.01 , given the size of clearance as 𝑟1 = 𝑟2 = 0.01 mm  and 𝑟1 = 𝑟2 = 0.5 mm,  the 

responses are obtained, as shown in figures 5 and 6, respectively. 

It can be seen from Figures 5 and 6 that, the trajectory of the mass center of connecting-rod is 

ellipse, when the size of clearance increases, the shape of trajectory do not change, but the curve 

becomes non-smooth, the vibration is obvious. 

 
a) 𝑟1 = 𝑟2 = 0.01 mm 

 
b) 𝑟1 = 𝑟2 = 0.5 mm 

Fig. 5. Trajectory of the mass center of connecting-rod with different clearance size 

 
a) 𝑟1 = 𝑟2 = 0.01 mm 

 
b) 𝑟1 = 𝑟2 = 0.5 mm 

Fig. 6. Angular curve of connecting-rod with different clearance size  
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a) 𝑟1 = 𝑟2 = 0.01 mm 

 
a) 𝑟1 = 𝑟2 = 0.5 mm 

Fig. 7. Angular velocity curve of connecting-rod with different clearance size  

The angular velocity of connecting-rod is also obtained, shown in Figure 7. It can be seen that, 

when the size of clearance becomes larger, the angular velocity will become larger, the maximum 

velocity change from 20 rad/s to 200 rad/s, and the impulse is more serious. The curves of load 

torque and contact force are shown in Figure 8. 

 
a) Torque 

 
b) 𝐹32𝑦 

 
c) 𝐹32𝑥 

 
d) 𝐹12𝑦 

Fig. 8. Force curves with different angular velocity  

The results in Figure 8 show that, when the size of clearance is large, there is very large contact 

and load torque in the system, the impact phenomena is obvious, which may cause noise and bring 

breakage to system. 

From the curves in Figure 9 we can see that, the existing of clearance will also affect the motion 

of system and decrease the precision of motion mechanism. 

Through the calculation and analysis, it is obvious that, when the friction in clearance becomes 

larger, the vibration will be violent. In the design and manufacture, the precision should be 

improved to reduce the clearance and friction; in the optimization of system structure, the 

clearance can not be omitted, and the two clearances should be considered. 
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a) curve between 𝜔3 and 𝜀3 

 
b) curve between 𝜔2 and 𝜀2 

 
c) curve between 𝑣𝑥𝑠2 and 𝑎𝑥𝑠2 

 
d) curve between 𝑣𝑦𝑠2 and 𝑎𝑦𝑠2 

Fig. 9. The relation curves between velocity and acceleration 

4. Conclusions 

In this paper, the clearance is expressed with Hertz law, the dynamic response of excavating 

system with two clearances is analyzed with numerical simulation, and the effects of the size of 

clearance and the coefficient of friction are discussed, respectively. The numerical results show 

that, when the friction coefficient and the size of clearance increase, the shape of trajectory of 

mass center of connecting rod do not change, but the vibration is obvious, the angular velocity 

will become larger, which leads to the larager impact force and load torque, and brings breakage 

to system structure. In the design and manufacture, the precision should be improved to reduce 

the clearance and friction; in the optimization of system structure, the clearance can not be omitted, 

and the two clearances should be considered. 
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