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Abstract. A mathematical model of flexible-rod spatial vitsolating suspension, describing
the motion of protected object, is considered. lgodthm is proposed for solving the problem
of spatial displacement of the object under théoacdf static forces applied in an arbitrary
direction. The coefficients of stiffness matrix the suspension are determined depending on
the position of static equilibrium. It is demonsée that, depending on the requirements by
varying geometrical parameters of the rods, diffedynamic properties of the suspension may
be obtained.
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1. Introduction

For vibration isolation of devices and equipmentumted on transport facilities different
constructions of elastic suspensions are usedrfHases when external influences are oriented
arbitrarily relative to the object of vibration lation, three-dimensional systems with natural
frequencies in different directions close to eadhep are used. Devices of navigation,
connection, orientation have special importanceeafreasing acting vibration loads [2].

In addition to vibration the object of vibratiorolation may be under the action of constant
accelerations oriented in any direction. These lacatons lead to change of position of static
equilibrium of the object relative to which its ditions occur. In a nonlinear system such
change of position of equilibrium leads to changdfiguspension stiffness [3].

In the present paper peculiarities of calculatibrelastic characteristics are considered and
results of determination of dynamic properties foke-dimensional suspension are presented.
The suspension design is carried out on the béslewsystem of planar curvilinear rods (Fig.
1) [4]. Here for definiteness it is accepted thet protected object has the form of a sphere,
which is connected with external rigid case esshigld directly on the vibrating foundation with
the help of six elastic rods of constant curvature.

2. Suspension shape and design model

Position of structural elements in space and tmeition is considered in moving coordinate
systemOX;X,X; with unit vectorsiy, iy, i3 . The system is rigidly bound to the case. The
beginning of the chosen coordinate system coinoidésthe position of equilibrium of sphere
center of mass in the undeformed state of the syste

Points of rods fastening on the case lie in tha@®@X,X; at equal distance from the point
O. Three rods are above the pla@®Xs, three other rods lie under the plage®Xs. The angle
between the straight lines passing through thetgiand the points of rod fastening on the
case for each pair of adjacent rods lying in theeshalf-spaces is equal to £28uch position
of rods and the corresponding choice of their cezsion form allows to obtain close stiffness
characteristics of the suspension in differentaioms.

We shall note that in the general case upper andrlgroups of three rods can be rotated
relative to each other at the arbitrary angl@ the projection on the plam@X,Xs.
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Fig. 1. Design model of elastic suspension

For the description of shape and position in spHeeach elastic element it is sufficient to
consider one arbitrarily chosen element, e.g. etéthelhe elastic element (Fig. 1) in the initial
state is a planar curvilinear rod of constant daceross-section, which axial line is the arc of
the circle of radiuR (Fig. 2).

Both ends of the rod are rigidly bound to the dgsent A, Fig. 2) and to the object (point
B), and the point of fastening to the object lieghia planeOX;X; (planea). The position of
point B is established by the anglg between straight line®A and OB, and by the sphere
radiusR,. In the general case the plghein which the rod axis lie, crosses the plan@ the
line AB and makes with this plane an angleThe center of rod curvature (poi@) lies in the
planef, and in the poin& the tangent to the rod axis must be perpenditaltre lineOA.

Elastic elements are made of homogeneous isotmmgiterial with constant modulus of
elasticity E and Poisson’s ratio The mass of the rods is negligibly small in corigzm with
the sphere mass and is therefore neglected.

Kinematic influence on the case is described bycthee position vectoy,, i.e. the case
motion is described by the coordinates of p@rnd angles of rotation of moving coordinate
systemOX; X, X; relative to the steady coordinate sys@iv;Y,Ys.

Fig. 2. Position of separate rod in space Fig. 3. To the derivation of kinematic relations
for sphere displacements
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The equation of the forced oscillations of the sphie the moving syste®X;X,Xs is [5]:
GX(1) + CX(B) = Qo (1),
whereG is the matrix of the system inertia paramet¥rss the vector of the sphere position in
the moving coordinate systemXgX;Xs, C is the suspension stiffness matrijg, = —G¥, is the
vector of external action (vector of forces of nmayspace). Points indicate differentiation with
respect to time.

External influence is specified as the vector efdeq,(t) = Q,° + Q,' (t) = [;"], whereQ,°
o

andQ,"(t) are respectively vectors of constant and vibrati@emponents of forces of moving
space P, andM, are, respectively, vectors of forces and moments.

For description of sphere motion we shall enterdmate systent,z,Z.Z; (Fig. 3) with
unit vectorsk,, k., k5. The system is roughly bounded to the sphere @nleiginning (point
0,) coincides with its mass center. Then the sphestipn in arbitrary point in space is
described by the radius-vector of its mass cemter 00, and the vector of rotation anglfg

. . . . T,
of coordinate systerf, Z; Z,Z relative to the coordinate systédX,;XXs, i.e.X(t) = [ ﬂn ]
i)

Position of thei-th rod bounding point on the sphere is describgdhle radius-vectcp;
rigidly bound with the sphere, with the beginningts mass center, and by the radius-vertor
defining the position of the same poBitrelative to the poin©, and the orientation of the rod
section in this point is defined by rigidly boundttwthe sphere vectors, ;, e,;, e3; of the
natural basis of thieth rod.

The rotation of the sphere relative to the unde@mnstate of the suspension can be
described with the help of matrix of rotation:

L=1L;L,L;, (1)

cos(¥,) 0 —sin(d;)
0 1 0

1 0 0
L,= lﬂ cos(d;) sin(ﬁljl, L,= .
sin(d,) 0 cos(d;)

0 —sin(¥y) cos(dy)
cos(y)  sin(d;) Ol

L 3= |—sin(¥;) cos(d;) 0O

0 0 1

whered:, ¥;, d; are components of vectd. Then thei-th rod bounding point coordinates in
deformed state:

r; = 1y + p}, wherep; =L p,, (2)
and the vectors of natural basis-lf rod in this state:
ej; == Le;;, (j=123) (3)

Thus for investigation of vibro-protecting propesiof the suspension it is necessary to
establish its stiffness matrix coefficients and #mhere displacements vector. The stiffness
matrix coefficients are established from the solutiof curvilinear rods static problem
depending on the sphere position of static equilibrin space.

In the present work the problem of probable sppesitions under the influence of set static
load determination and, therefore, the problem tdfness matrix coefficients and natural
frequencies corresponding to these sphere positiosgace determination is solved.

3. Mode of deformation of arbitrary rod.

Mode of deformation of i-th rod is described by thquations of its element static
equilibrium, the equations of displacements ofaitgs points and the equations connecting the
moments and curvature of the rod [6, 7]. The pasitf rod section is explicitly defined by the
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basis unit vectorg,, e, e;, connected with the axial line and cross-sectiothefrod (here and
further for this basis the indices correspondinght® rod number are omitted). The unit vector
e, directed along the tangent to the rod axial limej the unit vectorg,, e; are directed along
the centroidal principal axes of the section (Big.

Equilibrium equations have the standard form;
dP

T=0, Tte, xP=0, @)
wheres is the section angular positidd,andM — force and moment acting in the cross section.
Unlike [6], in the present work the position of retment is described with the help of radius-
vectorr and vectors of natural basis, expressed in terniseofod curvature vector in deformed

statey = y,e, + ¥202+ ¥:€5. Whereyq, ¥, x4 are torsion and curvatures of the deformed rod,

i.e..
. . de . de
e =XXe  —C=xXey —=xxe;s (5)
In projections on the ax&3X;X,X3 the vector:

X= klii + kziz + kgis, ’ where -ICJ = 22321 QU-XE-, (BU =€;" ij} (6)

The dependence of bending and torque moments insd¢leion on the increment of
curvature in the case of small rod deformationspldicements and rotations can be finite) is
linear:

M-e; =GJ1(x1 — X100 M- ey = EJ; (2 — X20): M- €3 = EJ3(Xa — Xa0)- (7)

whereEJ,,EJ, are principal bending stiffnesses of the secti@i, — torsional stiffness of the
section,y . X20. X320 — COMponents of rod curvature vector in the unaheéa state.
The system of equations (4)-(7) contains 18 unkneamables: forces and moments vectors
(P and M) components, radius-vectar and unit vectorse,,e;,e; components. The rod
curvaturesysq. Xz and torsiony;; components in undeformed state are considereststat
Boundary conditions a&=0 (pointA of bounding the rod to the case):
r(0) =ry e (0)=e;s ey(0) =eyy e3(0) =egy
At s=| (point B of bounding the rod to the spherfl)) = Pg; M(I) = Mg .

4. Determination of static equilibrium position of the sphere under the influence of
constant external forces

For determination of stiffness matrix coefficient®rresponding to probable sphere
equilibrium positions we shall consider the suspandoaded in the general case by the
constant forceP,, applied to the sphere mass center, and constantemt M, acting in
arbitrary directions.

For the solution of statically indeterminate prablef sphere displacement we developed an
algorithm, which essence is to state arbitrary spliésplacementX, instead of the load),
and to establish corresponding loa@g(X,). The algorithm is oriented at iterative search of
such displacements for whicy,(X,) — Q. According to the proposed algorithm the vector
components of the sphere position are considergdragble
gu= [C; C; C3 Cy Cs Col.

When statingC; arbitrarily the displacements of rod bounding p®ion the sphere are
defined by the formulas (1)-(3). ReactioBsand M; in these points are found from the
solution of elastic rod static problem when displaents are given [6, 8, 9], and the
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component:QD(E{”U) of loads vector corresponding to this sphere mositf equilibrium will be
defined from the equilibrium equations:

Py =X P;, My= X2 (M; +p; XP,). (8)
ForX, to be the searched soluti¥p the following condition must be met:

Qo(Xo) — Qo(Xp) = F(Cy, €;,€5,Cy, C5,C5) = 0. 9

As a result, determination of sphere displacememises to solution of algebraic equations
of the nonlinear system (9), which is carried osing Newton method together with the
continuation of the parameter of loading [6, 8, 9].

5. Suspension stiffness matrix

For determination of suspension stiffness ma@ixn the considered equilibrium state,
which is defined by the position vects and loads vectof),, it is necessary to define the
resulting vector of reactions of all the elastiereénts brought to the sphere mass center. The
vector appears when moving the sphere in the spédifirection from this equilibrium state.
For example, we shall specify a small displacentenhe sphere from the current equilibrium
position in the directio®X;. Then the new position is defined by the vector:
Xo=Xo+AX=[x;0+A%; Xy X3g Xsp Xsp Xeol,
and the coordinates of rods bounding points orsgiteere are defined by the formulas (1)-(3).
Reactions in these points will be defined from $ldution of elastic rod static problem when
the displacements of one of its end are specified] the components of loads veci@}
corresponding to this sphere equilibrium positiali ke defined by the formulas (8). Then the
components of the first column of stiffness matik be specified by the formula:
= Li; =1...6,whereAQ; = Qp; — Qy;.

Similarly, specifying small displacements or angbdéssphere rotation in other directions,
other stiffness matrix components can be determined

6. Choice of rational positioning parametersfor suspension elastic elements

Natural frequencies p of the suspension determined from the equation
det(—Gp? + C) = 0[5] with specified dimensions of the case and spt#ameter depend on
the parameterg, and ¢, (Fig. 2). Rational values of parametersand ¢, must satisfy the
following criteria:

- Minimum of maximum natural frequency value, i. e.

@1 (@g. ¢1) = min max(p(@q, @1)); (10)
- The difference in the values of the system natémeduencies doesn’t exceed a priory

specified valué\., which provides invariance of the suspension dyogroperties relative to
the excitation vector, i. e.

max(p(@eq))
o] . =——2"0 <} 11
2(?0 qf"j_) miﬂ(P(“'ﬂua‘Pﬂt‘ . . . . ( )
We shall note that in this statement the matendl @oss-section diameter of the rod do not
matter.
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The choice of rational parametegs and ¢, is carried out for the suspension equilibrium
position corresponding to its initial undeformedtst Naturally, the obtained rational values of
the parameterg, ande; can change in other positions of equilibrium af Hystem. However,
as the comparison results showed, the dispersidheske parameters values turned out to be
practically non-sensitive to the state of statiaiklorium.

7. Results of calculation

With the purpose of choosing rational rods positignin suspension structure we carried
out calculation of its natural frequencies withtsthmass and dimensional parameters of the
structure and variable parametegg = [0°,180°] and @, = [0°,90°]. For definiteness, the
value of the criterion (11) takels = 1, 2. The calculation was carried out numencat
MatLab. As a result of calculation we obtained tiraph of suspension maximum natural
frequency variation (Fig. 4) and the graph of doia of the ratio of maximum frequency to
minimal one (Fig. 5) depending on the angpgsnde;, which characterize length and spatial
positioning of the rods.

From the graph in Fig. 4 it is obvious that exchgla relatively small area near zero values
of parameterg, ande;, monotonous decreasing of the values of suspemsitumal frequencies
can be observed at increasing paramgterlt is explained by increasing of the rod axialeli
length at the expense of increase in distance feetits bounding points on the case and on the
sphere one from another, which leads to decreasidgstiffness and therefore decreasing
stiffness of the whole suspension. The influencearfameterp; on the value of maximum
natural frequency is non-monotonous, which subitiyntdepends on the value of the
parameterg,. Minimal values of suspension maximum natural fiextcies are achieved at
@, = 180° andg, ~ 40°.

60

0o ®
i ee w90 P degree
20 180 @, degr 0N 18 @0, deg!

Fig. 4. Dependency of the suspensiofrig. 5. Dependency of the ratio of suspension
maximum natural frequencies on the angles maximum natural frequency to minimal
ando; frequency on the angleg ande;

From the analysis of Fig. 5 it follows that the miom value of the ratio of maximum
natural frequency to the minimal one is achievedeab values of parametaps ande; and is
1,2. When increasing these parameters one canwvebsenon-monotonous (with expressed
local extremes) changing of frequencies ratio witlendency to its increasing.

So in the case of specified mass and dimensiomahpeters of the suspension structure it is
impossible to satisfy simultaneously the crited®)(and (11). So for the choice of rational
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parameter values it is necessary to establish tiweities of the criteria on the basis of the
demands for the suspension functional charactesisti
For effective vibro-protection in low-frequency arthe most important is criterion (10) of
maximum natural frequency minimum, according to alhrational valuesp, = 180° and
©, ¥ 40°, For the chosen values of andg; the values of natural frequencies are represented
in the Table 1, and the ratio of suspension maximataral frequency to minimum one is 2,2.
From the Table 1 it follows that except for the &sw natural frequency all the other
frequencies differ from one another at maximum %62

Table 1. Suspension natural frequencies in undeformed ategg = 180° andg, ~ 40°.

Frequency No. 1 2 3 4 5 6

Frequency, Hz 6,49 12,06 12,06 13,67 13,67 14,28

Fig. 6 and 7 present the diagrams of changing ofiTmam and minimum suspension
frequencies at chosen rational values of parametgm®nd ¢, depending on the value and
direction of the static force applied to the spheeess center (the force acts in the plaxeX,,
and its direction is determined by the anglevhich is counted from the negative direction of
the vertical axisOX;). From Fig. 6 it is obvious that when increasimg texternal force
maximum, the value of natural frequencies initialgcreases and, having reached its minimum,
increasesFor a given force, increasing of the angl&#om zero to 99leads to an increase in
maximum natural frequency. We shall note that geanof maximum natural frequency at
certain values of force and its direction do nateed 2,8%. When increasing static force and
angley the value of minimum natural frequency increaseg. (7).
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Fig. 6. Maximum natural frequency as a function ofFig. 7. Minimum natural frequency as a function
static force of static force

8. Conclusions

The present paper proposed the mathematical medetitding the motion of vibro-isolated
object on the elastic suspension, which is a dpatistiem of six massless curvilinear rods.

The algorithm of solving the problem of object splatotion under the influence of static
forces applied in arbitrary directions is develop8dspension stiffness matrix coefficients are
determined depending on static equilibrium position

The problem of the choice of rational values ofrgetrical parameters of rods determining
their length and plane of location is considered.
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The values of suspension natural frequencies dépgrah the modulus and direction of
external force are established for the given madsdémensional parameters of suspension and
chosen values of rods geometrical parameters.

It is demonstrated that, depending on the requintsnat the expense of varying the rods
geometrical parameters one can obtain differentadhycal properties of the suspension:
minimum value of the highest natural frequency arimum difference of natural frequencies.
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