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Abstract. Exact solution is adopted for computation of the inviscid Burgers equation on finite
difference grid. Initial condition and following computed values of the independent variable are
assumed to be piecewisely linear between fixed grid points, and local exact solution is used to
find the value at the next time step at each grid point. Comparisons of Piecewise Exact Solution
Method (PESM), existing upwind scheme, and the analytic solution show that the present
method is more accurate than the upwind scheme. The unconditional stability is a strong merit of
this method and is shown with a test result.

Keywords: inviscid Burgers equation, piecewise exact solution method, upwind scheme,
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Introduction

Not only the advection equation but also the advection-diffusion equation has been
intensively used to explain the flow of fluids in mathematical, physical, scientific, and
engineering problems [1-3]. The advection equation becomes the advection-diffusion equation
by adding diffusion terms with diffusion coefficients. Reversely, the advection equation can be
thought as a partial equation containing advection phenomena only by cutting off the diffusion,
or separating the partial differential operator into two, and getting two equations, i.e. the
advection equation and the diffusion equation (fractional step method [4, 5] or operator-splitting
method [6]). The advection equation often describes transport of a scalar property, e.g.
concentration, temperature etc. A very specific case of the advection equation is the Burgers
equation, when the dependent variable is the velocity itself [7, 8] instead of an arbitrary scalar
property. The advection equation has been a focus of numerical modeling due to possible
numerical diffusion or wiggles. Calculation of the inviscid Burgers equation is concerned here.
Even though the Burgers equation is nonlinear, and different from linear advection equation,
people have used similar numerical methods to solve the Burgers equation.

Fundamentally, the advection-diffusion equation:

—+a—=v— (1)

is reduced to the advection equation:

ou ou
—+a—=0 2)
ot ox

The inviscid Burgers equation is a specific form of the advection equation, when a= u .
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—+u—=0 (3)

The same numerical schemes for linear advection equation can also be applied to the above
nonlinear advection equation but the velocity should be represented by a finite difference value.
The nonlinear Burgers equation also influences the stability problem.

The inviscid Burgers equation is useful because it has a close link with the conservation
laws. The inviscid Burgers equation is an example of the nonlinear momentum conservation
equation. Solutions for the inviscid Burgers equation can be obtained on spatially fixed grid by
using existing numerical methods [9, 10]. The inviscid Burgers equation can be written in
conservative form as:

6_u+ OF (u) _o @
ot ox
2
u
F(u) =5 (%)

where x is the spatial axis, ¢ is the time, and u is the velocity in the x axis. The velocity field,
u(x,t), at the initial point (#=0), is u(x,0), and is called f (xo). The analytic solution of

Equation (4) for the given initial condition is:
u (x,0=u(x ,0)= f(x ) (6)
where u, is the velocity for Lagrangean position:

x=x0+uL-t=x0+f(x0)~t @)

u(x,t) = u(xo +f(x0)~t,t) =u, (xo,t) =u, (xO,O) = f(xo) ()

The problem is that it is not always possible to get the solution in an explicit form for an
arbitrary function, f. One of frequently used numerical schemes to solve the advection equation

is the upwind scheme [9]:

n+l —n
u +u u
1 1 1 n n n
=——wW" —-u"oru" -u 9
At AX( i+1 i i l—l) ( )
where u" is a representative velocity at number i , which could be u" , u" , u"
1

i i+l i—1
" +u" 1)/2, (" | +u")/2. If we use the difference equation for the Burgers equation in the
1 1+ 11— 1

conservative form, the difference equation becomes:

n

%=—${(w};)2 @'y orw!y’ —(u}’lf} (10)
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then (i +”'n+1) /2 or (u" . +u'™)/2 corresponds to the representative velocity.
1 1 11— 1

Similar the above upwind scheme, the Lax-Wendroff scheme [13], the modified Lax-
Wendroff scheme by Roe [15], TVD [16], the box scheme [17], or the Leap-frog scheme [18]
adopt different numerical schemes which are useful for the linear advection equation, but not for
the Burgers equation in a sense that the selection of the representative velocity value produces
small or large numerical errors.

There have been trials to make use of the exact solution for fixed grid system. A Lagrangean
method, MAC, introduces moving particles which conserve physical properties, but requires
cumbersome treatment of the density of the particles in a fixed grid space, which is a defect of
the method [11]. Here we propose a new method to make use of the exact solution of the
inviscid Burger’s equation. The shock waves can be generated while solving the Burgers
equation depending on conditions [14].

Piecewise Exact Solution Method

If the dependent variable is initially distributed linearly in space then we find an exact
solution which is:

u(x,to):dx-i-e (11)

xX+c
u:
t

(12)

where ¢ is a coefficient, ¢ =e/d . Equation (11) satisfies the inviscid Burgers equation (4).

An interesting feature of this solution is that the initial time, #,, cannot be arbitrarily
provided, but a fixed value, 1/d , should be assigned. If the starting time is negative, and time
proceeds, then we encounter a singularity at # = 0 which means a “shock”, as time.

If two boundary value sets of x and u are given, Equation (12) can be used for both
accelerating and decelerating phases by using either positive or negative domain for x or ¢.
Given the boundary values at two adjacent grid points, we can find the solution at new time step
on a grid point by using above the exact solution.

For positive, spatially increasing velocity in the positive x axis, for instance, Equation (12)
can be expressed in a numerical form as:

X +c X —Ax+c
n_ i . no _ i .
u. - ’ - b

X +c
u’ 4 u'm =t
! t i-1 t ! t+ At

n+l

(13)

where Ax is the spatial increment, Az is the temporal increment, the subscript i or i—1 is the
number of grid point, and the superscript » or n+1 is the number of time step.

Dropping out x; and ¢, the exact velocity value at node i at the new time step becomes
(Figure 1):

Ax
un+1 _ n

"= u (14)
! (u;’—u;’il)At-t—Ax !
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Fig. 1. Piecewise exact solution for positive increasing velocity distribution

If the front side velocity times temporal increment ( A¢r ) exceeds m times the spatial

' ) and B(x L
i—-m—1 i-m

increment (Ax ), see the segment of A(x
i—m -m

» ) in Figure 2, we obtain

the following exact solution:

ut = Ax {(m+1)~uf’ -m-u" e
1 (un _un )A[-"-Ax —m 1—m—
i-m i-m—1
for mAx <u” At<(m+DAx, m=1,2,3, - (15)
—m

Equation (15) also satisfies Equation (14) for m=0, thus its use can be extended for
m=0,1,2,---.
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Fig. 2. Piecewise exact solution for large temporal increment (m >1)

For positive, spatially decreasing velocity distribution in the x axis, the velocity at grid point
1 at new time step can be calculated from the same equation, Equation (14), see Figure 3. This
solution has similarity to existing upwind schemes in which upstream values at previous time
step are used for calculation of the velocities at the new time step.

For negative velocities (Figure 4), the following equation is used:

ut :Luﬁ (16)
' (u."+l —uM)At+Ax !
1 1
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Fig. 3. Piecewise exact solution for positive decreasing velocity distribution
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Fig. 4. Piecewise exact solution for negative increasing velocity distribution

When the two neighboring velocities, u,"1 and u", are in the opposite direction (Figures 5
1— 1

and 6), one case is that velocity increases in the x axis:

Ax
un+1: un
i ‘u_—u_ ‘At+Ax !
i i-1
n+l _ Ax u
U —u. I‘At-i-Ax i-1
i i—

)

(18)

u =
i—1

If the two adjacent velocity values have opposite signs, but velocity decreases in the x axis,
then Equations (14) and (16) are used.

The present method remains valid unless the spatial velocity gradient becomes infinity. The
infinite velocity gradient corresponds to the singularity of the function F, and consequently
solution cannot be obtained numerically from the singularity. Physical similarity exist e.g. shock
waves, wave breaking, or hydraulic jump.

3. Results and discussion

The present method is using piecewise exact solution for each segment of the given arbitrary
distribution of velocity, and shortly called as PESM afterwards. If the given function is a linear
function in a wide computation domain, the solution remains as a linear function as time
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proceeds. In order to examine its accuracy PESM is applied to a case of a linear initial condition
for positive x:

u(x,0)=x,
Ax=1.0, 0<x<100,
At=10, 0<t<25.
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Fig. 5. Piecewise exact solution for flattening velocities of opposite signs
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Fig. 6. Piecewise exact solution for steepening velocities of opposite signs
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Fig. 7. Test results of PESM and Godunov for case of linear velocity distribution
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The results of the present method coincide with the analytic solution throughout the time as
expected, because the present method uses piecewise exact solution, and the given function has a
single gradient within the whole domain. The results were also compared with the results of an
existing scheme [9]. Godunov’s scheme is a first-order upwind scheme. The upwind scheme is
not free from numerical error at each time step, and accumulates larger total error as time
proceeds, see Figs. 7, 8, and 9.

Next, the PESM was applied to an expansion wave composed of three linear functions,
constant u, (left velocity), straight connection line, and constant u (right velocity):

u(x,O)zul =05, x<25

u(x,O):%(ul+ur)=%(x—26)+%, 25<x<27

u(x,O):urzl.O, x>27

Ax:l,At:%, 0<tr<16.

Results for both the PESM and Godunov’s scheme show similar behavior in a large scale
plot, Figure 10. The computed central position of the wave with both the PESM and Godunov’s
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scheme are exact. However Godunov’s scheme becomes farther from the analytic solution as
time proceeds. Numerical diffusion of the PESM is slightly smaller than that of Godunov’s
scheme, see Figures 10(a) and 10(b).

Similarly, the PESM and Godunov’s scheme were applied to a shock wave case:

u(x,O):ulzl.O, x<25

1 1 3
u(x,O)zE(ul+ur)=z(26—x)+z, 25<x<27
u(x,0)=u =0.5, x>27

r

Ax=1, Atzg, 0<r<16.

The PESM again produces similar shape of computation results to Godunov’s first order
upwind scheme in a large scale plot (Figure 11). Numerical diffusion of the PESM is slightly
smaller than Godunov’s scheme, see Figures 11(a) and 11(b). The PESM shows more accurate
solution for both spreading and shock waves, which distinguishes itself from the existing first
order upwind schemes.

11
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Fig. 10. Calculated results of expansion wave by PESM and Godunov

Initially smooth distribution of the velocity in space can be approximated by piecewise linear
functions and relatively smooth variation of their gradients. The PESM was applied to the
velocity distribution of a bell-shaped function with a rough resolution:

x2
u(x,O):exp[—moJ , —0< X <00
Ax=0.02, Ar=0.010r 0.03, 0<¢<0.09.
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Fig. 11. Calculated results of shock wave by PESM and Godunov

At t=0.09, the computed velocity field for the time increment of 0.01 included maximum
total error of 0.125 around the bell crest, which is similar to the maximum total error of 0.131
Godunov’s scheme, see Figure 12. Now, an increased time increment, Af=0.03 , was applied to
the same condition, which does not satisfy the CFL condition. The computed results at time of
0.09 by using the PESM are stable, while those by using Godunov’s scheme show the symptom
of instability, see Figure 13. This demonstrates the unconditional stability of the PESM with
respect to the time increment, unless the problem actually reaches singularity.

Analytic Solution

Initial condition PESM = ------

Godunoy  seeeereee

0.3

0.4~

0.2

0 | 1 L
[ 5 10 15 20 25

Fig. 12. Comparison with the velocity distribution at time of 0.09 for A¢=0.01
It could be said that the PESM gives more accurate solutions than Godunov’s first order
upwind scheme because of its exactness. Therefore, replacing the first-order finite difference
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part in many existing schemes with the present method could be recommended here. For
example, the existing form of Fromm’s scheme [12] is to be used to solve the inviscid Burgers
equation, then:

n_n n _.n n _.n
u.nH :uf’ _a% ui A:i—l —a%(l—a%) ui+1Axui _ ui—leui—Z (19)
1 1
could be modified into:
n n n n
L Ax o _aﬂ l_aﬁ Vg 7 WL T, (20)
i n_n i 4Ax Ax Ax Ax
W’ —u’ 1)AZ+Ax
1 I—

where a is a velocity or characteristic speed in the x-direction, and a discrete value should be
assigned if it is used for the Burgers equation.

Analytic Solution

Initial condition i PESM = =-=-=--

Godunoy  seeeeeeeess

0.8

0.4+

0.2

0 ~ | L
0 5 10 15 20 25

Fig. 13. Comparison with the velocity distribution at time of 0.09 for A¢=0.03
And the existing Lax-Wendroff scheme [13]:

u" —u" u" —u" u"-u"
ln+l: n At i i—1 —a At (l_a%j 1+1Ax i tAxt—l (21)

could be modified into:

n n n n

un+1 _ Ax W' —a At (1_(1&) Yia ™Y _ w TG (22)
: " —u" YAt +Ax ' 2Ax Ax Ax Ax
i -l

Using Equations (20) and (22) may reproduce more accurate speed of the wave phase than
Equation (19) and (21), as was demonstrated in Figures 8 and 9, even through these
replacements are not the major interest of this paper.
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Conclusions

Accuracy is one of the most important objects during solving the momentum conservation
equation. Most existing numerical methods have been developed for the linear advection
equation. The PESM is a fairly simple method, and still produces more accurate solutions for the
inviscid Burgers equation than Godunov’s first order upwind scheme which is adequate for the
linear advection equation. The PESM is again an unconditionally stable method for solving the
inviscid Burgers equation. If the initial condition is described by continuous piecewise linear
functions, the solution can be obtained with arbitrary time increment unless any shock wave
develops. The present PESM could be used effectively to solve the momentum conservation
equation, especially when it is combined to fractional-step method.
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