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Abstract: Superposition window is often used in the digiighal processing and other fields
of signal processing such as power spectral esimaind adaptive time-frequency analysis.
Different overlap and windows used in superposiggatem may affect the final results. The
main contribution of this paper is in providing timsight into the properties of the overlap-add
technique with different window or overlap ratiohieh is very helpful in selecting these
parameters for a practical application.
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1. Introduction

The individual signal is first windowed and sphité some segments. The segmentation of a
signal into non-overlapping segments can resutlisoontinuity artifacts at the segment edges.
To reduce these artifacts, overlap-add technigque lwa applied to the windowed data.
Overlapping technique is early used in the Welchigthod to compute the modified
periodogram method [1] and then expanded to syizthes signal from its short-time Fourier
transform [2] [3]. Modified overlap technique, suat weighted overlapped segment averaging
method with proper overlap was applied to reduce Variance for the power spectral
estimation [4]. A revisited Welch method via ciraubverlap is developed in the application of
the nonparametric power spectrum power [5].

Most window functions afford more influence to thata at the center of the set than to data
at the edges, which represent a loss of informafiormitigate that loss, the individual data sets
are commonly overlapped in time or in frequency dismSuperposition window is adopted to
solve the inconsistence problem S transform in tdoenain and frequency domain [6]. An
adaptive, linear time-frequency analysis is propgossing superposition frame [7, 8]. An
adaptive spectral kurtosis is developed by the autiased on the superposition frame in
frequency domain and is successfully used to detestbearing fault [9]. Fixed overlap
windows are employed in overlap-add proceduressavariable amount of overlap technique is
proposed in [10].

Since overlap technigue has been widely used eittopnance of the different overlap and
windows was seldom investigated. This paper gives ibfluence of the windows on the
overlapping technique. The rest of this paper iganized as follows. Theory of the
superposition frame is briefly introduced in sectih Performance of the superposition frame is
investigated in detail in section 3. Conclusiors given in section 4.

2. Theory of the superposition frame

Consider breaking an input signainto frames using a finite, zero-phase, lengtiwindow
w. then we may express thgh windowed data frame as
Xy (N) = X(N)TgW(N),N € (=o0,0) )

where R is frame step (hop sizejn is frame index andTl w(-)is the defined translation
operator which can be written as
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TW() = W(—mR) )

The hop size is the number of samples between #wgnhimes of adjacent frames.
Specifically, it is the number of samples by whiale advance each successive window.
Overlap ratio 4 is determined by window length and hop size,

R
A=l 3)

when the overlap ratio is 50% that denotes m/2. For frame-by-frame spectral processing to
work, we must be able to reconstrucfrom the individual overlapping frames, ideally by
simply summing them in their original time posit®This can be written as

()= 30,0 = 3 HTw0) = S 2 3 Tt @

Hence, x=3 x, ifand only f,

D T,aW(n) =G(R),Vne Z (5)

meZ

If G(R) is a constant, this window is a constant-overlap-add (COLA), which may keep
perfect reconstruction in STFT. Via the Poissonmation formula, condition can be written as

18 27k, 2
2T == W(-)e F ()
meZ R k=0 R
Thus the COLA constraints in frequency domain [11]
W(ZLRK) =0,vke Znk=0 @)

In other words, a windowv gives constant overlap-add at hop-sizéf and only if the
transformed windowV is zero at all harmonics of the frame r24¢R . Eq. (7) describes the
weak COLA constraint in the frequency domain. Whae short-time spectrum is being
modified, these conditions no longer apply, andrangier COLA constraint is preferable. The
strong condition of COLA is to require that thenséormed windowW (@) be band-limited
consistent with down-sampling IRz

W(w) = O,|a)| Z% (8)

This condition is sufficient, but not necessary, ferfect COLA reconstruction. However, it
cannot be achieved exactly by finite-duration wikwdanctions.
When either of the strong or weak COLA conditionsatisfied,

Z TrrRW(n) = @

where W(0) = Z w(n). When Eqg. (9) is satisfied, perfect reconstructidnthe short-time

(9)

Fourier transfonr:rﬁcis achieved, i.ey(n) = x(n) , while y(n) is written as

R & | 1% ok 1z
=— =3 X (ED)e N 10
y(n) W(O)p__iNé r( N )e (10)
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3. Performance of the super position frame

Parameters used to evaluate the performance slghgrposition frame and the effect of the
window type and overlap ratio are conducted in $ieistion.

3.1. Parametersto evaluate the super position frame

The most important features to measure the windantions are mainlobe width, sidelobe
attenuation, spectral leakage and gain.

W P
Sidelobe Sidelobe
/l H l\ y
St =S wte 0 Fote T S

Fig. 1. Parameters of a window function

The mainlobe, sidelobe, cut-off frequency of theimwbe, f ., and the frequency
associated with the height of the highest sidelolig, are shown in Fig. 1. To facilitate
discussions, we denot(t) as a real, even and nonnegative temporal windav\M{f) as
its Fourier transform. As is well knode(f)| has a mainlobe at zero frequency and
sidelobes on both sides (see Fig. 1).

3.1. 1. Mainlobe width

The -3dB mainlobe width, denoted as MW, is defined as the width of the mainlobe at
3dB below the mainlobe peak, and half of its valae be written as

0.5- MLW, , £'arg max{20logW € JW (0)= - 3 (11)

MLW 34 mainly affects the frequency resolution in poweedcral density estimation.
Smaller MLW;_ggleads to higher frequency resolution, and viceaers

3. 1. 2. Relative sidelobe attenuation

The relative sidelobe attenuation (RSA) is defiasdhe log difference between the height
of the mainlobe and the height of the highest siglel It can be written as

RSAZ 20logW (f,; YW (0) (12)

The RSA denotes the difference between magnitudthefmainlobe and the maximum
magnitude of the sidelobes. Undesirable specta&blge can be reduced by increasing RSA.
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3. 1. 3. Spectral leakage

Spectral leakage (SL) is defined as the ratio ef slelobe power to the total window
power and can mathematically be written as

W( )| df

J'fmlc
SLE - i (13)

Fig. 2. Gain of the merged windows (Chebyshev winddwQ.75). Red thin lines denote the initial
window and its translation, while black thick linese the merged windows. For interpretation of the
references to the color in this figure legend,réder is referred the web version of this article

3.1. 4. Gain

The merged windows with initial widthl and hop-siz&® are similar to a bandpass filter, as
is shown in Fig. 2. Thus, the middle part is catsdDC gain G(A4) in this paper. According to
Eqg. (9), G(4) of the merged windows can be noted as
G(R) =w (14)

R

The thin lines in Fig. 2 are the shifted basic Hagrwindows and thick lines denote the
merged windows. Numbers shown in Fig. 2 refer ®rierging times, for example, number 1
denotes the initial window itself and number 2 deedwo windows merge 1 times, and so
forth. It can be observed that the gains of thogsedews, which merge at least two times,
become a constant. This constant gain is necess&geping the perfect reconstruction of the
signal processing. Actually, the merging times alffect the final gain of the merged windows
which will be introduced in section 3. 4.

3. 2. Theinfluence of the window functions

Window functions are often used in spectral analgsid so far many windows have been
developed. Recently, Butterworth windows with twontol parameters were proposed to
achieve good performance in power spectral deesiynation [12]. A performance comparison
of window families can be found in [13]. Among thetdanning, Hamming, rectangular,
Bartlett, Kaiser, Gaussian and Chebyshev functamesfrequently applied in practice. All the
expressions of the mentioned window functions ocarfobind in the Appendix. Fig. 3(a) shows
the windows in time domain, while Fig. 3(b) giveketrelating magnitude response.
Superposition frame using different window has iotgan mainlobe width, sidelobe attenuation,
spectral leakage, and window overlap ratio. Suédgces are discussed in this subsection, while
the effect on the gain is given in next section JHe effects of these 7 windows used in the
superposition frame are investigated in this sactio

Fig. 4(a) displays the effect of window merges base different initial window functions.
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As the number of merges increases, the ML¥\parameter of the merged window decreases.
Similar pattern is observed for all the five winddunctions. It is also observed that the
decreasing trends are bounded by that of the rgletamindow function as is shown in the
zoomed plot in Fig. 4(a).

Time domain Frequency domain
@' ® °
0.8 \ \
= luwulwlw\umwllﬂ ‘“"H\wwmwlwlu\wul
g 0s 8 wm)rr'w“ﬂ” { N r“h“www
= Hanning S 100 gl .Hl nli\ mm Ik i
£ Hamming c
< 04 Rectwin §
Bartlett
0.2 Kaiser
Gaussian
——— Chebwin

50 100 150 200 . 0
Samples Normalized frequency (Hz)

Fig. 3. Window functions and their magnitude responségijrife domain and (a, b) frequency domain (dB
scale). Chebwin denotes Chebyshev window, Rectvéan® Rectangular window (same as below). The
color lines in (b) have the same meaning with thng@). For interpretation of the references ® ¢blor

in this figure legend, the reader is referred tled wersion of this article

0.5

The effect of window merges on the relative sidelalitenuation is investigated using the
same five window functions and is plotted in Fi¢o}4 It can be found that in Fig. 3(b) the RSA
parameters of the merged Hanning, Hamming, Basledt Gaussian windows increase with the
number of window merges. Once again, the trenddaneded by that of the rectangle window
function.

As shown in Fig. 4(c), except the Chebyshev andangge window functions, the SL
parameters for all the other five window functionsrease with the number of window merging,
moreover such increases are all bounded by thddlofthe rectangle function.

0.05 16
@ : _® ©
8 -10" 14
& 0.04 S 12
E § 1.2 F §
-~ — [}
= 0.03 §-10 I
= = x
-g : —— Hanning S 8
8 h ©
o ° 13 Hamming =
% 0.02 8 -10 Gaussian § 6
£ @ — Kaiser o
© i3
= 401 2 14 Bartlett D4
% -10 —— Chebwin 2
e — — Rectwin
0 0
10 20 30 10 20 30

Window merge times
Fig. 4. (a) Main lobe width (3-dB), (b) relative sidelob#enuation (dB) and (c) spectral leakage of the
merged different type of windows. The color lineg&) and (c) have the same meaning with thosb)in (
For interpretation of the references to the calathis figure legend, the reader is referred thb wersion
of this article

3. 3. Theinfluence of the variable overlap

In this subsection, the basic Hanning window isduas the initial window and different
overlap ratios are evaluated in the superpositiamé. We continue on to examine the effects
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of overlap ratio on MLW4s, RSA and SL. Such effects (for Hanning window) displayed in
Fig. 5. It can be observed in Fig. 5 that whére 0.5 all the three parameteksLW 3 45, RSA
and SL show similar trends, either increasing farameters RSA and SL) or decreasing (for
parameter MLW.4z) bounded by that of the rectangle window.

0.06

@ © g Rectvin_|

0.05

e,

0.04 1

0.03

Main lobe width (3-dB)
Spectral leakage (%)

0.01

0 25 5(
50 100 150 50 100 150 50 100 150
Window merge times

Fig. 5. (a) Main lobe width (3-dB), (b) relative sidelobttenuation (dB) and (c) spectral leakage of the
merged Hanning window and different overlap rafibick black line denotes the rectangular window;
green dark, brown, brown, purple and blue lineqap (b) and (c) denoté=0.5, 0.6, 0.7, 0.8, 0.9,
respectively. For interpretation of the referentmethe color in this figure legend, the readeriemed the
web version of this article

0

3. 4. Gain of the superposition frame

As mentioned above, gais(R) of the folded windows can be computed using Ed).(1
That is to say, gain is related to the window fiorttand hop size used in the superposition
frame. Supposed the initial window lendthis 20, hop sizéR changes from 1 to 20 (overlap
ratio then reduces from 0.95 to zero accordindnéoBq. (3)). Fig. 6 displays the derived(R)
with different windows and hop sizes. It can beed®ined that eachG(R) of different
window decreases with the increaseRofVhen the overlap ratiol is set to 0.5 (orR=10),
G(R) functions of the merged windows are about 1 whanguHanning, Hamming, Bartlett,
Chebyshev and Gaussian window as the initial windespectively, which is also called as a
partition of unity [8, 11]. The accurate gains danfound in Table 1, where numbers in bold
show they are near to 1 aNds the least superposition times needed.

A
&0 09 08 07 06 05 04 03 02 01 00

Hanning
Hamming
Rectwin
Bartlett
— — Kaiser
Chebwin
--==-- Gaussian

0 é 1‘1 [; é IF? 1‘2 1‘4 1‘6 1‘8 20
Fig. 6. Gain varies with hop siz® in the process of merge when different window fiorcis used. (Initial

window length 20)
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Table 1. Gain computed using different windows and overkjo (initial window width 20)

Windows  Hanning Hamming Rectwin Bartlett Kaiser Chebwin Gaussian

A N GR) N GR) N GR) N GR N GR N GR N GR
0.75 3 210 3 206 4 400 3 189 6 3.91 3 152 4 189
0.50 2 105 2 103 2 200 2 095 2 196 2 076 2 094
0.25 2 069 2 068 2 133 2 063 2 1.30 050 2 063
0.00 1 0.50 1 052 1 L00" 1 047 1 098 1 038 1 047

(=)

A=075

50
e

W

100

50 " «\‘5\“
wes®

Fig. 7. Gain of merged different type of windows with threverlap ratio 0.75, 0.50 and 0.25: (al) to (a3)
using Hanning window; (b1) to (b3) using Kaiser domv; (c1) to (c3) using Chebyshev window

Actually, the gains of the merged windows are rlatagis constant (or called as COLA) if
different ratio is used. This can be observed m Fi where Hanning, Kaiser and Chebyshev
window functions are used in the superposition #aand overlap ratio is set to 0.75, 0.50 and
0.25, respectively. Gains of merged Hanning andg&avindows (shown in Fig. 7(a3) and (b3),
respectively) are not constant in the case/of 0.25 and they change to constant when
A=0.50 or 1=0.75. However, gains of merged Chebyshev windows (shiowiig. 7(c2)
and (c3)) fluctuate both in the case 4f=0.25 and 1 =0.50 and they are constant whérs
0.75. To achieve the COLA of a predefined windowetythere exists a boundary for the
overlap ratio in the process of superposition. REgdisplays the gains of merged Hanning
windows when different overlap ratio is used (alitwidth is 20 samples, at least merging 5
times for each overlap ratio). Fig. 8 only gives fimal merged windows whose width is 100
samples. It can be found that 0.5 may be considasetie boundary. When there is no limit of
the merging times, numerical experimental resdtseal the gains resulting from the merged
windows such as Hanning, Hamming and Bartlett amest@ant (but gains are not necessarily
equal to one) when overlap ratio is not less th&ra@d the superposition times is large enough.

This COLA actually needs different superpositionds for different overlap ratio. As tie
values are shown in Table 1, those gains approgignad 1 (bold numbers dfl values) are
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achieved using different merging times for the sewindows. Hanning window with width 20

is used as the initial window and changes from 0.5 to 0.953(R) is shown in Fig. 9(a). To
get the COLA gains (for Hanning window), the leasiperposition times for differeng
values (thick line) are displayed in Fig. 9(b)cdin be observed that Hanning window should at
least merge three times when overlap ratio is 0Ag%overlap ratio increases, the merged times

needed for COLA also increase.

08 09

0.5 06 o7
04

0.3
i 0.2 oM
%, 0 o 0.1 overe® rall

Fig. 8. Gains of the merged Hanning window with differentrlap ratio. Black line denotes the overlap
ratio 0.5
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Fig. 9. Gain of the superposition Hanning window with €litnt overlap ratio, (a) 3D show of the Gain,
(b) 2D show of the Gain with different overlap cafiog-scale); thick line is the marginal

4, Conclusions

Performance of the superposition frame dependbi®chosen overlap ratio and the window
function. Seven different window functions are istigated in COLA through numerical
experiments in this paper. From the theory analgst numerical experiment results, it can be
concluded that:

(1) As the number of merges increases, the MiMWOf the merged windows decreases, while
the RSA (except the Chebyshev and Kaiser) and Sheomerged windows increase. Besides,
except for the Chebyshev window, three parametetheoother six window functions are all

bounded by the rectangle window.
(2) The effects of different overlap ratio on Mk, RSA and SL, such as Hanning window is
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used as the initial window, paramet®&&W ;4 will decrease in the process of superposition,
while RSA and SL increase. All these parametersabs@bounded by the rectangle window.

(3) COLA cannot be achieved exactly by finite-disatwindow functions, but it can be
approximately implemented when the overlap ratid aaperposition times are large, such as
overlap ratio should be larger than 0.5 for Hannimgdow when this window merges at least 2
times.
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Appendix

Equations of the windows mentioned in this workethéan be also found in [13].

1) Rectangular window (Box-car)
1, 0<n<N-1
w(n) = { (A1)

0, otherwise
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. No
N-1 SIn——-

L 5
sina/2

W(e)=e 2 (A2)
2) Bartlett window

2
——n,0<n<0.5(N-1)
winy=, N-1 (A3)

2- N2T1,0.5(N ~1<ns N-1)
oy _ 2 Sin(Na)/4)2 —j(wN%l)
W)= N[ sin(w/Z)} € (A4)

3) Hanning window (Raised-Cosine)

w(n) = 0.5{1- co{ fl’"‘lﬂ ,Gn<N- (A5)

4) Hamming window

w(n) = 0.54— 0.4600% 27 j (A6)

. 2z . 2
W) =g (e) - Fng (e 1) - Rw @) (A7)

5) Kaiser window

e

w(n) = A8
(n) - () (A8)

=11 (%) ’

where 1,(x) =1+ Z{E(Ej } is the zero-th order modified Bessel function.
k=1 .

6) Gaussian window

7Ol5[n—(N—1)/ij
wn)y=e MY 5<05 (A9)

7) Chebyshev window (or Dolph-Chebyshev window, gbolwindow) can be written in
frequency domain as following

cos{N cos{ﬁ co%”NkH}
,k=0,1,2,3..- N

cost{ N coshi ()]

W(a,) = - (A10)

1
where S =cos!‘{ﬁ coshi( 1 )}
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