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Abstract. This paper analyzes the eigenmodes of bendingtidbsaof a paperboard, which is
treated as a plate, taking into account the additiceffect of bending vibrations of a
supplementary bio-degradable strip included in paperboard. Results of experimental
investigations by means of method of time-averggejection moiré are presented in the paper
and comparisons between the experimental and ncahegsults are performed. The study
revealed that the paperboard with supplementaffnesis elements of bio-degradable strip is
more ecological: the introduction of additionalffettss elements to the composition of the
paperboard in the packaging material has an etfeetdditional rigidity of the structure and
thus reduces the amplitudes of resonance vibratibhe obtained results are applied in the
process of design of elements of packages.
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Introduction

In recent years a lot of efforts are devoted tovingl ecological problems of packaging
technologies in order to minimize the mass of nialeiused for production of packages. For
this purpose narrow strips of bio-degradable mafeglued into the walls of the package may
be applied. They increase the strength of the gackar compression as well as for tension
(Fig. 1). In this case the materials from which $képs are produced can be only such that their
strength against loading is much higher than thength of the paperboard.
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Fig. 1. View of the paperboard wall of the package withegl strips of bio-degradable material: 1 —
paperboard sheet; 2 — strips of bio-degradableriabte

This paper analyzes the eigenmodes of bendingtiobsaof paperboard, which is treated as
a plate, taking into account the additional effeicbending vibrations of a supplementary bio-
degradable strip included in the paperboard. Thelaindor the analysis of vibrations of
paperboard is proposed on the basis of descriptiongded in [1, 2].

The materials used for packaging may be investigatt only with conventional methods,
but also applying the techniques of nondestructiesting, such as geometrical, shadow,
projection moiré techniques using stroboscopic iatetaveraging approaches. Extensive
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experimental research work applying these methadsblkeen performed [3 - 21]. Basic results
of the investigations of the analyzed problem aresgented in the paper, followed by
comparison of experimental and numerical resultécivleads to the conclusions.

In the process of transportation packages experigirations. When those vibrations are
of substantial amplitude, they may lead to desivactof the package. The performed
investigations demonstrate that the supplementédfgess elements may be used for reduction
of amplitudes of those resonance vibrations, timh&ecing the durability of the packages.

The obtained results are used in the process ajrdeselements of packages.

Model for the analysis of vibrations of paperboardwith strips of bio-degradable material

Furtherx, y andz denote the axes of the system of coordinates.pldte bending element
has three nodal degrees of freedom: the transwkspéacement of the paperboasdand the
rotations@, and@, about the axes of coordinateandy.

The strip of bio-degradable material is represebtedne-dimensional elements which have
the same nodal degrees of freedom. The valuas @f, O, in the element are represented as:

w
Ox (= [N]{s}, (D)
Hy
where {} is the vector of generalized nodal displacemeami:
N, O 0 .
[N]J=| 0 N, O .., 2
0 0 N

whereN; are the shape functions of the one-dimensionaéfelement.
Further the rotations about the longitudinal aXithe strip of bio-degradable materga&nd
about the axis perpendicular te and located in the plan®y are denoted a8s and®,. Thus:

w w
Os ¢ =[T]16x ¢ (3)
6 Oy

where:

1 0 0
& /o dy
d d
[T]= 0 5 ds 5 ds |’ (4)
dg dg
& /&
dé d
0 Vs s
L ds ds |
where(¢ is the local coordinate of the finite element and:
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ds_ (o) ()
de \lde dé )

The following notation is introduced:

[N ]

[N]=|[Na]]=[T]IN].

The derivatives oW, @,, ©, are represented as:

dw

ds

déy
ds
doy
ds

where:

[NT=

[Ns]

=[N']{s},

ay,

ds

o N
ds

o o M
ds

It is assumed that:

dw
ds
dos
ds
dé,
ds

The following notation is introduced:

[N]=|[N2 ] |=[T]IN)

The mass matrix of the strip of bio-degradable ni@tbas the form:

d_vv
ds
dée
[T 2%
o
doy
ds

[N:]
[Ns]
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ph 0 0
3
[M]=[[NT'| o % 0 [[N]hys, (11)
ot
i 12 |

wherep is the density of the material of the stripis the thickness of the strip ahg is the
width of the strip.
The stiffness matrix of the strip of bio-degradaflaterial has the form:

[K]- j{[sﬂf—i{o]{sﬁ[éf ETEs )1.2@1}%‘15’ o

whereEg andE; are the modulus of elasticity of the strig,andv,s are the Poisson’s ratios of
the strip and:

[ N3]
[B]=| [0] |, (13)

-[N5]
[B]=[[Ni]+[Na]]. (14)

E.Eh

Estts + Etvg

ES E(VSt O
1-vgns 1-vahs
E.v,

[D] — . sV ts - E( 0 ' (15)

VetVts VetVts

E
0 O SE(
L Es+E +Egns + Eivg ]

where:
S (16)

Results of numerical analysis of vibrations of papdoard with a strip of bio-degradable
material

The square piece of paperboard is analyzed. Orother and upper boundaries all the
generalized displacements are assumed equal to Eeeostrip of bio-degradable material is
located in the center of the paperboard. The follgwparameters of the paperboard are
assumed: modulus of elasticEy=0.34-16 Pa, Poisson’s ratig,=0.4, Poisson’s ratig,,=0.14,
thicknessh,=0.0001 m, density of the materjg=785 kg/m. The following parameters of the
strip of bio-degradable material are assumed: madaf elasticityE=0.68-16 Pa, Poisson’s
ratio v¢=0.4, Poisson’s ratie=0.14, thicknes$1=0.0002 m, density of the materig1570
kg/m®, width h,=0.002 m. The first eigenmodes of paperboard asemted in Fig. 2.
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Fig. 2. The first eigenmodes of the paperboard

From the presented results it may be observed ttiateigenmodes of the analyzed
ecological paperboard are influenced by the presefiche stiffening strip of bio-degradable
material. From Fig. 2a, Fig. 2d, Fig. 2h it is clgeevident that the supplementary stiffening
strip has the effect of reduction of the amplitadeibrations.

The method and the results of experimental investaions of paperboard with a strip of
bio-degradable material

The specially developed experimental setup forathelysis of vibrations using the method
of time-veraged projection moiré was used. Forekgerimental investigations the paperboard
MC Mirabell was chosen. Technical characteristit$his paperboard are as follows: surface
density 400 g/ thickness 565um. The square piece of the paperboard is analyzed:
paperboard sheet was 0.2 m width and 0.2 m len§time of the obtained results of
experimental investigations are presented further.

The first eigenfrequencies for the paperboard wittsupplementary stiffening strip of bio-
degradable material and with supplementary stiffgstrip are presented in Table 1.

Table 1. The first eigenfrequencies of paperboard MC Miliah@0 g/nf without supplementary stiffening
strip of bio-degradable material and with suppletmsnstiffening strip (amplitudexd0“m, loading force
25.5N)

| Eigenfrequency 1| Eigenfrequency[2  Eigenfrequendy 3
Without supplementary stiffening strip 50 Hz 70 Hz 92 Hz
With supplementary stiffening strip | 58 Hz 95 Hz 12

From the experimental results presented in Takitadslobserved that the first, second and
third eigenfrequencies of bending vibrations of traperboard with supplementary stiffness
elements of strip type have higher values if coraparith less ecological paperboard without
supplementary stiffness elements. This indicates dfiffening effect of the supplementary
stiffness elements for the lower eigenmodes.

For the paperboard without supplementary stifferstrqp MC Mirabell the image of the
second eigenmode is presented in Fig. 3a, whilectineesponding image of the paperboard
with stiffening strip is presented in Fig. 3b. Ftve paperboard without supplementary
stiffening strip MC Mirabell the image of the thiedgenmode is presented in Fig. 4a, while the
corresponding image of the paperboard with stiffgrstrip is presented in Fig. 4b.
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b)
Fig. 3. The second eigenmode of paperboard MC Mirabellgff6: a) without supplementary stiffening
strip and b) the corresponding eigenmode of papetbwith supplementary stiffening strip (amplitude
3x10*m, loading force 25.5 N)

Fig. 4. The third eigenmode of paperboard MC Mirabell 4007 a) without supplementary stiffening
strip and b) the corresponding eigenmode of papetbwith supplementary stiffening strip (amplitude
3x10“m, loading force 25.5 N)

The experimental results presented in Figs. 3-dicatd that the paperboard with
supplementary stiffness elements of strip type isarecological. The presented results also
reveal that the introduction of additional stiffeedements to the composition of the paperboard
in the packaging material has an effect of add#iaigidity of the structure and thus reduces
the amplitudes of resonance vibrations.

By analyzing the results of experimental and nuoatiinvestigations one can note that the
sheet of paperboard in which there are strips @fdeigradable material glued into it undergoes
vibrations of lower amplitude, while the sheet with the strips of bio-degradable material
vibrates with higher amplitude. This allows to st#ihat the packages that are produced from
paperboard with glued strips from bio-degradableteni@ds are more stable in terms of
vibrational behavior and thus during transportatitay experience lower level of defects.
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Conclusions

The model for the analysis of vibrations of papardowith supplementary stiffness
elements of bio-degradable strip type is propo3ée. eigenmodes of bending vibrations of a
plate are calculated taking into account the bendiibrations of a strip located in the
paperboard. Presented results indicate that tteneigdes of the analyzed paperboard without
supplementary stiffening elements and paperboattd supplementary stiffening elements may
have substantial differences.

The performed experimental and numerical invedtigat demonstrated that the first
eigenfrequencies of the paperboard with supplemgmsti#fness elements are higher than the
corresponding eigenfrequencies of the paperboatdout supplementary stiffness elements.
This indicates the stiffening effect of the suppderary stiffness elements for the lower
eigenmodes.

The experimental results reveal that the paperbwdttd supplementary stiffness elements
of bio-degradable strip type is more ecologicat: ithtroduction of additional stiffness elements
to the composition of the paperboard in the pacig@ghaterial has an effect of additional
rigidity of the structure and thus reduces the d@unbés of resonance vibrations.

The obtained eigenmodes enable during process sifjrdeof elements of packages
determination by means of nondestructive methodsonty the vibrational characteristics of
the package wall, but also the strength parametetBe material of the package such as the
Poisson’s ratio and the modulus of elasticity. Tdngbles to make the process of design of such
packages simpler and easier.

The packages made from paperboard having glugzs sifibio-degradable materials in their
walls are more stable and thus in the processaofportation they experience lower levels of
damage.
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